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An estimate is made of the departure from the Maxwellian distribution of the particle velocities in a 
shock front, as a function of the shock strength. Expressions are derived for the absorption and emission 
coefficients (for electronic free-free transitions in a completely ionized gas) in a shock front of given strength 
The results obtained are applied to resolve the apparent conflict between the two electronic temperatures 
of the chromosphere, as indicated by optical (30 O00°K from emission line widths) and radio (10 000°K 
from centimetric radiation intensity) observations of the sun 


1. INTRODUCTION 


[' is well known that the solar chromosphere departs 
considerably from thermodynamic equilibrium: the 
radiation field traversing it corresponds to the photo- 
spheric temperature (~6000°K), whereas its material 
constituents (electrons and ions) are in thermal equi- 
librium at a much higher (electron) temperature. 
Recent evidence, however, shows that the departure is 
much deeper in that the chromosphere seems to have 
more than one electron temperature.! The width of the 
chromospheric lines? and the low density gradient® in 
the chromosphere indicate a temperature ~30 000°K, 
whereas the radio observations of the quiet sun in the 
centimetric range of wavelengths (1-5 cm) are con- 
sistent with a temperature of the order of the photo- 
spheric temperature throughout most of the chromo- 
sphere.* The flash spectrum of the Balmer continuum® 
also indicates a temperature of this order (10 000°K). 

In order to explain the above temperature anomaly, 
some workers have suggested the coexistence of hot 
and cold regions in the chromosphere.6 The view 
adopted in this paper is that the two electronic temper- 
atures obtained from the optical and radio observations 
point to a non-Maxwellian distribution of the particles 

1 Shotaro Miyamoto, Publs. Astron. Soc. Japan 3(2), 67 (1951). 

2R. O. Redman, Monthly Notices Roy. Astron Soc, 102, 140 
(1942), 

3R. Wildt, Astrophys. J. 105, 36 (1947). 

4 John P. Hagen, Astrophys. J. 113, 547 (1951). 

5D. H. Menzel and G. G. Cillié, Astrophys. J. 85, 88 (1937). 

* Attention to this possibility was first drawn by Giovanelli. 
See S. F. Smerd, Australian J. Sci. Research A3(1), 53 (1950). 


in the shock fronts traversing the chromosphere. The 
medium in a shock front acts as a bimodal atmosphere, 
partaking of the temperatures both before and behind 
the shock,’ and the departure from the Maxwellian 
distribution increases with the strength of the shock.® 
There are several possible mechanisms giving rise to 
the shock front, but the most promising one is the 
convective cells in the subphotospheric layers that are 
photospheric granules.’ Even as- 
suming that there are shock fronts causing a non- 
Maxwellian velocity distribution of the particles in the 
medium traversed, we have yet to see how quickly the 
collisions of the particles of the medium will restore the 
steady state Maxwellian distribution. This is a difficult 
question, but we can make a rough estimate.” Quali- 
tatively, we can see that the higher up we ascend from 
the solar photosphere, the more granules we encompass 
the frequency of the 


responsible for the 


in the tangent cone of sight 
shock waves increases, whereas the collision frequency 
of the particles goes down. It appears, therefore, that 
from some height onward, the non-Maxwellian distri- 
bution will persist as a quasi-steady state. The author 
has made a quantitative estimate of this height in the 
Appendix, and finds that the departure from the Max- 
wellian distribution will begin in the high, and possibly 
even in the low, chromosphere. 


7H. M. Mott-Smith, Phys. Rev. 82, 885 (1951). 
8 J. F. Denisse and Y. Rocard, J. Phys. et radium 12, 893 (1951). 
9M. Schwarzschild, Astrophys. J. 107, 1 (1948). 
© The author is indebted to Dr. G. P. Kuiper for this suggestion. 
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2. THE NON-MAXWELLIAN DISTRIBUTION IN 
A SHOCK FRONT 


or simplicity, we shall assume the gas to be com- 
pletely ionized with equal numbers of positive ions and 
electrons. We shall also neglect the small polarization 
effect® and assume the electrons and ions to have a 
common mass velocity @ Then, to a first approxima- 
tion," the velocity distribution function f of the elec- 
trons (or ions) in the shock front is given by Mott- 
Smith’s interpolation formula,’ 


/ ie t fa, (1) 


where 


fa=Na(x)(m/2rkT,)) expl — (m/2kT.)(C— ita) |, (2) 


and fg has a corresponding expression. In the above, 
i is a unit vector in the X direction, ¢ is the vector 
velocity of a particle with «# as its « component, & is 
Boltzmann’s constant, and m is the mass of the electron 
(or ion). u,, 7, and us, Ts are the stream velocities 
and temperatures before and behind the shock, respec- 
tively. These quantities are connected by the following 
Rankine-Hugoniot conditions at a shock front: 


M?+-a—2 
Ug Ua, 


M?(a—1) 


(M?+-a—2)(aM?*—1) 
Ts ws (4) 
M*(a—1)° 


where M is the Mach number of the stream before the 


shock: 
a—2 m\3 2y 
M uf ) - a= q 
a. #7, y—-1 


y being the ratio of specilic heats. 

The functions 1,(%), m3(¥) in (2) represent the con- 
centrations of the particles in the shock front. As we 
neglect polarization effects, the concentration functions 
refer indifferently to the ion or the electron. The 
Mach number 47, however, refers to the ions, as these 
mainly determine the shock wave. 

If mo and mo’ represent the particle concentrations 
before and behind the shock, respectively, we must 
have the following equations of continuity: 


Nala tNgllg = Nola = No Up. (6) 


From (6) we see that the concentration 1, decreases 
from no before the shock to zero behind it, whereas the 
corresponding concentration mg increases from zero to 
(u,/Ug)ny. For the center of the shock front, we choose 
the point where ,=}%, and, hence, from (6), 
ng= (no/2)(ua/ ug). The total particle concentration at 


"The Mott-Smith analysis does not apply to weak shocks. 
We shall, however, be concerned with shocks of moderate strength 
in this paper. 
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this point is therefore, from (3): 
a(M?+1)—2 


(7) 
M?+a—2 


n= }no(1+u_/Ug) = 3No 


We shall regard the shock center as the representative 
point in the shock front. We refer the distribution 
function (2) to axes moving with the stream velocity 4@, 
where 

2(M?+a—2) 
Ua = Ua. (8) 
n a(M?+-1)—2 


au = 


We set 
U’= (m/2kT,)'(u— a), (9) 


integrate the function (2) with respect to v and w, and 
use the relations (3), (4), and (8) to obtain the following 
normalized form for the electron velocity distribution 
function f(U’) at the shock-center: 


1 m9 | a(a—2)\3 
| U’ ( ) 
Van | 2 


M*(a—1)? 


f(U') 


M (M?—1) | 1 Mm 
t 
1)—2 


2\/m n (M?+a—2)!(aM?—1)! 


a(a—2)\3 
sts a 
1) Z 


(MP—1)(M?+-a~2) |? 
x ; (10) 
M (a—1)(aM?+a—2)} 


x 
a(M?4 


M?(a—1)? 
xeuy - 
(M?+-a—2)(aM 


For the electronic gas we shall take y=5/3 and a=5 
from (5). The function m'f(U’) in (10) is plotted 
against U’ in Fig. 1 for various values of the Mach 
number M. The corresponding Maxwellian distribution 
[exp(—U”), the limit of 2/f(U’) as M-1], is also 
given in the same figure for comparison. Notice how 
the velocity distribution curve departs more and more 
from the Maxwellian form with increasing M, until it 
develops a secondary hump (for 4/~3) that accentuates 
with the strength of the shock. 


3. THE DOPPLER HALF-WIDTH 


We shall now calculate the Doppler half-width for 
the velocity distribution /(U’) in (10). In order to 
take account of the slight asymmetry of the function 
for the higher values of M, we shall add (for M=3 
onward) the Doppler displacements Ad,, and Ad, on 
each side of the maximum where the intensity drops to 
half the maximum. In terms of the velocity U’ in (9), 
this half-width, A(/), is given in Table I. Within the 
range of M shown, A(M) is approximately a linear 
function of M. 

After correcting for instrumental and systematic 
errors, Redman? finds that his measured Doppler half- 
widths for lines which are fairly free of self-reversal 





NON-MAXWELLIAN 


can be fitted to a kinetic temperature of 30 000°K. 
If we compare this result with the formula for the 
Doppler half-width for a Maxwellian distribution,” we 
find that the shock strength M that will make the 
front simulate with respect to Doppler half-width a 
Maxwellian atmosphere of temperature 30000°K is 
given by 
(1.665)? 
T.=-- «30 000°K, 
A(M) 


(11) 


where A(M) is the half-width given in the second 
column of Table I. In the third column of the same 
table, we have given 7, (the temperature of the 
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Fic. 1. Velocity distribution at center of shock front. 


undisturbed atmosphere) rounded to the nearest 
thousand, as a function of M. 

We see that for a moderate shock (M~2.5 
atmosphere of the photopheric temperature (~6000°K ) 


can produce the Redman broadening. 


-3), an 


4, CHROMOSPHERIC SUPPORT 


The difficulties usually met with in a nonthermo- 
dynamic atmosphere are enhanced for a non-Maxwellian 
distribution such as (10), as we cannot here speak of 
the temperature of the atmosphere, even for the elec- 
trons. 

The closest approach we can make to a_ thermo- 


2A. Unséld, Physik der Stern Almosphdren (Julius Springer, 
Berlin, 1938), p. 158, Eq. (43.11). 
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Taste I, The Doppler half-width and the temperature of the 
undisturbed atmosphere as functions of the shock strength 


Ta(°K) 


_ 
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13 000 
7000 
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dynamic temperature is to define an average tempera- 
ture’ 7 (in one dimension) by the relation 


bm fe fad SRT, 


where f(u) is the normalized velocity distribution 
function. For a Maxwellian distribution, 7 reduces to 
the thermodynamic temperature. 

We can attach a physical meaning to 7 if we consider 
that the (mean) hydrostatic pressure p is given by" 


(13) 


(12) 


p=nkT, 


where # is the particle concentration. 

If we perform the averaging indicated by (12) over 
(10), and take account of the scale factor in (9), we 
obtain as in Table IL the ratio 7/7, as a function of 
the shock strength M. The third column of the table 
gives the values of 7 corresponding to 7, in Table I. 

We see from Table II that for support of the chromo- 
sphere, a shock front of moderate strength simulates a 
static atmosphere of kinetic temperature ~20 000 
30 000°K. This serves to explain the observed low 
chromospheric density gradient.* If this picture is 
correct, we will have to abandon the current theory of 
hydrostatic support of the chromosphere and go back 
to McCrea’s" suggestion of a chromosphere supported 
by turbulent pressure. We may note in this connection 
Piddington’s conclusion “that the radio observations 
indicate that conditions of hydrostatic equilibrium do 


’ 


not hold in the chromosphere.’ 


Taser IT. The average temperature as a function 
of the shock strength 


T(°K 
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18S. Chapman and T. G. Cowling, The Mathematical Theory of 
Non-untform Gases (Cambridge University Press, London, 1939), 
p. 37. 

4W. H. McCrea, Monthly Notices Roy. Astron. Soc. 89, 718 
(1929); 95, 80 (1934) 


16 JH. Piddington, Pro (London) A203, 431 (1950). 


Roy. Soc 
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5. EMISSION AND ABSORPTION IN A 
NON-MAXWELLIAN ATMOSPHERE 


In order to derive the expressions for the absorption 
and emission coefficients for electronic free-free transi- 
tions in a shock front, we shall follow Cillié’s!® pro- 
cedure, and use our non-Maxwellian velocity distri- 
bution in place of the Maxwellian one used by Cillié. 
Corresponding to (10), our normalized velocity distri- 
bution function in the shock front in polar coordinates 
[R= (U?+V"+W")!] is 

1 M4 a 2 
{(R)dR 


\/m a(M?+4-1)—2 
(R— A)? ] 


exp| 


exp — (R+ A)? | 
x 


B 
+—{expl —C(R—D)?] 
CD 
-C(R+D)* ]} |RdR, (14) 


exp 


where A, B,C, and D are constants given by 

{ata 2))4 M(M?—1) 

| 2) J a(we+1)—2’ 

M*(a—1)4 

(M?+-a—2)!(aM2— 1)?” 
M?(a—1)? 


2)(aM?—1) 


2)) 


( 1) , a 


1(M?—1)(M?+-a— 2) 


ata 
D (15) 


-2) 


M (a—1)(aM?+a 


Note that the total particle concentration # is given 
by (7) and that V’ and W” in (14) have the same scale 
factor (m/2kT,)' as U’ in (9). 

In free-free absorption of a quantum hy of radiation, 
an electron of mass m gains energy according to the 


TABLE IIT. The emission and absorption coetlicients as 
functions of the shock strength. 
jv'/jv(Ta) ky'/ky(Ta) 
0.85 
0.40 
0.23 
0.14 
0,09 
0.06 
0.03 
0.01 
0.004 


0.95 
0.73 
0.61 
0.54 
0.47 
0.41 
0.34 
0.24 
0.17 


6G. G. Cillié, Monthly Notices Roy. Astron. Soc. 92, 820 
(1932). 
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relation 
”o 


im (v?—v"*) = hv, (16) 
where v’ is the initial and v the final velocity of the 
electron. Equation (16) also governs the converse 
process of emission of a quantum, hy, in which a v 
electron goes over into a v’ electron. 

The rate of absorption by an ion of effective nuclear 
charge Ze per unit density of v’ electrons and per unit 
intensity of v radiation is'? 


16m? Ze 1 
- (17) 


3V3 hem? vv 
The spontaneous emission/cm’ sec of v electrons is'® 


327° Zé 1 
NN-- 
3v3 


y(v)d2, (18) 


om v 


where .V, is the concentration of ions and JN, that of 
free electrons of which \,y(v)dv are in the velocity 
range v to v-+dz. 
The stimulated emission/cm’ sec (to be reckoned as 
negative absorption) is 
167° Zé 1 
NN, v(v)dv, 


hem? vv 


(19) 


Our departure from Cillié will be to average 1/v over 
our distribution function (14) instead of over the 
Maxwellian one. In our notation, and taking note of 
the scale factor (m/2kT,)) in (9), the relation (16) 


becomes 


R?— R°=hv/kT,, (20) 
where R’ and R are the (nondimensional) speeds of the 
absorbing and emitting electrons. The limits of R’ will 
be from 0 to «, and the corresponding limits for R 
from (hv/kT,,)' to *, when we do the averaging. 

If we perform the averaging indicated above, we 


have the emissivity, j,’, in the shock front given by 


| 


for radio-frequency radiation where hvy/kT<1. In (21), 
j(T,) denotes the emissivity in a Maxwellian atmos- 
phere of temperature 7,, and 


j’ M4+a-27 B 


1 
erf (D\/C)+— eri] (21) 
A 


i(Ta) a(M?+1) DC} 


i 
erf(A -f exp(—2")dx, 
0 


17 J. A, Gaunt, Trans. Roy. Soc. (London) A229, 163 (1930). 
For simplicity we have omitted the slowly varying correction 
factor of order unity. Its effect presumably will tend to cancel 
out, as we have considered only the relative values of the emission 
and absorption coefficients 


(22) 
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The corresponding formula for the absorption coefti- 
cient k,’ in the shock front is 


k,’ M?+a—2 

= [Bexp(—CD*)+exp(— 1°) J, (23) 
k,(Ta) a(M?+1)—2 

where k,(7,) denotes the absorption coeflicient in a 
Maxwellian atmosphere of temperature 7',. 

Table LI gives the values of the ratios (21) and (23). 
Both absorption and emission decrease with increasing 
strength of shock. For shocks of moderate strength, 
the emission stays of the order of that of the undisturbed 
atmosphere, whereas the absorption goes down more 
rapidly. 


6. THE RADIO-FREQUENCY INTENSITY 
IN THE SHOCK FRONT 


We do not know precisely at what level in the 
chromosphere the shock conditions will begin to prevail. 
We shall assume that it is about the level of origin of 
l-cm radiation. Van de Hulst'® estimates this to be 
between 1000-3000 km (depending on the scale height 
of the chromosphere). Our analysis in the Appendix 
indicates that the shock conditions may begin to prevail 
at this level. Redman? estimates his emission lines to 
originate at 1500 km above the photosphere. In view 
of the uncertainty in this estimate, as well as in the 
estimate of the chromospheric scale height, we may 
well assume an approximate coincidence of the Redman, 
centimeter radiation, and shock levels. 

Guided by the above consideration, we shall compare 
the emergent intensity of an optically thick atmosphere 
of temperature 7, to that when it is traversed by a 
shock front. We may consider the optical depth 7, 


defined by 
ow fia 


(24) 


as “effectively infinite” when 7, > 4.6[ exp(—1,) < 0.01]. 
From Table III we compute the ‘“‘reduced’’ optical 
depth 7,’ (corresponding to r,=4.6), the ratio of the 
“ergiebigkeit” J,’(= 7,’/k,’) to the Planckian intensity 
B,(T,), and the emergent intensity, 


I,/=J,'(1—exp(—1,’)]+B,(T.) exp(—r,’'), (25) 
as a function of M. These quantities are tabulated in 
Table IV. 

We see that for a fair range of shock strengths the 
emergent intensity in the front remains of the order of 
the Planckian intensity of the undisturbed atmosphere, 
e.g., for Ta=4000°, the equivalent Planckian tempera- 
ture for J,’ varies between 4400°K and 9600°K. The 
shock front can thus simulate at once a high tempera- 
ture atmosphere that gives the Redman broadening 
and a low temperature one for radio emission. 


SH. C. van. de Hulst, A Course in Radio Astronomy (Sterre 


wacht, Leiden, 1951), p. 115. 


DISTRIB 


TION IN SHOCK FRONT 865 


rapie IV. The radio-frequency intensity as a function 
of the shock strength. 


Jy'/By(Ta) 


1.12 
1.83 
2.65 
3.86 
5.22 

6.83 
11.33 
24.00 
42.50 


’/By(Ta) 


= 
~ 


TU de Bw 
—-Seucoucn 


mMNMMN NS me 
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Presumably, similar considerations would apply to 
the intensity in the Balmer continuum, which involves 


averaging over the reciprocal speed.'® 
7. CONCLUDING REMARKS 


A rigorous discussion should be based on an evalu- 
ation of the width of the shock zone and a detailed 
consideration of the transfer of radiation through the 
shock layers, across the solar disk. Such a discussion, 
however, will necessarily be complex and is beyond 
the scope of the present paper, which is confined to an 
estimate of the order of magnitude. 

It may be objected that the shock strengths used are 
too high, as the turbulent velocities of the granules’ do 
not exceed the value 3 km/sec and the sound velocity 
in the photospheric layers is ~7 km/sec. No observa- 
tional evidence is available of the strength of the shock 
caused by the granules. The closest estimate we can 
make is from the velocity of the chromospheric “spic- 
ules,” which is ~30 km/sec. These spicules closely 
resemble the solar granules and are quite as numerous. 
When we bear in mind that the shock front has a 
greater speed than the moving material and that promi- 
nences and corpuscles abound in the chromosphere 
moving with velocities of 50-500 km/sec, we may 
reasonably hope that the values used for the strength 
of the shock in our estimates are not too high. Indeed, 
it may be true, as Menzel” suggests, that “the difference 
between the chromosphere and the prominences is 
merely one of degree.” 

The author believes that the present method can be 
extended to explain some of the other anomalies in the 
solar chromosphere and the atmospheres of giant stars. 
What is needed is a development, for a non-Maxwellian 
distribution, of the expressions corresponding to the 
Boltzmann and Saha equations of thermal equilibrium. 
The interesting thing about these anomalies is that 
they have a tendency to increase with increasing height 
in the atmosphere. This is precisely what we should 


expect from our physical picture.” 


%R.S. Richardson and M. Schwarzschild, Astrophys. J. 111, 
351 (1950). 

2 W.O. Roberts, Astrophys. J. 101, 136 (1945) 

27). H. Menzel, Publ. Lick Observatory 17, 287 (1931) 

2 The velocity distribution tends more to the non-Maxwellian 
form with increasing height. See p. 2 of paper. 
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Taste V. The shock frequency as a function of 


height above photosphere 


Height above 
phic 


Shock 


frequency 


Coliisional 
frequency 


iotosphere 
hAtkm hy (see f,' (sec) v (se¢ 


1.30% 107 
1.01107 
6.29% 108 
2.45 108 
9.58 10° 
1.14 10° 
5.10% 108 
2.34% 1P 


5K 10P 1.3910 
1K 108 
2K 108 
1x 108 
OK 1 
1 104 

1.39% 104 
2% 108 


6.95% 105 
39 & 10° 
77% 10° 
53> 10° 
27K 10° 
37 K 10! 
89 10! 
70X% 10! 


— oe 30 UN KD 


nN 


The author wishes to acknowledge his indebtedness 
to Dr. Joseph Feinstein and Dr. Chan-Mou Tchen for 
several helpful discussions during the course of the 
investigation, to Miss Loris B. Perry for preparing the 
tables and the figure, and to Mr. James W. Lowry for 
checking the algebra. 


APPENDIX. THE SHOCK WAVE VERSUS 
COLLISIONAL FREQUENCY 


It can be shown that the number of granules encom- 
passed in the tangent cone to the photosphere from a 
point 7? in the solar atmosphere is 


SR? oh 
: (1) 
© R+h 


where R is the solar radius, # the height of the point 
above the photosphere, and d the diameter of the 
granule. 

If one supposes each granule to be the source of a 
shock wave, the frequency of the shock waves at P is 


R= hk 1 
8 . (2) 
d R+hT 
where 7 is the lifetime of a granule. 

We take R= 6.95 10° km. We can only estimate the 
values of d and 7, as the observational data are not 
precise enough. 
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Schwarzschild’ considered the dissipation of energy 
by the solar granulation as a mechanism of heating the 
solar corona and adopted 


d=1000 km, T= 200 sec. (3) 


In a later paper," he suggested the possible existence 
of unresolved turbulent elements only 100-200 km in 
diameter. In the recent physical theory of turbulence,” 
it is difficult to fix a limit to the minimum size of the 
turbulent cells. If we adopt the estimate” that ninety 
percent of the energy is carried in cells up to the 
Kolmogoroff part of the spectrum (five-thirds power 
law), we may take the values obtained from the solar 
curve of growth” 


d=20km, v=1.7 km/sec. 
lor the lifetime, we take 
T—~d/v= 10 sec. 


If we set (4) and (5) into (2), we have 


L den 
sec", (6) 


f= 2, 
500 R+h 


In Table V we give the shock frequency f, at different 
heights / above the photosphere. For comparison, we 
quote the collisional frequency v from Hagen’s paper.‘ 
We see that f, becomes comparable to v even in the 
low chromosphere (= 1500 km) where the Redman 
lines are supposed to originate. 

It may be contended that we have slanted the granule 
parameters d and 7 in our favor. Therefore, we give in 
the third column of Table V the shock frequency f,’ for 
the values d and 7 in (3). We see that even in this 
unfavorable case the shock frequency becomes com- 
parable to the collisional frequency in the high chromo- 
sphere. 

2S. Chandrasekhar, Astrophys. J. 110, 329 (1949). 

4 Obtained from Fig. 26 of P. S. Klebanoff and Z. W. Diehl, 
Technical Note 2475, National Advisory Committee for Aero- 


nautics, Washington, Oct. 1951 (unpublished). 
25 Right-hand point in Fig. 4 of reference 19. 
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The usual form of breakdown potential curves indicates that at large pd an asymptotic value of 2/p seems 
to exist. below which breakdown does not occur. A study of the equation for steady-state current in electron 
attaching gases suggests that this (/2/p)jim is nearly that for which the ionization and attachment coefficients 
are equal. Substantial agreement is found in CCl, CFySFs, CClP2, SFs, air, and O, between values of 
(E/p)iim so determined and those found experimentally. The order of (/2//) jim for these gases corresponds 


closely to that of their dielectric strengths. 


HE general form of the curve that relates break- 

down potential to the product of electrode 
separation and pressure (pd) in gases between plane- 
parallel electrodes is well-known.' A curve of this kind 
can be converted into one relating £/p for breakdown 
(where E is the electric field strength) and pd, assuming 
uniformity of field. As pd increases, the latter curve 
falls rapidly at first, but eventually more slowly and 
seems, where it has been carried sufficiently far, to 
approach an asymptotic value below which breakdown 
does not occur.?* It is the main purpose of the present 
note to suggest an interpretation of this limiting E/p 
for breakdown in gases that form negative ions by 
electron attachment. 

Since the existence of an asymptote seems common 
to all gases its explanation would appear to depend on 
the mechanism of breakdown. In particular it might be 
related to the failure of some secondary ionizing process 
at low E/p. However, the breakdown mechanism is 
incompletely understood at present, and it is difficult 
to make even a qualitative statement. In spite of this 
limitation the characteristics of attaching gases permit 
certain conclusions to be drawn. 

An equation for steady-state pre-breakdown current 
in attaching gases has been presented previously.*f That 
equation is appropriate when secondary ionizing pro- 
cesses such as photoelectric effect or positive ion 
bombardment are unimportant. Discussions of break- 
down, however, must include such processes. Assuming 
a secondary process at the cathode, one finds 


— [a/(a—n) ] exp (a—n)d ]—1/(a—n) 
U/to= eee tale 


1— (ya/(a—n)} {expf (a—n)d]—1)’ 


* This work has been supported in part by the U. S. Office of 
Ordnance Research. 

1L. B. Loeb, Fundamental Processes of Electrical Discharge in 
Gases (John Wiley and Sons, Inc., New York, 1939), Chap. X. 

2M. J. Druyvesteyn and F. M. Penning, Revs. Modern Phys. 
12, 88 (1940) 

31. B. Loeb and J. M. Meek, The Mechanism of the Electric 
Spark (Stanford University Press, Stanford, 1941), p. 74. 

t Note added in proof:—Dr. J. D. Craggs has kindly called our 
attention to an article by F. M. Penning, Ned. T. Natuurkde 5, 
33 (1938) in which this equation is derived. 

4R. Geballe and M. A. Harrison, Phys. Rev. 85, 372 (1952); 
M. A. Harrison and R, Geballe, Phys. Rev. 91, 1 (1953); M. L. 
Reeves and R. Geballe (to be published). 


where the symbols are to be interpreted as follows: 
i=total discharge current, %)=electron current pro- 
duced at the cathode by an external source, a= number 
of ionizations/cm electron=the ionization coefficient, 
n=number of attachments/cm electron=the attach- 
ment coetlicient, d= electrode separation, and y= prob- 
ability per positive ion or photon of liberating an 
electron from the cathode. 

A threshold for a self-sustaining current is obtained 
by requiring the denominator of Eq. (1) to vanish, i.e., 
-n)d |—1}=1. (2) 


{ya/(a—n)} {exp (a 


It is well-known’ that for non-attaching gases (n=0) 
Eq. (2) can be fitted to observed breakdown potentials 
within experimental error. In addition it has been 
shown recently® that a nearly equivalent procedure 
can be used to represent formative times of sparks at 
low overvoltages. If we suggest that Iq. (2) is equally 
valid for breakdown in attaching gases we note that 
when a/p2n/p, breakdown is possible for sufficiently 
large pd regardless of the values of a/p, n/p, and y. 
Under this condition the breakdown criterion always 
has a pd dependence. However for a/p<n/p Eq. (2) 
approaches, with increasing pd, an asymptotic form 
which is independent of pd, i.e.: 


a/p=(n/p)/(A+y). (3) 


Equation (3) is a condition on E/p alone and fixes a 
limit for this parameter, (4/p)iim, below which no 
sparking should be possible regardless of the magnitude 
of pd. In the following we shall compare, for several 
gases, values of (E/p)\i obtained from these consider- 
ations with asymptotic limits derived from  experi- 
mental studies of breakdown potentials. 

Values of a/p and n/p are now available in a number 
of attaching gases.‘ In all cases thus far a/p is the 
smaller at low E/p but grows more rapidly with 
increasing E/p and overtakes n/p. Values of E/p for 
equality vary widely from gas to gas, ranging from 30 
to 300 volts/em/mm. They are believed accurate 
within 5 percent. 

Values of y will vary with gas and electrode material. 


5 See references 1-3. 
6G. A. Kachikas and L. H. Fisher, Phys. Rev. 88, 878 (1952). 
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TABLE IT, Comparison of predicted and observed (E/p)tim. 
Dielectric 
strength 


Ob 


294 
160 
110 
103 
36.5 
36.5 


—— sa) 
W#?Aunrwe Iw 


* BKB. M. Hoe 
(1942) 

© R. Geballe and F. S nn, J 

¢ Trump, Safford, and Cloud, 
(1941) 

4 Wilson, Simor ind Brice, J. Appl. Phys. 21, 203 

*L. H. Fisher, Phys, Rev. 72, 423 (1947). 


fH. Fisher (private communication 


hberg anc J. Sandberg, J. Tech. Phy (°.S.S.R.) 12, 65 


Appl. Phys. 21, 592 (1950 
Irans. Am. Inst. Elec. Engrs. 60, 132 


(1950 


Its order of magnitude has been found in air’ to be less 
than 10°* near the asymptotic E/p for this gas. At 
high £/p, Hale,® using Hy, with electrodes of Pt and Na, 
found y¥ to lie below 0.05 for E/p below 600 except for 
a peak of no present concern. The magnitude of ¥ is 
expected, in general, to be sufficiently small that this 
quantity can be neglected in Eq. (3), a simplification 
further justified by uncertainties in the values of 
(E/p)iim available from experiment. Thus, we are led 
to adopt the relation 


a/p=n/p (4) 

as a working condition for the limiting E/p. 
Comparison with experiment can be made through 

Eq. (2). The substitution of values of a/p and n/p 


7 oD Llewelly n Jones and A, B. Parker, Proc, Roy. Soc. (London) 
A233, 185 (1952) 
51). H. Hale, Phys. Rev. 55, 815 (1939), 
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yields, as for the non-attaching case, a relation between 
breakdown potential and pd with one parameter to be 
determined. In CCl.) and oxygen, for which the most 
extensive checks can be made at present, experimental 
curves are duplicated as closely as those of non- 
attaching gases. However, this is at best an insensitive 


test. 

A direct test of Eq. (4) is illustrated in Table I. Here 
values of (E/p)iin predicted from this equation by the 
use of data from reference 4 are compared with those 
deduced from measurements of breakdown potentials. 
It is important to point out two principal causes of 
error in the latter. If measurements are not made under 
conditions of strict uniformity of electric field, break- 
down will occur at abnormally low E/p. On the other 
hand, if measurements are not carried out to sufficiently 
large pd, the limiting E/p cannot be estimated accu- 
rately and will generally be given too high a value. 
Best conditions of uniformity seem to have been 
achieved in CCl.F2, oxygen and air. Only for the first 
two of these do measurements permit of reliable extra- 
polation to the asymptotic limit. It should be pointed 
out, in addition, that a failure of the kind described in 
the second paragraph might cause the observed (E/p)1im 
to lie above the predicted value. In view of these 
uncertainties, the agreement exhibited in Table I indi- 
cates the essential correctness of the proposed interpre- 
tation of Eq. (4). It can be seen from the table that an 
ordering according to (/p)jim corresponds closely to 
relative dielectric strength as generally quoted. 

The authors are grateful to Professor L. H. Fisher 
for supplying breakdown potential data in oxygen prior 
to publication. 
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Saturation effects have been observed in the paramagnetic resonance absorption of 3.2-cm microwaves by 
diluted samples of iron ammonium alum and chromium potassium alum at 2 to 4°K. For all samples the 
spin-lattice relaxation time 7) was found to vary inversely with the temperature, in agreement with theo 
retical expectation that the direct rather than the “Raman” process for the spin-lattice quantum transfer 
predominates at helium temperatures. Diluted samples of iron ammonium alum with iron to aluminum atom 
ratios of 1:18, 1:59, and 1:80 showed 7; to be essentially independent of dilution and yielded T7,= 5X 104 
sec °K for the m= 4—>—} transition. The low-field side peak in the iron alum spectrum for the (100) orienta 
tion, comprised of two unresolved transitions, yielded an effective value of 77)=1.4X 10 sec °K. The 
m= 4-—>+—} transition for diluted chromium alum with a chromium to aluminum atom ratio of 1:10 yielded 
TT, =3X10°8 sec °K in agreement with the calculated value. In all samples the spin-spin relaxation time 
was found to be temperature independent and of the order of 10°* sec. The results for 7; are at variance with 
those obtained with low-frequency paramagnetic relaxation experiments, which show a faster temperature 


dependence than 7~ and an increase in 7, with dilution. 


I. INTRODUCTION 


HE temperature dependence of the spin-lattice 

relaxation time, 7), in paramagnetic salts de- 
pends upon which of two relaxation processes domi- 
nates in the transfer of energy between the lattice 
vibrations and the spin system. In the direct, or first- 
order, process a single quantum of lattice vibration is 
transferred between the spin and lattice systems; in 
the second-order, Raman-like process the lattice ab- 
sorbs a quantum of one frequency and scatters a quan- 
tum of another frequency. It is theoretically expected 
that the first-order process will control the relaxation 
at low temperatures, leading to a 7, temperature de- 
pendence of 7! for chromium and iron alums in the 
liquid helium region.’ For higher temperatures the 
Raman process should be effective, causing the relaxa- 
tion time in these salts to exhibit a 7~? behavior. Ex- 
periments using the technique of paramagnetic re- 
laxation at audio-frequencies with chromium and iron 
alum indicate,?~*> however, a 7, temperature depend- 
ence that is appreciably faster than 7~ in the liquid 
helium region. These experiments suggest then that the 
second-order process is at least partially effective in 
this temperature range. 

The purpose of the experiment reported here was to 
measure the temperature dependence of 7, at helium 
temperatures of chromium potassium sulfate and iron 
ammonium sulfate by an independent method, that 
of the saturation effect in paramagnetic resonance ab- 

* This work was supported by the U. S. Office of Naval Re- 
search, the Rutgers University Research Council, and the Radio 
Corporation of America. 

t Based on the Ph.D. thesis submitted by A.H.E. to the Gradu- 
ate School of Rutgers University. 

t Now at International Business Machines Corporation, Pough- 
keepsie, New York. 

1 J. H. Van Vleck, Phys. Rev. 57, 426 (1940). 

2 Kramers, Bij!, and Gorter, Physica 16, 65 (1950). 

31D. Bijl, Thesis, Leiden, 1950 (unpublished). 

*R. J. Benzie and A. H. Cooke, Proc. Phys. Soc. (London) 


A63, 201 (1950). 
5 F. W. de Vrijer and C. J. Gorter, Physica 18, 549 (1952 


sorption at 3.2-cm wavelength. The saturation method, 
when used with salts for which the lines of the resonance 
spectrum are well resolved, permits the detailed study 
of transitions between separate pairs of energy levels 
and the evaluation of 7, for a particular transition, 
On the other hand, the low-frequency relaxation meas- 
urements, in which 7, is evaluated by examining the 
behavior of the bulk susceptibility of the sample, yield 
a value of 7, which is an average for all possible transi- 
tions between magnetic levels. 


II. THEORY 


Spin-lattice relaxation effects are evidenced in para- 
magnetic resonance absorption when the power level 
is sufficiently high to disturb the Boltzmann distribu- 
tion of the spins. Then the power absorbed in magnetic 
resonance is not proportional to the incident power at 
high power levels, but rather shows saturation. 

If the separations of the magnetic energy levels of 
the paramagnetic salt is small compared with k7’, the 
absorbed power at a resonance peak, P,, is given by 


N(hv)PW;, 
Pos ‘ (1) 
(2S+-1)kT(1+W,/W,) 


where \ is the number of spins in the paramagnetic 
salt, v is the microwave frequency, S is the total spin 
quantum number, I; is the transition probability for 
induced transitions, and W’, is the spontaneous transi- 
tion probability characterizing the spin-lattice relaxa- 
tion. The spin-lattice relaxation time 7, is defined 
as 1/21V,. 

If one assumes that only magnetic dipole transitions 
occur between unequally spaced Zeeman levels, 
M—M—1, 

W =) ev) myVHP(S+M)(S—M+1), (2) 


where y is the gyromagnetic ratio (2rv/J/)), Hy, is the 
amplitude of the circulating magnetic field effective in 
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resonance absorption, and g(v), is the maximum value 
of the shape function of the absorption line. The spin- 
spin relaxation time 7, is }g(v)» when the line is char- 
acterized by a Lorentz shape. Inasmuch as W,; is pro- 
portional to the microwave energy, Eq. (1) shows that 
saturation is significant at power levels for which W, is 
comparable to W,. 

The common procedure for determining 7, has been 
that of examining the saturation term, W,/W,=$yH? 
 2(v)m7\(S4+M)(S—~M+1). When the saturation 
term=1, as indicated by the halving of the absorbed 
power per incident power or by the broadening of the 
line, 7; can be evaluated providing //,? and g(v), or 
7», are known. In the procedure described below and 
used in our measurements it is possible to determine 
7, without recourse to a separate evaluation of /7? 


and g(y). 

The paramagnetic salts were placed in a resonant 
cavity in order to increase the microwave magnetic 
energy density at the sample. The power absorbed in 
the salt, ?,, was measured as a function of the incident 
power by measuring the reflection coefficient looking 


into the cavity. 

The cavity system can be considered equivalent to a 
series RLC circuit which is coupled to a line of char- 
acteristic impedance, Zo, containing a matched genera- 
tor of voltage &. When the cavity is tuned to resonance 
at the peak of an absorption line, the reactive com- 
ponents vanish and the magnetic absorption appears 
as an additional equivalent resistance w/h/Qy, where 
Qw is the absorption Q of the paramagnetic salt. The 
loaded O of the cavity in the absence of magnetic ab- 
sorption, Q;, is wl/(R+Zo). Therefore, the total im- 
pedance looking into the cavity, Z, is given by 


Z=R+ (R4 Z)O1 /Om. (3) 


The power P, absorbed in the loaded cavity system 
(including the generator impedance Zo) without mag- 
netic absorption is then 


P.= F2/(R4+Zo) = (AZoP:)/(R+Z0), (4) 


where P,; is the incident microwave power. 

The ratio of the energies stored in the cavity with 
and without magnetic absorption is (R+Z))*/(Z+ Zo)", 
and from the definition of the Q’s, 


On R+Zo\? P- , 
cys 
QO; Z+4 Zo P. 


F4Z(R+Zo)P; V/[(Z4+2Z0)*P a |. (6) 
The reflection coetlicient T= (Z—Z )/(Z+Zp5) refers 


to the cavity at resonance and with the de magnetic 
field, Ho, adjusted for a magnetic resonance peak. At 
appreciably higher de fields, the magnetic absorption 
vanishes, Z= R, and l'=1. 


Using Eq. (4), 


On/Q1 
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Therefore, Eq. (6) may be written 
Omu/Or=[2(1-P)*P,]/[—T0) Po]. (7) 


Introducing Eqs. (1) and (2), Eq. (7) may be written 


Ow 21 
== 4( +11;) 
Or 7H 2g (v)m(S+M)(S—M+1) 


XP (-T), (8) 


where A =[4(2S+-1)k |/LN (hv)? (1—T'p) J. 

But P,(1—T’) is a measure of the power that reaches 
the sample in the cavity without reflection at the cavity 
coupling hole, and is therefore proportional to H,’. 
Equation (8) can then be written 

Ou T 
=B 
OL £(V)m 


+ATT,P(1-T)’, (9) 


where # isa constant. A plot of Oy/Q_ against P,(1—T')” 
yields a straight line whose slope is proportional to 
TT, and whose intercept is proportional to 7T/g(v)m. 
The Q ratio is evaluated by using 


Ou/O.= (1—-T)/('—T>), (10) 


which follows from Eq. (3) and the definitions of 
Pr and Mp. 

It is seen then that 7, can be determined without 
requiring the evaluation of //,° and g(v),. An order-of- 
magnitude value of g(v), can be arrived at by using 


the definition of Or, 
vH PV, vH PV, 


QO; : 
ZF 4(1—T9) P,; 


(11) 


where V, is the cavity volume and a uniform energy 
density throughout the cavity volume is assumed. 
This relation determines //,? and, hence, B in Eq. (9). 


Ill. EXPERIMENTAL ARRANGEMENT 


In Fig. 1 is shown a cross section of the resonant 

. ~ P vo = 
cavity coupledgto the waveguide. The cavity was of 
the cylindrical re-entrant type, coupled to the wave- 
guide by a hole in the broad face of the waveguide. 
The waveguide was short-circuited one-quarter wave- 
guide wavelength from the coupling hole. The samples, 
in the shapes of toroids of rectangular cross section, 


———WAVE GUIDE 


y-—— SAMPLE 





Fic. 1. The resonant 
cavity and sample. 
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SATURATION EFFECTS IN 
were placed in the coaxial region of the cavity as shown. 
In this position the samples occupied a maximum part 
of the magnetic region of the cavity. The cavity was 
oriented with the dec field lines parallel to the cavity axis, 
thus assuring orthogonality of the dc and microwave 
magnetic fields. 

For the re-entrant type resonant cavity the micro- 
wave magnetic field is not constant over the sample 
volume, and therefore //; must be averaged over the 
sample. The absorbed power is given by Eq. (1) when 
H,? is constant over the sample volume and can be 
written in the form 

KNW, 
(12) 


a” 


1+(W,/W,) 


where K is a constant. In the coaxial region of the re- 
entrant cavity //, varies inversely with the radial dis- 
tance r. Inasmuch as W’; is proportional to //,? ,;we may 
write W,=c/r. But dN/N = 2rdr/(r.2—1r,") is the frac- 
tion of spins between r and r+dr, and Eq. (12) becomes 


2NKe fr” dr 
P= f ’ 
re—rPpdr, r(1+c/W,r’) 


where 7; and re are the inner and outer radii in the co- 
axial region respectively. For the cavity used, r2/r 
= 2.50. 
Expanding the logarithm which results from the 
integral in Eq. (13), 
NKW (12) 0.42 


Py=————_| 14 —-— pees 
1+ Wilr)/WiL 1+ Wr), 


(13) 


(14) 


With strong saturation W,(r.)>W,, and Eq. (14) 
approaches Eq. (12), where W;, however, refers to ro. 
Thus Eq. (9) may be used without correction in the 
evaluation of 7, providing that severe saturation occurs. 
Tests with samples of varying thickness showed that 
axial variations in //,° may be neglected for samples 
that are sufficiently thin. 

The metal cavity section was thermally insulated 
from the Dewar cap by a glass waveguide section thinly 
plated with silver. Liquid helium was allowed to fill 
the resonant cavity and lower waveguide section to 
assure good thermal contact with the sample. A 2K39 
Sperry klystron with a power output of 1 watt was used 
as the 3.2-cm oscillator. The reflection coefficients I’ 
and I’) looking into the cavity arm were determined 
from the incident and retlected power as measured with 
a Magic-7 bridge. The incident power ?; was measured 
with a barretter bridge circuit. 

The samples were prepared by recrystallization from 
saturated aqueous solutions. Single crystals of diluted 
iron ammonium alum with iron to aluminum atom 
ratios of 1:18, 1:59, and 1:80 as determined by chemi- 
cal analysis were used; diluted samples of chromium 
potassium alum with a chromium to aluminum atom 
ratio of 1:10 were used. 
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2. Retlection coeflicient looking into the sample filled 


cavity as function of the incident microwave power 


IV. RESULTS 


The principal measurements on the iron alum samples 
were made with the de field along the (100) axis. For 
this orientation the paramagnetic resonance spectrum 
is understood on the basis of the theory of Meijer.® The 
spectrum for diluted samples consists of a well-resolved, 
intense central peak (M=}-—»—}), a low-field side 
peak containing two unresolved lines (M=—3/2—> 
—5/2 and M=3/2-1/2), and a high-tield side peak 
containing two unresolved lines (M=5/2-+3/2 and 
M = —1/2—— 3/2). 

Saturation measurements were made at the peaks 
of the resolved line, }—»>— 4, and the unresolved lines, 

3/2——5/2 and 3/2->1/2 for the (100) orientation; 
measurements with iron alum were also made using the 
}—»—} line in the (111) orientation, where this principal 
line is less well-separated from neighboring lines. The 
measurements with diluted potassium chrome alum 
were made using the }—»—} line in the (111) orienta- 
tion, for which this transition is best resolved. 

The results for a typical run are shown in Figs. 2 
and 3. The sample in this case was 0.454 g of iron alum 
diluted 1:59, at 4.23°K. The measurements were made 
with the field adjusted to the central peak at about 
3300 oersteds. Figure 2 shows the reflection coefficient 
plotted against the power incident on the cavity. At 
very low-power levels I’ is essentially constant; but as 
the power is increased and the saturation becomes 
appreciable, ! approaches I’p, that is, the resistive losses 
overpower the magnetic losses. The sign of I’ is deter- 
mined by observing whether magnetic absorption causes 
the power reflected from the cavity to increase or de- 
crease, corresponding respectively to a positive or 
negative value of I’. The I'y value was determined at a 


* Pp. H. E. Meijer, Physica 17, 899 (1951). 
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Fic. 3. Ratio of magnetic Q to loaded cavity Q as a function of 
the microwave power striking the sample 


de field of about 6000 oersteds, far from the absorption 
lines. 

In Fig. 3 Qyw/Qz is plotted against P;(1—T')* in ac- 
cordance with Eqs. (9) and (10), using the data shown 
in Fig. 2. The points lie on a straight line as expected, 
except for points near the intercept, where the departure 
from linearity is to be attributed to the radial inhomo- 
geneity of the microwave magnetic field in the cavity. 
The extreme plotted point in Fig. 3 corresponds to a 
saturation term (W/W) of 22; thus the approximation 
used in Eq. (12), assuming severe saturation, is justified. 
Only those data which showed a linear Qy/Qz versus 
P(1—1)? plot and which satisfied the severe saturation 
condition were considered acceptable; on this basis it 
was found that data for some samples and at some tem- 
peratures could not be used because unfavorable cavity 
coupling conditions precluded measurements at strong 
saturation conditions. 

The loaded cavity Q, 07, which was measured by ob- 
serving I’) as a function of frequency and used in the 
approximate evaluation of g(v)m, was found to be about 
300; therefore, losses in the waveguide leading to the 
sample cavity could properly be neglected. 

The results are shown in Fig. 4, where the logarithm 
of TT, is plotted against 7. The data are identified 
according to the crystal used (iron ammonium or chro- 
mium potassium alum), the magnetic quantum numbers 
of the transition, the dilution in terms of magnetic ions 
to aluminum atoms, and the orientation of the crystal 
in the de magnetic field. The observation that 7°7, is 
independent of temperature over the range 2 to 4°K 
fora given sample corresponds to an inverse-temperature 


dependence of the spin-lattice relaxation time. 


The data shown for the }—>—} 


alum, diluted 1:59 and in the (100) orientation, arise 
from two samples of differing thicknesses, correspond- 


transition in iron 
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ing to masses of 0.171 and 0.458 gram. Inasmuch as no 
obvious difference in the 77 values for the two thick- 
nesses appears, it can be assumed that the samples 
were thin enough so that no correction need be applied 
for the variation in microwave field along the cavity 
axis. 

The results for the }—+— } transition at 3300 oersteds 
in iron alum with samples of varying dilution show that 
TT, is close to 5X10™ sec °K for dilutions from 1:18 
to 1:80, the extremes differing by a factor of only 1.3. 
The combined transitions, 3/2-+1/2 and —3/2—— 5/2 
at 3000 oersteds for iron alum yield 77,=1.4X 10-% 
sec “K, which is higher than the value for the }>—} 
line. The absolute value of 7; is rendered uncertain for 
these transitions inasmuch as the data apply to the 
resultant peak of the two transitions, which are not 
exactly superimposed; the sizable difference in 7; 
values for the central and side peaks suggests, however, 
that the spin-lattice relaxation time may differ from one 
transition to another, neglecting the field dependence 
of T;. The central line at 3300 oersteds in the spectrum 
of diluted chromium potassium alum in the (111) 
orientation shows 77,=3.210~ sec °K from 2° to 
4°K. The spin-lattice relaxation time was thus found 
to be longer in the chromium alum than in the iron 
alum for corresponding temperatures. 

It was observed that the absorption line widths in- 
creased with saturation; no attempt was made, how- 
ever, to evaluate 7’; from line widths because of the 
overlapping of adjacent lines and because of the un- 
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certainties involved in taking account of exchange 
narrowing. 

For any sample it was found that the intercepts in 
the Ow/Qz versus P;(1—T)* plot varied directly as the 
temperature; therefore, g(v),, was found to be tempera- 
ture independent, as is theoretically expected. All 
samples gave g(v)m values of the order of 4X 107" sec, 
corresponding to absorption line widths of about 300 
oersteds, in agreement with the observed widths as to 
order of magnitude. The approximations involved in 
Eqs. (11) and (14) do not warrant more detailed evalu- 
ation of g(v)m values. 


V. DISCUSSION 


The inverse temperature dependence of 7 found for 
iron and chromium alums at heliurn temperature is in 
accord with theory but at variance with the paramag- 
netic relaxation measurements at audio-frequencies, 
which show a faster temperature dependence than 
T— for T}. 

Kramer, Bijl, and Gorter,’ using three undiluted 
samples of iron alum at 3370 oersteds find 7; propor- 
tioned to 7", where n is between 4 and 5. The data 
are compatible with the assumption of a distribution 
of relaxation times rather than a single 7). The values 
of 7; at 2° and 4°K, respectively, are 1 10~* sec and 
7X10-* sec. The measurements of Benzie and Cooke 
on undiluted iron alum at lower fields of from 205 to 
968 oersteds show an exponent in the temperature de- 
pendence of n= 2 to 3; again a distribution of relaxation 
times was required to fit the data. Bijl® found 7) in- 
creasing rapidly as the magnetic dilution of the sample 
was increased using iron alum samples diluted 1 to 16 
(iron to aluminum atoms) and 1 to 80; the more dilute 
sample indicated that 7; was greater than 0,02 sec at 
4°K. 

The results for chromium potassium alum are similar, 
showing a faster temperature dependence than 7™', an 
increase in 7, with dilution, and a distribution of re- 
laxation times. Vrijer and Gorter’ give the results for 
measurements with an undiluted sample of chromium 
potassium alum over the temperature range 2° to 90°K 
at a field of 4000 oersted. These data are in harmony 
with the choice of a single exponent, #= 2.6, over this 
range. The values of 7; at 2° and 4°K are 7.8X 10™ sec 
and 1.3 10~ sec, respectively. The results of Kramers, 
Bijl, and Gorter? give a temperature exponent of 3 for 
3370 oersteds with undilute chromium alum with 7; 
values of 7.0X10-* sec and 1.1%10~ sec for 2° and 
4°K. Bijl’ found that a dilute sample of chromium po- 


7D. Bijl, Physica 8, 497 (1941). 
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tassium alum, with chromium to aluminum ratio of 
1:13, followed a 7~? law with 7; values which were 
approximately 10 times larger than for the undilute 
samples. 

The relaxation measurements are characterized by 
a lack of agreement among the several investigators as 
to the temperature exponent of 7. The marked in- 
crease in 7 with dilution is surprising, as Eisenstein’ 
remarks, because one expects 7°, to depend only on the 
interaction of the spins with lattice via the spin orbit 
and orbit-lattice couplings. These anomalies have been 
attributed to chemical and physical impurities in the 
samples. 

Van Vleck! has derived a relation giving the spin- 
lattice relaxation time for chromium potassium alum 
as a function of (among other things) the external field, 
the root-mean-square internal field, and the zero-field 
Stark splitting of the ground state. For fields of the 
order of 3300 oersteds, the calculated 7, values are 
relatively insensitive to a choice for the zero-field 
splitting, so that the two values found in paramagnetic 
resonance experiments with chromium potassium alum,® 
0.15 cm and 0.27 cm“, yield 7, values which differ 
by only ten percent. The calculated value 77, is in 
agreement with measured value for chromium alum 
found here, 77,;=3.2*10 sec °K, if 340 oersteds is 
chosen as the root-mean-square internal field. Van 
Vleck remarks that iron alum, for which no detailed 
calculations were made, as well as chrome alum, should 
follow a T”! low at helium temperatures but that the 
7, values for iron alum should be somewhat larger 
than those for chrome alum for any given temperature. 
The measurements here, however, show the reverse 
behavior, 7 for chrome alum exceeding that for iron 
alum. 

The principal result of this experiment is the 7~! 
behavior of 7; for the diluted iron and chromium alums 
at liquid helium temperatures as determined by the 
saturation effect in paramagnetic resonance absorption 
at 3300 oersteds. This contrasts with the faster tem- 
perature dependence found with the paramagnetic 
relaxation method at audio-frequencies, but is in accord 
with theoretical predictions For iron alum 7, is found 
to be essentially independent of dilution, whereas the 
relaxation measurements show a marked increase in 7; 
with dilution. These differences between the saturation 
and relaxation results are as yet unexplained and re- 
quire further experiments for their resolution. 


§ J. Eisenstein, Revs. Modern Phys. 24, 74 (1952). 


9B. Bleaney, Proc. Roy. Soc. (London) A204, 203 (1950). 
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Superconductivity has been found in a number of new compounds between the non-superconducting 
transition elements and nonmetals such as Si, Ge, and Te. These findings have suggested possible criteria 
for superconductivity in both elements and compounds. 


INTRODUCTION 


S has been pointed out before,' the superconducting 

elements lie in two distinct groups in the periodic 
system. Mo, W, and Bi border on these groups; although 
not superconducting themselves, they form many 
superconducting compounds.? Bismuth itself, when 
condensed below 20°K is a superconductor.* 

Plotting the atomic volumes of the elements versus 
their atomic number, Clusius* found small atomic 
volumes for most superconductors. However, an equal 
number of non-superconductors fall in that same range 
of atomic volumes and the correlation is therefore not 
very satisfactory. 

Fréhlich’s and Bardeen’s criteria are based on their 
now well-known theories of the lattice-electron inter- 
action.°.® They contain the electrical conductivity, its 
temperature coeflicient and the sound velocity and 
represent beyond any doubt the qualitative distinction 
between superconductors and non-superconductors. 
These theories offer also an interpretation of the isotope 
effect,’ according to which for a series of supercon- 
ducting isotopes the transition temperature varies 
inversely with the square root of the atomic mass: 


1. 1/s/m. 


Although Bardeen does not’ mention compounds, 
Fréhlich suggests the investigation of the Au—Pd 
system. This is based on his calculation of an optimum 
number of free electrons in the superconducting phase. 
Magnetic measurements on Au—Pd alloys had shown 
that it was possible to vary this number by gradually 
filling the d shell of Pd. Neither Au nor Pd are super- 


conducting, and as in former investigations all but one’ 


superconducting compound of non-superconducting 
elements had contained either Mo, W, or Bi, the Au— Pd 
system was chosen as the starting point of our inves- 

1. T. Matthias and J. K. Hulm, Phys. Rev. 87, 799 (1952). 

2The superconducting Mo compounds observed heretofore 
contain a nonmetal such as B, C, N, Si, and Ge as the other 
partner. Relying on rules to be discussed, a more metallic com 
pound MosSb4 was prepared and found to become supercon- 
ducting at 2.1°K. 

§3R. Hilsch, Oxford Conf. Low Temp. 119 (1952). 

4K. Clusius, Z. Elektrochem. 38, 312 (1932). 

6H. Fréhlich, Phys. Rev. 79, 845 (1950). 

6 J. Bardeen, Phys. Rev. 80, 567 (1950). 

7. Maxwell, Phys. Rev. 78, 417 (1950); C. A. Reynolds et al., 
Phys. Rev. 78, 487 (1950). 

® The exception was CuS 

9W. Meissner, Z. Physik 58, 570 (1929), 


tigation of the superconducting compounds of non- 
superconducting elements. 


NON-SUPERCONDUCTING COMPOUNDS 


A range of binary alloy compositions with Au, Ag, 
or Cu as one element and Pd or Pt as the other were 
investigated. For those compositions in which a super- 
lattice had been reported, the samples were annealed 
for three months. None of them gave any indication of 
superconductivity above 1°K. 

Susceptibility measurements in the MgCu,.—MgZny 
system had indicated a strong variation of the number 
of free electrons with change in relative composition." 
This whole system was now investigated. No super- 
conductivity above 1°K was detected in MgCus, 
MgZn, or any of eight intermediate alloys. Negative 
results were obtained as well for Au—Be and Pd—Be 
systems. These together with previous! negative results 
suggested that this approach was not likely to be 
fruitful. 


SUPERCONDUCTING COMPOUNDS 


* . . . 

Most of the previously investigated alloys and com- 
pounds had been truly metallic, distinguished by their 
rather small ratio of valence electrons/atom=R. In 
most cases R<2. (This is a good criterion for a pure 
metallic bond according to Schubert.)" It was noticed 
also that the elements, with the exception of Zn and 
Cd which are superconductors, all had more than two 
valence electrons/atom. Therefore a study was begun 
of compounds for which R>2. (Again according to 
Schubert" this implies that the predominant metallic 
bond has become partly replaced by an ionic or covalent 
bond."*) This approach proved more successful as we 
will indicate below. 

The (CaF, ] crystal structure class, although usually 

Witte, Klee, and Lieser, Naturwiss. 38, 185 (1951). 

"K. Schubert, Z. Metallkunde 41, 418 (1950) 

2 According to most theories the conduction electrons are the 
carrier of the supercurrents in the superconducting state. As their 
number is not always easily determined and, as will be shown later 
on, a connection between superconductivity and the number of 
valence electrons/atom can be more readily obtained, we will 
continue to consider the number of valence electrons/atom. The 
connection between valence electrons and conduction electrons is 
by no means obvious. For instance Nb and Bi both have 5 valence 
electrons/atom, but Nb is a good metal and a superconductor in 
contrast to Bi. The detailed band structure is of course a decisive 
factor. Bi condensed below 20°K becomes a superconductor, prob- 
ably in a cubic modification (see reference 3). 
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TRANSITION 


considered typically ionic, contains a certain number of 
intermetallic compounds. In this class CoSi, has been 
found to become superconducting.” While it may be 
difficult to define the number of valence electrons for 
cobalt, it is safe to assume R(cobalt)> 2, therefore, 
R(CoSi2) > 3.3. Other isomorphous intermetallic com- 
pounds have thus far not been tound to become super- 
conducting above 1°K. They are shown in Table I. 

It is likely from a consideration of either electrons or 
holes in an incompleted d shell that the R’s of the non- 
superconducting compounds are no larger in any case 
than R(CoSi,). For most of the remaining intermetallic 
compounds in this [CaF,] structure R=8/3 which, 
according to Mott and Jones, is the number of electrons 
required to fill a Brillouin zone." It is therefore under- 
standable why compounds like Mg,Si which have 
values of R so close to those for a tilled zone are not 
superconductors but semiconductors. One may therefore 
expect superconductivity in the [CaF,] structure for 
compounds whose R> 2 but at the same time sufficiently 
different from 8/3. 

The [NiAs] system of intermetallic compounds was 
the next one to be investigated'® and the positive and 
negative results are compared in Table IT. 

Although NiSb very probably will become super- 
conducting below 1°K, the rest of the negative group 


TABLE I. Superconductivity in the fluorite lattice. 
| 


Superconducting Non-supereonducting 


CoSi»x (1.3 NiSis; AuAl,; PtAl, 


becomes either ferromagnetic, antiferromagnetic, or 
highly paramagnetic a situation which from an em- 
pirical point of view excludes superconductivity. Again 
it is difficult to define a number of valence electrons 
atom but it is evident that 


R>2 


in every case where superconductivity was observed. 
The column neighboring on Ni, Pd, Pt of the transi- 
tion elements contains Co, Rh, Ir. Following the above 
hypothesis concerning R, superconducting rhodium and 
iridium compounds were discovered. They are Rh3yGe2 
(structure unknown) at 2.12°K and IrGe (MnP 
structure) at 4.7°K. The present picture of supercon- 
ductivity among the transition elements and_ their 
compounds in the 8th column is given in Table HI. 


THE TERNARY SYSTEM OF (Co,Rh)Si: 

Any change in the lattice of a superconducting com- 
pound of nonsuperconducting elements should give 
information about the dependence of transition tem- 

8B. T. Matthias, Phys. Rev. 89, 380 (1952). 

4 N. F. Mott and H. Jones, Properties of Metals and Alloys 


(Oxford University Press, London, 1936), pp. 169-170, 
‘8B. T. Matthias, Phys. Rev. 90, 487 (1953). 


TEMPERATURES 


OF SUPERCONDUCTORS 875 


TABLE IT. Superconductivity in the nickel arsenide lattice. 


Superconducting Non-superconducting 


NiSb, CrSb,* MnSb* 
NiTe,> CoTe 


PdSb (1.5°), PtSb (2.1°), PtBi (1.21°) 

PdTe (2.3°) (though superconducting 
PdBi is monoclinic, PtTe does not 
seem to exist 


*H. Nowotny, Z. Elektrochem. 49, 254 (1953) 
© W. Klemm and N. Fratini. Z. anorg. u. allgem, Chem. 251, 222 (1943) 


perature on lattice parameters, as superconductivity is 
not due to a single dissolved superconducting element 
but solely to this special crystal lattice. 

Our experiments show that if more than two atomic 
percent of Co in CoSi, are replaced by one of its neigh- 
boring elements such as Fe, Ni, or Rh, the transition 
temperature drops below 1°K where we were unable to 
observe. Larger percentages of Fe or Ni did not change 
this situation. Larger percentages of Rh however began 
to raise the transition temperature as shown in Fig. 1. 

If we suppose that the electronic contiguration of Co 
and Rh are about the same so that the change in mass 


TABLE IIT. Superconducting elements and compounds from the 
8th column of the periodic system. (The superconducting sub 
stances are printed in boldface type.) 


Fe Co Ni 
CoSi. NiBi; NiBi, 
Ru kh Pd 
Rh,Ge, PdSb; PdBi 
PdTe; PdBi. 
Ir Pt 
IrGe PtSb 
PtBi 


is the only important factor, then one might have ex- 
pected the opposite behavior for the transition tem- 
perature from Bardeen’s and Fréhlich’s theories, since 
Rh is about twice as heavy as Co. Strain could not 
account for this rise in transition temperature as this 
would have resulted in a monotonic function. It there- 
fore became evident that the volume had to play a 











ro oo 
89 % 


Fic. 1. Transition temperature vs percentage of Rh/(Rh+Co) 
in the melt. (The shaded area indicates no superconductivity 
above 1°K.) 
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TABLE IV. Transiton temperature vs mass of corresponding ele- 
ments in the 4th, respectively, 5th column. 


Periodic system Ml 
4. column 

179 
5. column 93 


181 


major role, which was different from what Clusius had 
expected. X-ray investigation by Dr. E. A. Wood has 
now shown that with mounting Rh percentage there is 
an initial decrease in molecular volume and an increase 
thereafter. One can therefore show in this case that a 
rise in volume partly tends to increase the transition 
temperature.'® 


THE TERNARY SYSTEM OF ND(C,N) 


This consideration indicated that it might be pos- 
sible to raise even the transition temperature of super- 
conducting compounds such as NbN at 15.6°K. 

The purpose here would be to enlarge the lattice 
without increasing the total mass nor reducing appre- 
ciably the total number of valence electrons/atom. 
Régener, in his recent paper on NbN," noticed a similar 
trend of the change of the transition temperature with 
the lattice constant. He got a variation of the lattice 
constant simply by different firing procedures. In our 
case now we enlarged the lattice by forming solid 
solutions between NbC—NDbN.'® We observed an 
increase of the transition temperature to 17.8°K for 
mixed crystals centering between 25 and 30 atomic 
percent NbC. This is the highest transition temperature 
known at this time. 


SUPERCONDUCTING ELEMENTS 


In the light of these results it may be worthwhile to 
look at some of the elements again. 

With respect to electronic configuration and lattice 
parameter the pairs Zr—Hf and Nb—Ta are mutually 
nearly identical. However, their masses and _ their 
respective transition temperatures are both different by 
approximately a factor 2, as shown in Table IV. 

The reciprocal linear dependence of the transition 
temperature upon the mass here is quite different from 
the isotope effect. Assuming nevertheless that the 
transition temperatures of the remaining isomorphous 

1®A slight discontinuity at 25 percent was observed, which 
however was within the accuracy of the measurements, 


17H, Régener, Z. Physik 132, 446 (1952). 
1 P. Duwez and F. Odell, J. Electrochem, Soc. 97, 299 (1950). 


MATTHIAS 


elements in the 4th and 5th column, i.e., Ti and V, are 
determined by this linear dependence of the mass as 
well as of a change in lattice parameter, one obtains 
approximately : 


d\nT, 
d \Inag 


This exponent 13 is at least in the same order of mag- 
nitude as 30, the value deduced by Shoenberg for tin.” 
From Régener’s data on NbN, this value would be 
about 26. The data for the (Co,Rh)Siz system indicate 
that the lower limit of this exponent would be above 30, 
if the lattice change were the only decisive factor. 

One may therefore conclude that while an increase in 
mass will lower the transition temperature, an increase 
in volume will raise it, with an exponent between 4 and 
10 for the volume. 

The existing superconductors with relatively high 
transition temperatures indicate that the optimum ratio 


TABLE V. Transition temperatures vs number of 
valence electrons/atom. 





R =valence elec- 


Element or compound trons/atom 


Nb “ 5 
Pb—As 4.5-54 
Pb—Bi 3-8. = 5* 
MoC 6-8. 5* 
ZrN 4.58 
2 Nb—1 Zr 4.67» 
MoN 5.5® 
V;Si 4.75¢ 
Nb(Co 3; No.7) 4.85> 





* These data are taken from the references in Shoenberg’s book (see ref 
erence 21). 

» Indicate present results. 

eG. F. Hardy and J. K. Hulm 


Phys. Rev. 89, 884 (1953). 

of valence electrons/atom seems to be slightly below 5. 
(See Table V.) While this is at present purely empirical, 
the closeness of these values to 5 electrons/atom suggests 
a relation to the half-filled d shell. 

My thanks to Professor W. H. Zachariasen, Dr. S. O. 
Morgan, Dr. J. K. Galt, Dr. H. W. Lewis, and Dr. 
P. W. Anderson for many helpful discussions and help. 
I would like to express my gratitude to Dr. E. A. Wood 
for determining the constants of the mixed crystals, Dr. 
S. Geller for the structure determination of RhSi, and 
to Mr. E. Corenzwit for his help with the cryogenics. 


97). Shoenberg, 
Press, London, 1952). 
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Beginning with the isotropic form of the thermoeleciric equations of Onsager’s irreversible thermodynamics 
as treated by Callen and deGroot, a direct transcription is made to the case of inhomogeneous and anisotropic 
media. The “emf” of Kelvin, Bridgman, Ehrenfest, and Rutgers is the gradient of the electrochemical 
potential and a general formula is given for this gradient in anisotropic media. Both the energy density vector 
and the electrochemical potential gradient are expressed in terms of a “transport entropy matrix” S;;.* The 
theory leads in a natural and straightforward way to the postulated expression of Ehrenfest and Rutgers. The 
formulation is in a form easily adaptable to given experimental boundary conditions and, therefore, brings 
out the limited validity of the Kelvin symmetry relations, as first pointed out clearly by Kohler. Finally, the 
theory includes the irreversible effects of heat conduction and Joulean heating, as well as the reversible 
thermoelectric phenomena and is, therefore, more realistic and complete than the theory of Ehrenfest and 


Rutgers. 


INTRODUCTION 


HE Onsager theory of irreversible processes has 

recently been applied by Callen! to thermoelectric 
effects in isotropic media, and a more detailed discussion 
has been given by deGroot.2 Ehrenfest and Rutgers* 
have given a brief treatment for anisotropic and inhomo- 
geneous media, based on a postulated formulation which 
is simply a generalization of the basic equations found 
by Voigt.‘ Voigt, in turn, had attempted to generalize 
the theory of Kelvin,® but Voigt’s theory has been 
shown to be incapable of predicting the ‘internal 
Peltier effect” discovered by Bridgman.® More recently 
other writers, notably Kohler and Meixner,’ have 
treated thermoelectric anisotropy from the point of 
view of quantum kinetic theory. However, there has 
been no treatment of the problem of thermoelectric 
anisotropy on the basis of irreversible thermodynamics. 
Khrenfest and Rutgers left out of account the irre- 
versible thermal conduction and Joulean heat-genera- 
tion effects. The treatment given here not only leads in 
a natural way to the postulated relations of Ehrenfest 
and Rutgers, but also includes these irreversible con- 
duction and Joulean effects and thereby represents a 
more realistic and complete theory. 


* This work supported by Squier Signal Laboratory, Fort 
Monmouth, New Jersey. 

'H. B. Callen, Phys. Rev. 73, 1349 (1948). 

2S. R. deGroot, Thermodynamics of Irreversible 
(Interscience Publishers, New York, (1951), Chap. 8. 

§P. Ehrenfest and A, J. Rutgers, Proc. Acad. Sci. Amsterdam 
32, 698, 883 (1929). 

4W. Voigt, Kristallphysik (Teubner, Leipzig, 1928). 

6 W. Thomson, Trans. Roy. Soc. (Edinburgh) 21, 133 (1857). 

6 P, Bridgman, Proc. Am. Acad. Art. Sci. 61, 101 (1926); and 
Thermodynamics of Electrical Phenomena in Metals (Macmillan 
and Company, Inc., New York, 1934), Chap. 6. 

7M. Kohler, Ann. Physik 40, 196 (1941); 27, 201 (1936); W 
Meissner, //andbuch der Experimentalphysik (Akademische Ver 
lagsgesellschaft, Leipzig, 1935), Vol. 11, pt. 2. E. A. Uehling, Phys. 
Rev. 39, 821 (1932); J. Meixner, Ann. Physik 35, 701 (1939) ; 40, 
165 (1941). 


Process § 


GENERAL EQUATIONS FOR INHOMOGENEOUS 
ISOTROPIC MEDIA 


Let J, J‘, W, and Q be, respectively, the particle cur- 
rent density, the entropy current density, the total 
energy current density, and the heat current density, 
and let @ be the electrochemical potential (joules/par- 
ticle) of anelectron of charge —e in the isotropic medium 
ata point which has absolute temperature 7’. It is known 
from the theory of irreversible thermodynamics!” that 
these quantities are related as follows. 


Euey, (1) 
J’ L.Va-—L,.vT, (2) 
W=Q4+ a4), QO=TS', (3) 


J: LeeVil 


in which the so-called phenomenological coefficients Lee, 
Les, Leg depend only on the temperature in the case of a 
homogeneous chemical phase and are related to phys- 
ically measureable parameters by the expressions 


L.e=1/ (ep), 


Les/ Leo=S* 


(TP / Lee) Leekac— Le.) =«;, (4) 


eSabs 


Here p is the isothermal electrical resistivity, « is the 
heat conductivity with no electrical current, and S*>* is 
the absolute thermoelectric power. S* is the “transport 
entropy per particle” and plays a prominent role in the 
theory of irreversible thermodynamics. Throughout this 
paper we consider the charge carrier to be the electron, 
charge —e. 

Substitution of Eqs. (4) into (1), (2), and (3) leads to 
the three fundamental relations: 


Pasty 
W= (7S*4+p)J0—Kv7, (6) 
- eps? -S*o7. (7) 


(x/T) VT, (5) 


Vi 


Equation (6) states that at a point in an inhomogeneous 
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isotropic medium at which there is electrical (particle) 
current flow as well as a temperature gradient, the total 
energy current density (watts per unit area) consists of 
three terms, viz., an “entropy transport” term 7S*J¢, 
an electrochemical poteniial term gJ*, and a thermal 
«VT. Equation (7) may be called the 
“generalized Ohm’s Law.” The electrochemical po- 
tential @ may be separated!’ into a chemical part and an 
electrical part, f= u—ed. Thus, in an isothermal region 
of a chemically homogeneous phase with ¥7'=0, Eq. (7) 
gives the ordinary Ohm’s Law, since the gradient Vu of 
the chemical potential vanishes in this case. On the 
other hand, if no current flows, J¢=0, Eq. (7) gives the 
electrochemical potential gradient” 


conduction term 


“thermoelectric 
Va= —S*VT. 


GENERAL EQUATIONS FOR INHOMOGENEOUS 
ANISOTROPIC MEDIA 


In setting up the general equations we make the 
assumption that each component of the entropy current 
density J,;* is a linear function of the components J,* of 
particle current density and of the components V,T of the 
temperature gradient, with 1, 7=1, 2, 3. The temperature 
T and the electrochemical potential ~ are considered as 
continuous and differentiable functions of position 
(x1, 2, 3) within each separate phase. If an electrical 
current flows across a boundary between two media, 
there will be cases in which the electrochemical potential 
cannot be defined within the junction. In such cases, 
however, the finite jump in fi across the junction can be 
defined, and one needs only to use the appropriate 
boundary conditions for @; otherwise such cases intro- 
duce no particular difficulties. The relation (5) is thus 
replaced by the three equations : 
kK, OL 


J@=SiiPI 9 (i, j= 1, 2, 3) (8) 


rE OX; 
in which the quantities S,,* are the “transport entropy 
matrix” and the x; are the “heat conductivity matrix.” 
We emphasize the fact that relations (8) are postulates, 
reasonable extensions of the isotropic formula (5). It 
follows from (8), (5), and (3) that the component IW’, of 
the total energy current density can be written 


W ,= TS,;*J °+ ad —x,j0T/02;. (9) 

Next we require the anisotropic formulation of the 
relation (7) between electrochemical potential gradient, 
particle current density and temperature gradient. 
Equation (7) derives from the same basic relations (1) 
and (2) as do (5) and (6), and it is therefore clear that 
the required anisotropic form of (7) must be consistent 
with (8) and (9). It is seen that the only uncertainty in 
the direct transcription of (7) into anisotropic form lies 
in the order of subscripts in the transport entropy 


§ The presence of two identical subscripts in a term indicates a 
summation, 
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matrix S;;*. The matrices of electrical resistivity p;; and 
of thermal conductivity «;; are already known to be 
symmetric.’ In order to deduce the correct form of the 
anisotropic transcription of Eq. (7), we make use of the 
conjugation of the “fluxes” J,* and J,* and “forces” 
Op/dx, and dT/dx, as expressed by the invariance of the 
sum: 


T¢(s)=J °(—0p/0x,)+J,"(—0T/dx,). (10) 
According to the Onsager theory, the quantity ¢(s) is 
the time rate of internal entropy production per unit 
volume caused by irreversible processes, which in the 
present problem result from Joulean heat generation 
and heat conduction. Only the steady state need be 
considered for our purposes, so that the sum (10) is 
time independent as well as invariant with respect to 
transformations of the “fluxes” and “‘forces.”’ If (8) is 
substituted into (10), one finds 

oT 
S95 -—+ 

Ox; 


an Ki aT aT 
T¢(s) a J. sins “s 
j T Ox; Ox; 


oT Kk, OT AT 
P ); (11) 


Ox; T Ox; OX, 
The terms in «,; are the contribution of the irreversible 
heat conduction to the entropy source strength, and the 
terms in J,* represent the contribution of the irreversible 
Joule heating. The quantity ¢(s) is required by the 
Onsager theory to be positive, though not every indi- 
vidual term in ¢(s) need be positive. Now the entropy of 
the material contained within a given volume AV is a 
constant in the steady state, since this entropy is a 
single-valued function of characteristic parameters of 
the material in AV such as the internal energy AU, 
number of particle AV, and the volume AV. The 
internal entropy production ¢(s) resulting from irre- 
versible processes within AV is carried out by the vector 
J* ata rate, div J’, just sufficient (in the steady state) to 
balance out ¢(s) so as to maintain a constant entropy 
within AV. 

The Joule contribution to 7¢(s) can also be written 


pis J; epi;J &J ;*, (12) 


where J, eJ ,° and p,, =p), is the resistivity matrix of 
the crystal at temperature 7. If we equate (12) to the 
Joule contribution in (11), we have 


oT 
4 S;;* : ) CpizJ J 5° 
OX; 


= —J *(—epiJ;*), (13) 


and since the particle (electrical) current density com- 


® Reference 4, p. 345; reference 2, chap. 4. It has not yet been 
shown that for arbitrary crystal symmetry the matrix S;;* is 
symmetric. On the contrary, the work of Kohler? results in 
quantum-mechanical expressions for a matrix y;;, related to our 
S,;*, which are nonsymmetrical in the general case. 
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ponents are independently variable, (13) leads to 


Of /dx,= — &pijJ ;°—S;*0T/ dx;. (14) 

It is interesting to notice that the Joule heat is not 
correctly given in general by £,/,, with E;= — 0¢/0x,. 
In fact, we can show that this is so even in an isotropic 
homogeneous phase, as follows. The correct Joule heat 
expression is, using (12) and (14), 


1/0 oT 1/ou @ oT 
pl-J=-( +s) J ( ——e—+S* —)J 
e\ox Ox e\dx Ox Ox 


1/ Ou oT 
= ( +s*) -J+E-J, 
e\oT Ox 


where we have written du/dx= (0u/0T)(0T/dx) and 
k= —0/0x Thus, we have pJ/*= E-J only for a phase 
at uniform temperature, when 67°/dx=0 


(15) 


VOLUME AND SURFACE HEATING EFFECTS 


The vector W; in (9) gives the total energy current 
density at any point in the crystalline medium. In the 
steady state there can be no accumulation of energy 
within any infinitesimal volume element and the vector 
WW, must be divergenceless Thus, 


ow, 


0(S,;*J;°) oT 
=()= T——— +§,,*J;¢ 
OX; Ox; Ox; 


al, oa 8 oT 


OX; Ox; Ox Ox; 


This relation and the following are thus valid for non- 
homogeneous crystalline or crystalline-like media.!® The 
third group of terms on the right-hand side of (16) 
vanish, since the particle current is divergenceless. 
Substitution of (14) into the fourth term on the right- 
hand side of (16) gives 
J 0p /0x = — eS §°pi;J j*— JS; *0T/ dx; 
— pid PS j°—Si°I OT /dx;, (17) 


the last term here cancelling the second on the right- 
hand side of (16). If we solve for the derivative 
O(K,0T/ Ax,)/Ax;, we find from (16): 


a) oT 0(S,;*J;9) 
Ox, OX; Ox, 


(1/e)J,, where J, is the electrical current 


(18) 
or, set J,°= 


density, 
7) oT 1 dA(Si;*J;) 
" (+s: ) mits Prd id s— - o : 
OX; OX; é OX, 


An example of the latter kind of medium is a non-uniformly 
strained body in which the strains give rise to a crystalline-like 
anisotropy. 


(19) 
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Equation (19) is a general expression for the production 
of heat in an inhomogeneous, anisotropic medium, 
crystalline or otherwise. 

In general the components §,,* of the transport 
entropy matrix depend on temperature and on position 
in an inhomogeneous medium, so that the derivatives of 
S,,* in (19) must include spatial as well as temperature 
variations. Thus, since in general S,,*=.5,,*(«;, T), we 
must write 


as ;;* (~ ) Os ;* oT 
+ ( ) "4 ’ 
OX; Ox, Jr OT J 2; Ox, 


and the last group of terms in (19) breaks down into the 


(20) 


three groups: 


T 0(S;;*J;) T os ,;* 
a 79, 
: OX, e OX, T 
r as ,;* or 7 
tyes 
e OT Fx, 0x, e 


Relation (21) is the starting point of the Ehrenfest- 


Rutgers theory. We shall use the following notation for 
the four separate groups of terms in (19) and (21): 


Joule: Oy 


1 aS ;;* 
Peltier: Qp=- rif ) ? 
e€ Ox; J 7 


1  saS,*\ aT 

rf ) 7 
€ OT J 2, OX; 
1 OJ; 


TS ;*-—. 5) 
e ON, 


Ox; 


os pis Jj, 


(Volume 


effects) ( 24) 


Thomson: Q7 





Bridgman: Og 


Each of the Q’s represents a heat absorbed per unit 
volume per unit time. Our sign convention agrees with 
that of Bridgman, absorbed heat being taken as posi- 
tive. Ehrenfest and Rutgers use the opposite conven- 
tion. Equation (22) gives the Joule heat evolved and is 
therefore negative. If the medium is not homogeneous, 
there is a volume Peltier heating effect Op given by (23). 
Whether the medium is homogeneous or not, there is a 
Thomson heating effect given by (24). The last terms 
(25) describe an effect first predicted by Bridgman.® 

We consider next the phenomena taking place when 
an electrical current crosses a boundary between two 
anisotropic media. The generalization to the anisotropic 
case follows directly from the formula (9) for total 
energy flow IW. Consider a composite system consisting 
of two different anisotropic and inhomogeneous media 
NX and KR electrically and thermally jointed along some 
arbitrary surface A, as shown in Fig. 1. The reference 
axes are Xj, Xz, X;, and the principal crystallographic 
axes (or other characteristic axes) of each medium X 
and R may be oriented in any way whatever relative to 
these reference axes. As in the case of isotropic media, 





CHARLES: A. 


Fic. 1. The curve 
AB representsa junc- 
tion between two 
anisotropic, inhomo- 
geneous media Y 
and R 








x, 

the joint or contact AB between XY and R will, in 
general, be a very complex transition region of some 
finite thickness d. This thickness is, of course, somewhat 
indefinite, varying from place to place along the bound- 
ary and will depend upon the method used for joining 
the two media. Often the main bulk of the junction may 
consist primarily of some third material, for example, 
when two different crystals are cemented together with 
Wood’s metal or with soft solder. In such cases the 
junction layer of solder may be several thousandths of 
an inch thick in many places. On the other hand, if the 
joining is done by electrical fusing of the two single 
crystals, the transition layer or sheath will probably be 
a physical mixture of polycrystals of XY and R together 
with some alloy crystals, and so on. In almost all cases 
in which quantitative measurements are to be made on 
arbitrarily-oriented single crystals, the boundary AB 
will be a simple butt joint; in such cases some quanti- 
tative estimate can be made of the “contact resistance” 
or “sheath resistance” R,, provided the resistance 
matrices p,;* and p,;" for the two crystals X and R are 
known. The procedure for determining R, in the case of 
two crystals is essentially the same as that for isotropic 
phases, except for the added complications resulting 
from the crystalline nature of X and R. However, since 
these complications can be handled in a straightforward 
way having little to do with thermoelectricity, we shall 
not discuss the details. 

If we return to formula (9) and the figure, we see that 
since in the steady state energy and charge cannot 
accumulate in the boundary region A, the boundary 
conditions on total energy current density and electrical 
current density are 


(26) 


(27) 


J Xng=J Puy, 


W *n,=W Fn, 


in which #, are the three components of the unit normal 
vector which we agree always to point outward from 
medium X. The superscripts Y and R refer to the 
medium in which the current flows. If we apply condi- 
tion (27) to (9) and collect similar terms for the two 
media, we find 
Sit? TJ ;?0;) 
te (aX J *n,— pet ,Fn,) 
+[«i% (07 /Ax,) *n,— x," (07T/dx;)*®n, |=0. 


eT (S,j°*I;*n, 


(28) 


DOMENICALI 


The bracketted groups of terms represent the energy 
flowing out of the boundary region (per unit area of the 
sheath) by ordinary heat conduction through media X 
and R. The middle group of terms give the Joule 
dissipation in the resistance R, of the sheath; this can be 
seen as follows. If we write /;= --e/,* in (14), we have 
(Of/Ox;)ny= tpi Jj-ni—S,*(0T/OX;)ny. 

Now we assume the resistive sheath to be isotropic, so 
that pij=0 for i% j, pi=p,; and if we further assume 
that the second term on the right-hand side of this last 
equation is negligible compared with the first, we find in 
crossing the boundary 
Ag= p"— p* = (0f/0x,)nd 

(0f/0s)d~ep,(J n,)d, 


= (29) 
where s is distance along the normal n and d is the 
thickness of the resistive sheath. Because of (26), it 
makes no difference which current components, J;* or 
J,*, are used in the last parentheses in (29), and we 


choose J ;*. 
eo (pXS Xn,— p®I en) =e (a* — g®)J Pn; 


=e! (—ep,J ,;?n,d)J "n= —p,d(J,®n,)*. (30) 


We can now rewrite (28): 
[Ki * (OT /0x,;)*n,—K,j® (OT /dx;)"®n; |—p.d (J 2n,)? 


fe tT (Si 4*I*n:— S45 ;*¥n)=0. (31) 


Expression (31) describes the heat generation and 
transport at the boundary region between inhomogene- 
ous, anisotropic media X and R and is the surface 
analog of the “volume” Eq. (19). We name the second 
and third sets of terms as follows: 


Joule: qz=—p.d(Jin,)’, (Seslace (32) 


Peltier : gp=e(S,;** J ;*n,— S;;**#J ;* nj). effects) (33) 
Each of the ‘‘g” represents a heat absorbed per unit area 


per unit time. 
We next set down the definitions: 


(34) 


1 
I ,j=+-T7S ;;* = 5(T ; £1, X2, X3), 


€ 


(35) 


we call II,; the Peltier coefficient matrix and 7,; the 
Thomson coefficient matrix for a given inhomogeneous, 
anisotropic medium at temperature 7 and at point 
X}, X¥2, X3 within the medium, when referred to rect- 
angular coordinate axes x1, X2, 2X3. Relations (22) 
through (25) for the volume heating effects become, 
with 7, 7=1, 2, 3, 


Joule: Oy 


ty —€'T (AS */ OT a= 1ij(T 5 X1, X2, X3) ; 


(36) 


(37) 
(Volume effects) 
Thomson: Qr= rijJ;07T/0x;, 38) 


(39) 


ie pisJ Jj, 


Peltier: Qp=— (0I1,;/0x,)J;, 


Bridgman : Og = — I,;0J;/0x,; 





IRREVERSIBLE 


and (32) and (33) for the surface heating effects become 


Joule: qgy=—pd(Jin,)’, (40) 


qe=— (11,;#J;*- IT j*J5*)ni. 


(Surface 


effects) (41 ) 


Peltier: 


DISCUSSION 


Starting with the isotropic theory of thermoelectricity 
we have postulated the fundamental relations (8) and 
from these have deduced without further assumptions 
the Ehrenfest-Rutgers equations (21). In addition, the 
irreversible effects of heat conduction and Joulean heat 
generation are included in the present theory in a 
natural way. Using our equations it is an easy matter to 
set down various boundary conditions appropriate to a 
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given experimental arrangement, and thus one can 
easily derive the ordinary Kelvin symmetry relations 
which, as first shown clearly by Kohler,’ are correct only 
for isothermal boundary conditions. If one applies 
adiabatic boundary conditions, he can derive more 
general relations which have been found by Kohler to 
give better agreement with experiment 

The author wishes to thank Mr. Erik Klokholm and 
Dr. D. P. Detwiler for several helpful discussions in 
connection with this work. Also, he wishes to express his 
appreciation for the encouragement as well as financial 
support he has received from the Squier Signal Labo- 
ratories. Finally, he thanks Dr. F. C. Nix for his con- 
tinued and encouragement in the author’s 
work, 
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Change of Electrical Conductivity of Sodium Chloride upon Bombardment 
with High-Energy Protons* 


EpGar A. PEARLSTEIN 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received July 15, 1953) 


The conductivity of NaCl in the region 125°C to 400°C is considerably decreased by bombardment at 
room temperature with 10!° protons/cm? of energy 350 Mev. There are several temperatures where part 
of the effect anneals. A small decrease in conductivity still remains after heating to as high as 470°C. No 


satisfactory explanation for the results is evident. 


A new method of measuring conductivity is described. 


HE generally accepted picture of electrical con- 

ductivity of alkali halides is a motion of ions 
associated with the presence of lattice defects. Since 
nuclear radiation is known to produce lattice defects, 
it is of interest to study the conductivity of irradiated 
crystals and the annealing of the changes at various 
temperatures. 

Single crystals of sodium chloride (obtained from the 
Harshaw Chemical Company) were bombarded with 
350-Mev protons in the Carnegie Institute of Tech- 
nology synchrocyclotron. Crystals of the order of a 
millimeter thick and a few square centimeters area 
were placed inside the cyclotron’s vacuum chamber in 
the direct path of the circulating proton beam. Alumi- 
num foil mounted alongside the crystals was used to 
measure the amount of irradiation by means of the 
reaction Al’’(p,3pn)Na”.! It is estimated that the tem- 
perature of the crystals probably did not get higher 
than about 50°C during irradiation. Most crystals had 
been annealed in a helium atmosphere at 650°C after 
cleaving and before irradiation. 

* This work is supported by the U. S. Atomic Energy Com- 
mission. The results reported here were briefly described by the 
author at the meeting of the American Physical Society in 
Durham, North Carolina, March 28, 1953 [Phys. Rev. 91, 244 
(1953) ]. 

'L. Marquez, Phys. Rev. 86, 405 (1952) 


The conductivity measuring apparatus is shown in 
lig. 1. 
crystal with the input resistance of the oscilloscope. 
This particular arrangement allows one to observe any 
polarization effects and to eliminate trouble with de 
amplifier drift, or the capacitance of the crystals. The 
conductivity was measured over the temperature range 
from about 125° to 470°C, the lower limit being deter- 
mined by the sensitivity of the apparatus, and the 
upper limit by failure of the electrodes on the crystal. 
The crystal holder holds two specimens at the same 
temperature so that a bombarded crystal can be directly 
compared with a “control” crystal (cut from the same 
large crystal as the bombarded one) which has not been 
bombarded. This gives one confidence about the repro- 
ducibility of the data. The maximum resistance de- 
tectable with the apparatus as shown is 210" ohms. 
Electrodes were either graphite (“Dag”) or silver con- 
ducting paint (Dupont 4817). 

RESULTS 

Figure 2 shows typical results, expressed as the ratio 
of the conductivity of a control crystal to that of an 
irradiated crystal. The arrows indicate time, the se- 
quence starting from top left. The figure shows that 
there are several ranges of temperature where healing 


This circuit compares the resistance of the 
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takes place; it takes about one hour for healing at 
these temperatures. There are some ranges of tempera- 
ture where there is no perceptible healing in several 
hours: 200° to 250° and 350° to 470°C. After all of this 
heat treatment, the conductivity at low temperatures 
is completely restored, but at higher temperatures it is 
still about 25 percent below that of an unirradiated 
crystal, as shown at the bottom of Fig. 2. This behavior 
is found in several specimens, having different amounts 
of bombardment in the vicinity of 10! protons/cm?. 
At present, nothing can be said about the dependence 
of the effects upon the amount of bombardment. 

The bombarded crystals are strongly colored, and are 
kept in the dark after removal from the cyclotron. One 
specimen was partially bleached by exposure to skylight 
for several hours. Its conductivity was then measured. 
No differences were noted between it and a specimen 
which had not been bleached. Bombarded crystals are 
completely bleached, as far as the naked eye can tell, 
by heating to about 200°C, 


DISCUSSION 


It might seem that bombardment would increase the 
conductivity of an ionic crystal, since the conductivity 
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Fic. 1. Apparatus for measuring conductivity. 


is ionic, and heavy particle bombardment should pro- 
duce extra vacancies. Calculations based on the for- 
mulas of Seitz’ indicate that each 350-Mev_ proton 
should produce about three sodium vacancies per centi- 
meter of path. As Fig. 2 shows, the conductivity is 
appreciably decreased rather than increased by the 
bombardment. 

These results are not in good agreement with the 
results of Nelson, Sproull, and Caswell’ at Oak Ridge. 
They irradiated potassium chloride crystals with gamma 
rays from cobalt 60, and fast neutrons from a_ pile. 


2 EF. Seitz, Discussions Faraday Soc. No. 5 (1949). 
3 Nelson, Sproull, and Caswell, Phys. Rev. 90, 364 (1953), 
Also, private communication 
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Fic, 2. Relative conductivity vs temperature for NaCl crystal 

irradiated with about 10! protons/cm?. The measurements 
started at the highest point on the curve and proceeded in time 
as indicated by the arrows. 


They got both increases and decreases in conductivity, 
depending on conditions. But in all cases annealing of 
the change in conductivity was almost complete after 
a few hours at 200°C. Differences between their results 
and the results reported in this paper might be caused 
by differences in material, or type, energy, and amount 
of radiation. (The amount of irradiation received in our 
experiment is, of course, very small when compared to, 
say, pile irradiation.) Also interesting in this connection 
is the work of Mapother,* who found that self-diffusion 
of NaCl was decreased during x-ray irradiation. 

It is hard to visualize a satisfactory mechanism to 
account for these results. Mechanisms involving only 
the electrical neutralization of vacancies by electrons 
or holes and non-equilibrium concentration of vacancies 
seem unlikely in view of the difficulty of completely 
annealing the specimens. Perhaps the motion of vacan- 
cies is impeded by mechanical distortions of the lattice 
in the vicinity of interstitial atoms or clusters of inter- 
stitials and/or vacancies; however it is possible that 
such distortions might have the net result of increasing, 
rather than decreasing the mobility of ions.® 

It is intended to pursue this problem further with 
quantitative studies of annealing, dependence of the 
effects on the amount of bombardment, and correlation 
with optical effects. 

The author is grateful to Professor R. Smoluchowski 
for advice and discussions. 


41D). E. Mapother, Phys. Rey. 89, 1231 (1953). 
5 A.W. Overhauser, Phys. Rev. 90, 398 (1953). 
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Interaction of a Nonrelativistic Particle with a Scalar Field with Application 
to Slow Electrons in Polar Crystals* 


Tsunc-Dao Leet AND Davip PINES 
Department of Physics, University of Illinois, Urbana, Illinois 


(Received August 10, 1953) 


A general variational technique is developed to study the effect of recoil on the motion of a nonrelativistic 
particle in a scalar field. The ground-state energy is determined, and the results obtained are shown to be 
exact in the limit of both weak and strong field-particle coupling. This method is applied to investigate the 


low-lying energy levels of a conduction electron in a polar crystal 


Ihe ground-state energy and effective 


mass so obtained are shown to be in good agreement with the results of Lee, Low, and Pines for the inter 


mediate coupling strengths occurring in real polar crystals. 


I 


HE motion of a nonrelativistic particle in a sealar 

field serves as a prototype for a wide variety of 
problems. Amongst these are the interaction between 
low-energy nucleons and scalar mesons, and the electron- 
lattice interaction in polar crystals, semiconductors, 
and metals. In these cases the field-particle interaction 
is frequently not weak so that the usual perturbation- 
theoretic methods are inapplicable. For such cases in 
which the coupling is not weak and in which the recoil 
of the source particle may be neglected, TTomonaga! has 
recently introduced a very useful method of approxi- 
mation which has acquired the sobriquet, “intermediate 
coupling” approximation. 

The Tomonaga approximation consists in a varia- 
tional technique based on the physical assumption that 
successive virtual quanta (mesons or phonons) in the 
field around the source particle (nucleon or electron) 
are emitted independently, and hence that there is no 
correlation between different quanta. It is essentially 
a Hartree-Fock approximation, in that all identical 
quanta associated with the ground state of the system 
are assumed to be in the same physical state. The num- 
ber of quanta in the field around the source is not 
limited. The probability amplitude for finding a given 
number of quanta and the particular functional form 
for their momentum distribution are found by a Ray- 
leigh-Ritz variational calculation. This method for the 
case of the interaction of a charged meson with a fixed 
nucleon leads to the correct answer in the limit of both 
weak and strong coupling. 

However, when the source particle is not fixed, it is 
easy to see that correlations will be introduced between 
successive field quanta since the recoil kinetic energy 
of the source will then come into play. Such correlations 
are indeed favored, especially when the field-particle 
coupling is strong, because they will act to reduce the 
momentum fluctuation of the source particle. Thus it is 
necessary to extend Tomonaga’s formulation in such 


* This work has been supported in part by the Office of Ord- 
nance Research, U. S. Army 

tT Now 
York, New York. 

1S, Tomonaga, Prog. Theoret. Phys. 2, 6 (1947). 


at Physics Department, Columbia University, New 


a way as to allow correlation between quanta to enter 
into the problem. This can be done by introducing 
additional degrees of freedom for the field quanta, such 
that a quantum can be emitted into any one of several 
states. Our generalization of Tomonaga’s formulation 
is rendered easier by the introduction of certain formal 
techniques which are developed in Appendix I. 

We shall show that for the case of zero total mo- 
mentum of the system (source plus quanta) it is sufh- 
cient to introduce four possible states for the field quanta 
corresponding to one “‘s” and three “p” states. Indeed, 
the introduction of these extra degrees of freedom makes 
possible an exact solution in both the weak and strong 
coupling limits of the field-particle interaction. In the 
strong coupling limit the importance of correlations 
between successive quanta is reflected in the fact that 
the mean value of the source recoil kinetic energy turns 
out to be proportional to the square root of the total 
number of field quanta, in contrast to the linear depend- 
ence predicted by both weak coupling theory and the 
simple Tomonaga model neglecting such correlations. 

Our variational technique is applied to the problem 
of a slow conduction electron (polaron) moving through 
a polar crystal, and both the ground-state energy and 
the polaron effective mass are calculated. For this 
latter case, in which the total system momentum is not 
zero, it is necessary to introduce somewhat more com- 
plicated trial functions than those required for zero 
system momentum. For the intermediate coupling 
strengths (g°S6) encountered in real crystals, we find 
that the ground state energy differs very slightly from 
that calculated by Lee, Low, and Pines? using the 
simple ‘Tomonaga approximation. The effective mass 
correction is somewhat larger and may be as appreciable 
as twenty percent for g’~5. 

II 

The Hamiltonian for a nonrelativistic particle inter- 
acting with a scalar field may be written as 
H= p’ ‘2m +92. (V pare '™ rf V ,*a,*e ik-r) 

LY w(k)ag*ax, (1) 

* T. D. Lee and D, Pines, Phys. Rev. 88, 960 (1952); Lee, Low, 


and Pines, Phys. Rev. 90, 297 (1953), hereafter referred to as 
LLP. See also M. Gurari, Phil. Mag. 44, 329 (1953). 
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where (r, p) are the position and momentum of the 
particle, a,.* and a, are the creation and annihilation 
operators for the scalar field, w(k) is the frequency of 
the kth normal mode of this field, and g is the appro- 
priate dimensionless coupling constant characterizing 
the strength of the field-particle interaction. We find 
it convenient to take advantage of the fact that the 
total momentum of the system is a constant of the 
motion. The total momentum operator is D,ka,*ay+ p 
and commutes with the Hamiltonian, (1). It is therefore 
possible to transform to a representation in which the 
total momentum operator is diagonal and in which the 
Hamiltonian no longer contains the particle coordinates. 
The unitary transformation required is generated by 


S=expi[ (P—Z,a,*a,k)- 4], 
which transforms 


H-S“HS = (P—Z,.kay*a,)* 


2m+-D w(k)ay*ay 
+ gr, (V part V,*a,*), (2) 


where P is a “c’”? number representing the total system 
momentum. 

Let us first consider the case in which P=0. We 
shall use a variational technique and work in a repre- 
sentation in which the Schrédinger function VW of our 
system is described by a set of functions corresponding 
respectively to states of no quanta, one quantum, two 
quanta, etc. Let (ki ky---ky/) be the probability 
amplitude of finding .V quanta of momenta kk»: -- ky 
respectively in the field around the source particle, 
assuming these quanta are distinguishable. A_ trial 
function which corresponds to allowing field quantum 
emission into one of four possible states is 


(Rye Rn /V)=Cr.mymo.mg(n! TT m!/N!)4 
1 


n+my4 n+m +m 


XSLT SA) IT ge I 
i=] Jimntl jrentmitl 

y 

x IT] 


p=ntmyt+metl 


Ly (Ri2) 


ge(kis)], (3) 


where {(k) is a normalized ‘s” wave function for the 
field quanta, and the g,(k), etc., are the three normalized 
“pb” wave functions. Cnmy,mg.m3 is the probability am- 
plitude for finding » ‘s” quanta, and my, m2, and ms 
of the three kinds of “‘p”’ quanta, respectively. S is the 
symmetrization operator with respect to all quanta, 
and we also have 


n+m,+mot+-m3= N, 


where V may vary from zero to infinity. The functional 
form of f(k) and g,(k), together with the numerical 
value of the Cn.m.mo,ma, are to be determined in such a 
way as to minimize the system energy. It is clear that 
since no preferred direction exists (for P=0), our three 

3 Both A and the svstem volume will be taken =1 throughout 
this paper 
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“pb” state wave functions must have the same radial] 
dependence. Thus we have 


gi= (RN3/k)g(k), (i=x, ¥, 2), (4) 


where g(k) is a normalized ‘‘s’’ wave function. 

The calculation of this mean energy for a trial func- 
tion of the form (3) is quite complicated. However, the 
manipulations in such mean value calculations may be 
simplified considerably by going over to a suitable re- 
duced space for the operators a, and a,*. In Appendix I, 
we show that if the Hamiltonian is ordered in such a 
way that annihilation operators always appear on the 
right of creation operators, then these operators may be 
formally replaced by 


aya (k) +2, B,k [v3.92 (k)/k |, (5) 


with a corresponding expression for a,*. a and §; are 
the annihilation operators for “s” and “p” wave 
quanta and are independent of k. The problem of find- 
ing the minimum energy for the Hamiltonian (2) then 
reduces to solving the equivalent minimum value prob- 
lem in the reduced space, 


b6E=6(P 3) b)=0, (6) 
where & is a normalized reduced space wave vector, 


and 3 is given by 


K=watat+we > Bi*Bi+ ¢(Vat V*a*) 


i=z 


+M ¥[(B*)%e2+ (a*)282+20*8,*a8,], (7) 


t= 


where! 
(Sa) 


(8b) 
(8c) 
(8d) 


w= Dy (wt k?/2m)| f(R) |*, 
w= 2, (w+ k?/2m) | g(k) |?, 
V= >,V (k)f(R), 

M=[2.f*(k)g(A)RE/6m. 


In carrying out the variation of E with respect to 
, we shall restrict our trial function to the form 


p= Lexp(a*u ) F (B,*) | 0), (9) 


where u is an arbitrary real numerical constant (to be 
determined variationally) and F is an arbitrary func- 
tion of B;. |0) is the state vector corresponding to no 
quanta in the field. This choice will be seen to be suffi- 
ciently general to enable us to obtain an exact solution 
in the limit of both strong and weak coupling. Using 
(9), we see that 
abh= uP, 
and thus 


Hb =[ (w—3.M)u?+ 2guV + wd Bi*8; 
+Mw,(8,+8,*)? }®. 


The ground-state energy corresponding to (10) may 


(10) 


4It will be seen that V and M are both real. 





INTERACTION OF 
readily be obtained, since the eigenvalue problem is just 
that of three simple harmonic oscillators. We find 


E= (w,—3M)u?+ 2guV + wolf (14+4M12/a.)'—1]. (11) 


Thus our minimum value problem becomes one of 
minimizing & with respect to the parameter u and the 
arbitrary functional form of f(2) and g(&). 

We now wish to examine the solution of our mini- 
mum value problem in the limit of both weak and 
strong coupling. For both these limits, on differentiat- 
ing (11) with respect to « it may easily be seen that 
will be proportional to g. In the weak coupling case, 
(g1), we find on expanding in a power series in g, 


E= w+ 2guV+0(g*)+-->, (12) 


so that the minimum value of the energy with respect 
to u is 


E= —-gY? WI. (13) 
In this limit, # depends only on /(k). This follows from 
the fact that in our Hamiltonian the interaction term 
between the source particle and the field quanta 
directly excites only ‘s’’ waves, and hence just involves 
f(k). The “p” waves are coupled to the source indirectly 
through their coupling with the ‘“‘s”’ waves via the recoil 
term. Consequently in the limit of weak coupling these 
will only influence the energy for higher power of g. 
Upon minimizing F with respect to an arbitrary 


functional variation of f(k) we find the best form of f(&) 
is 


NiV*(k) 
f(k)= (14) 


w+ k?/2m 


where .V, is a normalization constant. The correspond- 
ing minimum value for the energy is 


— [VR 2 
Eo= —> . 


k wtk?/2m 


(15) 


This is precisely the familiar expression derivable from 
second-order perturbation theory. 

For the strong coupling limit (g>>1), we find on ex- 
panding in a power series in (1/g). 


E=[ (w,;—3M)v?+ 2guV \[1+0(1/2) ], 


(16) 
so that minimum value of the energy with respect to 
u is 


E=— ¢V?/(w,—3M). (17) 


Upon minimizing EF with respect to an arbitrary func- 
tional variation of f(k) and g(k) we find these take the 
following optimum forms: 


S(k)= NV (k)/w(R), 
= Vif (kjk, 


(18a) 
g(k) (18b) 


where .V,; and N» are normalization constants. The 
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corresponding minimum value for the energy is 
|V (Rk) |? 


t= — 2D 
k w(k) 


(19) 


To show that this is indeed the exact solution in the 
strong coupling limit, we return to our original Hamil- 
tonian, (2). We note that if the terms, 
(=, ka,*a,)?/2m, were absent, the minimum value of 
the energy would be just (19). The recoil term is, 
however, always positive, so that (19) constitutes a 
lower bound for the energy. On the other hand, Fy is 
the result of a variational calculation and is hence an 


rec oil 


upper bound for the ground-state energy. Since the 
upper and lower bounds here coincide, /y must be the 
exact ground-state energy. 

The magnitude of the recoil term can be obtained by 
carrying out the expansion of (16) in powers of (1/g) 
to the next order, and one finds that it is of order g. 
Since the total number of quanta (.V=a*a+2,6,*8,) is 
on the average proportional to g’, this result indicates 
that the mean square momentum fluctuation of the 
source partic le, (p*) avy is proportional to (.V),,). If there 
were no correlation between the direction of emission 
the source particle, (p*)ay 
(Va. Consequently in the 


of successive quanta by 
would be proportional to 
strong coupling limit these correlations are seen to play 
a very important role by acting in such a way as to 
limit the recoil kinetic energy to order g.° 

It is perhaps surprising that one can obtain an exact 
solution in the strong coupling case by using a simple 
trial function of the form (3) and (9). This may be 
understood in the following way. As we have remarked, 
in the general Hamiltonian (2), the source is directly 
waves. This coupling is linear in 
the amplitude of the “s’’ waves, and thus its main 
effect is to produce a simple displacement in the ‘‘s”’ 
wave amplitude, as reflected in our restricted trial wave 
function (9). The number of “‘s’’ quanta in the field is 
then proportional to g’. On the other hand, the recoil 
term may be regarded as giving rise to a dipole-type 
coupling between the field quanta, i.e., “‘s” waves are 
coupled only with “p’’ waves, which in turn are coupled 
in addition just to “d’’ waves, etc. In virtue of this 
coupling, which according to (10) gives rise to a change 
in frequency for the ‘‘p” waves, the number of ‘“p” 
wave quanta is proportional to the square root of the 


coupled only to ‘‘s” 


number of “‘s’”? wave quanta and hence to g. Since the 
“d” wave couples to the “‘p” wave in similar fashion, 
the total number of ‘d’’ wave quanta will be of still 
higher order in 1/g, and their influence may be neglected, 
corresponding to our trial function (3). 

For intermediate coupling strengths, the ground- 


5 A direct calculation of the strong coupling limit in this problem 
is also possible, provided one introduces creation and annihilation 
operators for spherical waves, rather than the plane waves used 
in (1). Similar results concerning the ground-state energy and the 
role of the source recoil can be obtained. 
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state energy depends on the specific form of V(k), and 
we shall not enter on a general discussion of this here. 
In the following section we shall consider the detailed 
solution in this range of coupling for the polaron prob- 
lem. It may be of interest to note here that the general 
form of f(k) and g(k) can be obtained by minimizing 
FE with respect to arbitrary functional variations of 
f(k) and g(k), under the constraint that these functions 
are normalized, We find these may be written as 


NV (R?+ 2mw+r) 
f(k) (20) 


(k?-+- 2mw)?+- a (k? + 2mw) ++ nk? 
Nofk 


g(k) (21) 


k?+-2mw-4 \ 


where .V,; and N» are normalization constants, and X, 
HM, Y, n are numerical constants to be determined by our 
variational calculation. 


Ill 


We now wish to apply the above considerations to a 
determination of the ground state energy of the polaron, 
In this case, we have from LLP, 


wi f8r\! 
Vi : 
k\mw 


(23) 


-(~ ¢ ') 
) w ) n € 


aft 


where n and ¢ are the optical index of refraction and the 
static dielectric constant, respectively, and w is the 
constant frequency of the longitudinal optical mode of 
the lattice vibrations.© There exists a natural cutoff 
for our interaction in & space, ko, due to the discrete 
nature of the crystal structure, and we shall understand 
that in this section & is always considered to be less 
than &y. For the continuum theory of lattice vibrations, 
ky is the usual Debye limit. 

For the case of the polaron, our weak coupling solu- 
tion, (15), becomes, on substituting (22), 


Eo £"w, (24) 


a solution first obtained by Frohlich, Pelzer, and 
Zienau.’ In the strong coupling limit, in contrast to 
weak coupling, the cutoff &o, plays an important role, 
and we find from (19) and (22) 


. 2p ke \). 
Eo . . gw. 
\ 2mw 
It is of some interest to investigate the region of validity 
of our strong coupling solution, (25). This can be esti- 


(25) 


® Here g? denotes the coupling constant instead of a@ as used 
by LLP. ; 
7 Frohlich, Pelzer, and Zienau, Phil. Mag. 41, 221 (1950). 
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mated by a consideration of the importance of the 
terms neglected in (16), and one finds that the strong 
coupling limit is valid when 


9 


g>>3 (Ma,/V?)). (26) 


On substituting (8) and (18) into (26) we find 


g?>(3/40m) (ky?/2mw)!. (27) 


For typical polar crystals ko’?/2mw~100, and hence the 
criterion for the validity of the strong coupling solu- 
tion is 

g’>>25. 

For real polar crystals, the coupling constant g® is 
generally of the order of 3 to 6, so that neither the 
weak nor strong coupling solutions are valid. Thus it is 
necessary to find the minimum value of £, (11), more 
precisely. The calculation is straightforward, albeit 
somewhat complicated, and the details are given in 
Appendix II. The results of a numerical calculation for 
three values of the coupling constant g* are given in 
Table I. We note that —//w is always greater than 


TaBLe I. Ground-state energy and polaron effective mass 
for three values of the coupling constant. 


g’, the result obtained by perturbation theory and also 
by the simple one-phenon state Tomonaga approxima- 
tion of LLP. However, as anticipated by LLP, for the 
case of NaCl, where g’=5.2, the correction is quite 
small, being of the order of five percent. 


IV 


In this section we consider the calculation of the 
effective mass of the source particle for the general 
Hamiltonian, (2). In order to do this, we must consider 
the case in which our Hamiltonian (2) describes a sys- 
tem for which P40. We will however confine our 
attention to very small system momenta, such that 
(P?/2mw)K1. For the effective mass is defined by the 


relation, 
1 Ok 
"tien oe ' 
2mMest OP? pro 


and hence it is sufficient to calculate E to order P?. 
When P?#0 it is necessary to adopt a somewhat 
more general trial function than that given in (3). This 
may be done by introducing in place of the spherically 
symmetric f(k) an arbitrary function /(k) which is 
normalized and orthogonal to the g,;(k). The functional 
forms of /(k) and g,;(k) again are determined by the 
variational principle. Since we are only interested in 


(28) 





INTERACTION OF A 
calculating E to order P?, it will be sufficient to use a 
wave function which is accurate to order P. To this 
order, the g,(k) are found to be unchanged. However, 
F(k) differs from the spherically symmetric f(k) by 
the addition of a ‘‘p,”’ wave, i.e., 


I (k)=f(k)+ (dRN3/R)k(R)P+O(P"), 


where d is a constant, /4(&) is a spherically symmetric 
function, and we have taken P in the z direction. The 
presence of a ‘‘p,”’ wave in F(k) thus corresponds to a 
removal of the symmetry among the ‘‘p” waves and is 
to be expected since for P#0O a preferred direction 
exists, namely that of P. 

The effective mass calculation is similar to that for 
the ground-state energy and is given in Appendix III, 
where we derive the following expression for the source 
particle effective mass, 


mess/m=1+ (4/3)E4| (Rk) | RE/ LR + 2mw(k) ]}?, (29) 


where « and f(k) are determined by the P=0 calcula- 
tion. It may be seen directly that this expression re- 
duces to the appropriate perturbation theory value in 
the limit of weak coupling. However, in contrast to 
the P=0 calculation, our expression (29) cannot be 
regarded as yielding the correct strong coupling limit, 
since the latter expression is not yet known. 

For the polaron, we utilize the numerical results 
following from Appendix Ii, and the results of our 
calculation for three values of the coupling constant 
are given in Table I. There we have compared these 
new results with that obtained by LLP 


mee/m= 1+2Q". 


We remark that in general the change in effective mass 
due to our consideration of additional “p” wave phonon 
excitation is in the direction of increasing mer. Per- 
centage-wise this correction is considerably large for 
mor than for the corresponding ground state energy 
calculation. For g’= 5.2, we find an increase of ~twenty 
percent in mr over the LLP value, which is in good 
agreement with their estimate of the accuracy of their 
method. This leads us to believe that the present calcu- 
lation is quite reliable for such intermediate coupling 
strengths. 

We should like to thank Professors J. Bardeen, M. 
Gell-Mann, and F. Low for pleasant discussions on 
these and related matters. 


APPENDIX I 


In this appendix we should like to establish some 
elementary theorems concerning the use of Tomonaga- 
type wave functions. For simplicity we confine our 
attention to a trial function which corresponds to 
allowing field quantum emission into one of two pos- 
siblestates, which are described by any two orthonormal 
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functions f(k) and g(k). Thus 


(n—m)!m!\3 
(Ris + Ral W=Cp anf ) 


nN. 


xSCTT fe) IL (ko), 
t=1 pen-mil 


« 


where S is the symmetrization operator with respect 
to all quanta. The system wave function YW may then 
be expressed in terms of the vacuum state as 


» < 1 
W= DL Cr-mma 


n=) mf) 


(n—m)!m!]3 
X(d f(Roan*)™ ™(S elkian*)™|0), 
k k 


where |0) denotes the vacuum state. Consider now a 
reduced space wave vector defined by 


1 
(a*)"-™(8*)"| 0), 
[ (n—m)!(m!) } 


p= > z. 1S m,m 


n=) m=() 


where a* and 6* are two independent creation opera- 
tors which are not related to k. & and ¥ will be con- 
sidered to describe equivalent physical situations if and 
only if Da—m,m 

Theorem 1: If Weo@ and Wo’ then (VW | 
Proof: 


( n-—-m,m- 


cp’ | dp). 


>z >» CC". ous (Cn m,m) 


n=) m=) 


Vy’ |W) 


is by definition the same as (@’|@). 

Theorem 2: If Veo, then ae af(k)+8¢(k) |p. 
Proof: The coefficient of the term (2,f(k)a,*)"™ 
XK (Dag (kay*)™!0) in ay is 


c. m4 1,m(M —m + 1)'f(k) +C,, m,m4+1(M t 1)4g(k) } 
1 


x , 
[ (n—m)!m! }} 


which is the same as the corresponding coefficient of 
the term (a*)"-™(8*)™\0) in [af(k)+8g(k) kb. We 
remark that a,*¥ is by no means equivalent to [a*/(k) 
+-B*g(k) |b. 
Theorem 3: If Weod, and Wo’, then 
N MW 
(W' {TT ax.* TT ax;|¥) 


tl j=l 


N uw 
= (’' TT [a* {*(k:)+B*g* (k,) I] [af (k;) + Bg(k;) ||®). 
tl i=! 


Proof: From Theorem 2, one has 


M Vu 
[] axe T] [af (kj) +e(k;) 
71 I=1 


N \ 
Il ak W'<> Il Laf(k,) + Bg (k;) \p’, 
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Thus on using Theorem 1, one sees that Theorem 3 
follows immediately. 

These theorems can obviously be generalized to trial 
functions which allow quantum emission into one of 
any number of possible states. 


APPENDIX II 


lor the case of the polaron for which w is a constant, 
our general trial functions, (20) and (21), may be 
written as 
N,V i*(k?+a?) 
’ 
(R? b?)2 4 Ck 
NokV,* 


(k?— b?)2+ 2h? 


{(k) 


g(k) 


where a, 6, ¢ are numerical constants to be determined. 
On substituting these expressions into (8a)—(8d), to- 
gether with our expression (22) for V4, we find, on 
changing the summation over k to an integral, and 
carrying out the indicated integrations,® 
| c+ (1+ a?/b*)*b? 
WW 1 { ’ 
| (1 + “ /h?)? + atc? /b® 

w(1+-b7), 


w bt 14 (a?/b?)? 
M , 
3 (1+ a?/b*)?+-atc?/b® 


V2=6Mcw/0b". 


In obtaining these expressions, we have introduced 
dimensionless variables, in that all momenta (k, a, 6, c) 
are measured in units of (2mw)!. We then find that our 
general expression for /, (11) may be written as 


he re 2 


Ef (1+0°/6*)?+a'e 
[1+ 0? |x? 


Ww b?(1+-a?/b?)? 
2e| (14-67) (Qc) |ha 


} +3 (1+?) 
b 
« (( 14+ (42°/3) J!—1}, (Al) 


where we have found it convenient to introduce 


b? (1+ a?/b*)*? 


(1+ 0°)[ (1+-a2/b2)?4+-a4ce2/b*] 


as a new independent variable in place of «*. Thus our 
minimum value problem is reduced to minimizing (A1) 
with respect to the four parameters a, 6, c, and x. 

On varying (Al) with respect to a, one finds the 
simple result: 

a? = 5. (A2) 

* The upper limit of integration may be taken as © to a good 

degree of approximation as long as g?<15, 


AND D. 


FINES 


On minimizing (A1) with respect to c, one finds 
c=[ 7b? (1407) /2x7 }!. (A3) 


Using these relationships, and minimizing with respect 
to x and B, one finds, after considerable simplification, 


b?=14+[1+ (4/3)x?]}, (A4) 


eb? b’—1 4 
=———— ( : ). 
2(1+-87)4\ 20-1 


The corresponding value for the energy, (A1), is 


(A5) 


E (140%) (502—2)x? 


—+ 3 (1—8?)(b?—2). (A6) 


b?(b?—1 


Equations (A4) and (AS) may then be solved nu- 
merically to obtain the optimum values of b and x, 
which on substitution into (A6) yield the minimum 
value of the ground state energy Eo. The results for 
three values of the coupling constant are given in 
Table I. 

APPENDIX III 


As we have remarked, it is necessary to adopt a 
somewhat more general trial function than (3) for the 
case of P#0. This may be done by introducing an 
arbitrary function /'(k) in place of the “s” wave func- 
tion f(k). F(k) is normalized and orthogonal to the 
g,(k). For small P, we may expand F(k) as 


F(k)=f(k)+-d(k.N3/k)h(k)P+O(PY)+ ++, 


where h(k) is symmetric. This form of /'(k) is just that 
adopted by LLP in the simple Tomonaga case. Thus 
we may regard our trial function in this case, just as 
was true for P=0, as a generalization of the LLP treat- 
ment in that we have simply added three “p” waves 
to take the correlation between quanta into account. 
One may then proceed to calculate the dependence of 
E on F* in a completely analogous manner to our P=0 
calculation, with the difference that the energy should 
now be varied with regard to d and the functional 
form of h(k) in addition to the other indicated varia- 
tions. One finds that 


E= (w,—3M)u?+ 2gVut $e (144M 12/2)! 1) 


Pp [(M/m)u—4twyud—2(2MN) 8d} 
Seer Po. 
2m Swot 2M? 


+ (4Nu?+-w3)u?d?@—2(2N/m)'ed}, (A7) 
where M, w;, w., and V are defined in (8a)—(8d) and 
N, ws, we are 
N= (3,h*gk)?/6m, 
w= lelh i 7(w+k?/2m), 


oy = Dy h*e (w+ k?/2m). 
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By inspection, we note that the optimum values for 
f(k), g(k), and w will differ from those obtained for 
P=0 only to order 7”. Consequently, this difference 
will contribute a change in the energy of order 7” 
which may be neglected in our approximation of small 
P. Thus the determination of the effective mass _re- 
duces to finding that form of d and h(k) which mini- 
mize (A7). This problem can, however, be simplified 
further by introducing an equivalent variational prob- 
lem. Tnis equivalent problem is obtained by regarding 
the operator 8, as a numerical constant. It may be 
readily verified that although this replacement yields a 
different value for Zo, the 7? coefficient in the energy 
is unchanged, and it is this latter value which we seek 
to determine. Thus we write for our equivalent problem 


an ral_f(k)4 nP o(k)(k; kyv3 } 
+ (8,k,+8,k,)V3e(k)/k, (A8) 


instead of 


a, al’ (k) +>- Bk N3g(R) ‘k. 
In (A8), 9 is an arbitrary parameter and ¢(k) is a 
symmetric function which may be regarded as a linear 
combination of g(k) and h(k). Using (A8), we find that 
the /? terms in the energy may be written as 


, i 


1 A } 
(P)= r( +9°u°u'— in( ) +4M'u r), (A9) 
2m 2m 
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where 
M'= [Leg*(k) f(k)k P/Om, 


w’ =D, (wt k?/2m)! o(k)|*. 
Upon minimizing (A9) with respect to 9, we find 


]?? 1 
E\=— , (A10) 
2m 14+4M'12/o’ 


The variation with respect to ¢(&) is elementary and 
gives 
S(k)R 


N; : (All) 
k?+-2mw(k) 


¢(k) 
where .V3 is a normalization constant. It is of interest 
to note that the corresponding best form of #(&) is 
h(k) = Naf o(k)—[2ee(k)g*(k) |g(k)}. 


On substituting (A11) into (A10), we obtain the ef- 
fective mass, 


Mott 


| f(k) | 2k? 
=1+427(4/3)>> ‘ 
m k (k?+2mw(k)) 
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Electronic Polarizabilities of Ions in Crystals* 
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A set of electronic nolarizabilities has been obtained from a least-sq:tares fit of experimental refraction 
data using simple additivity and a Lorentz factor of 44/3. Except for the fluorides, the electronic polariza 
bility values of the alkali-halide crystals calculated from this set agree with the experimental data within 
3 percent. Similar least-squares fits were attempted with various values of the Lorentz factor, the best fit 
being obtained for 42/3. On the basis of 4/3, the additivity assumption and the alkali-halide set, polariza- 
bilities have been obtained for other ions. The best values for the sodium D line in A’ are Li* 0.03, Nat 0.41, 


Kt 1.33, Rb* 1.98, Cst 3.34, F> 0.64, Cl> 2.96, Br 
S~ 4.8-5.9, Se~~ 6.0-7.5, Te 


4.16, 1 
8.3-10.2, Ag* 2.4, Cut 1.6, Cutt 0.2, Zn*t 0.8, Cd** 1.8, Get* 1, Sn** 3.4, 


6:45; Ca"? £41, S5e°" 1.6, Bar’ 2.5,,0"— 0.5-3.2, 


Ph! 4.9, Values represented by a spread indicate ions that cannot be treated additively. 


I. INTRODUCTION 


HE problem of electronic polarizability of indi- 

vidual ions has been the subject of numerous 
investigations. Among these, determinations of the 
polarizabilities of gaseous ions have been performed by 
Pauling! from the theory of the quadratic Stark effect, 
by Born and Heisenberg’ from the Rydberg-Ritz cor- 
rection for spectral series, by Fajans and Joos’ from 
an examination of the indices of refraction of salts in 
aqueous solution, and by Mayer and Mayer* from 
spectral data. 

A list of polarizabilities of ions in ionic crystals ob- 
tained from recent data, and an examination of the 
validity of employing the Lorentz factor, may be of 
use in the study of ferroelectricity. In the present paper 
we obtain values for the electronic polarizability of the 
alkali ions and halide ions from an examination of the 
indices of refraction of the alkali-halide crystals. Using 
these values as a starting point, we shall then obtain 
values for the electronic polarizability of a second group 
of ions that combine with the halide ions and form 
crystals for which optical data are available. In turn, 
the polarizabilities of these ions will be used to deter- 
mine the polarizabilities of other ions which do not 
form halide crystals. 

Throughout, the calculations will be based on the 
assumptions that the crystals considered are purely 
ionic, that the electronic polarizability of a crystal is 
simply the sum of the electronic polarizabilities of the 
individual ions, and that the Lorentz factor has a 
normal value of 4r/3. The consistency of the results 
can be considered as a measure of the validity of these 


* Part of this work was reported to the American Physical 
Society at its meeting in Chicago of June 20-22, 1946, See W. 
Shockley, Phys. Rev. 70, 105 (1946). 

ft Now at Department of Physics, Pennsylvania State College, 
State College, Pennsylvania, 

11. Pauling, Proc. Roy. Soc, (London) A114, 191 (1927). 

2M. Born and W. Heisenberg, Z. Physik 23, 388 (1924). 

3K. Fajans and G, Joos, Z. Physik 23, 1 (1924). 

4]. BE. Mayer and M. G, Mayer, Phys. Rev. 43, 605 (1933). 


assumptions. It has been suggested® that the normal 
Lorentz factor may not be correct for some crystals 
because of the extended nature of the electronic charge 
distribution and the consequent overlapping of neigh- 
boring ions. However, we shall see that for the alkali- 
halides, the best fit of the empirical data is achieved 
with the normal Lorentz factor. 

An empirical examination of the additivity of the 
total polarizability, ionic plus electronic, of individual 
ions has been made by Roberts.® 


II. THE LORENTZ FACTOR 


At optical frequencies, let the field acting on any 
ion of a crystal be expressed as 


Fug = E+ LP. (1) 


where £ is the applied field, ? is the electronic polariza- 
tion or electric dipole moment per unit volume, and L 
is a constant called the Lorentz factor. FE and P are 
assumed to be in the same direction, and L is the same 
for all ions. The optical dielectric constant K is defined 
by 

KE=E+4rP. (2) 


The optical dielectric constant and the index of refrac- 
tion m are related, K =n’. 

If the electronic dipole moment p; induced at each 
ion is proportional to Er, the factor of proportionality 
defines the electronic polarizability, a;, 


pi=a Fett. (3) 


For a crystal of diatomic molecules, the dipole 
moment of each molecule is 


Pm = pi + p; - (a; +a;)Eetr= OnE, ff- 
Then 
P=anEctt/Vm, 


5N. F. Mott and R. W. Gurney, Electronic Processes in Tonic 
Crystals (Oxford University Press, London, 1948), second edition, 
p. 16. 

6S. Roberts, Phys. Rev. 76, 1215 (1949). 
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TABLE I, Molecular volume Vm, indices of refraction at various wavelengths nc, mp, nr, Nx, and molecular electronic polarizability am 
of the alkali-halides. C=6563A, D=5893A, F=48061A. 
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* Values obtained from density measurements 


where V,, is the volume of the crystal divided by the 
number of molecules in the crystal. 
From the above equations, it follows simply that 


n?>—1 


- Py (6) 
Ln? — L+-44r 


An= Ib 


If L has the normal Lorentz value of 44/3, then Eq. (6) 
becomes the familiar Lorentz expression 


3V.,#°—1 
Am . (7) 
4n n?+2 


For an assembly of parallel point dipoles, located at 
the lattice points of a diagonal cubic lattice, such as the 
NaCl, CsCl, CaF2, and ZnS type lattices, with equal 
dipoles at like-ion lattice points, the local field at any 
lattice point, Fes, is correctly given by Eq. (1) with 
L=4n/3. For other lattices, the Lorentz factor L may 
have different values, but the sum of the three Lorentz 
factors for three mutually perpendicular arrangements 
of the parallel point dipoles is always 4m. 


III. THE ALKALI-HALIDES AND THE EMPIRICAL 
DETERMINATION OF THE LORENTZ FACTOR 


We shall first consider the alkali-halide crystals. 
These have either the NaCl-type structure in which the 
Na ions and C] ions are each arranged on a f.c.c. lattice 
and together form a s.c. lattice, or the CsCl type 
structure in which the Cs ions and Cl ions are each 
arranged on a s.c. lattice and together form a b.c.c. 
lattice. 

In Table I are listed the molecular volume Vp, the 


ne Res am(A\ =D) am (X wo) 
0.90945 
2.903 
4.138 
6.226 
1.163 
3.263 


0.92048 
2.980 
4.159 
6.248 
1.186 
3.300 
4.560 
6721 
1.966 
A770 4.272 
5332 5.508 
6238 7.790 
388 2.572 
4705 4.856 
5283 6.147 
6061 8.532 
469 3.664 
516 6419 
5066 7.497 
618 9 952 
566 3.738 
6209 5 984 
6676 7.271 
7378 9.577 


386" 
658" 
778 
Q49> 
3188 
5252 
Olli 
706” 
360" 


cele ce ce ee ee 


. tan tan ¢ tan 


Values taken from Hojendahl 


indices of refraction n at several wavelengths, and the 
electronic polarizability @, for the alkali-halide mole- 
cules. The molecular volumes are obtained from x-ray 
data.’ The refraction data are obtained from the com- 
pilation by Winchell.* The value of » for \=@ is 
obtained by extrapolating to A= the straight line 
which is fitted, by the method of least squares, to the 
Cauchy relation n= A+ B/d*. In those cases where the 
only refraction data available are for the D line, the 
values of n for X= are taken from a calculation by 
H¢gjendahl. The molecular electronic polarizability a,, 
is computed from Eq. (7). 

On the basis of the values of the molecular electronic 
polarizability @,,, contained in ‘Table I, a set of elec- 
tronic polarizabilities a4 and ay, was computed for all 
the alkali and halide ions by minimizing the sum of the 
squares of the differences in electronic polarizability as 


TABLE IT. Electronic polarizability of alkali ions and halides ions 
forA=Dand A=, 


A=D) ) (K=D) 
aal( A‘) aalA®) apn (At) 
0.029 0.644 
0.255 
1.201 
1.797 
3.137 


0.029 
0.408 
1.334 
1.979 
3.335 


2.960 
4.158 
6431 


7R. W. G. Wyckoff, Crystal Structure (Interscience Publishers, 
New York, 1951) 

5A. Winchell, Microscopic Characters of Artificial Inorganic 
Substances or Artificial Minerals (John Wiley and Sons, Inc., 
New York, 1931) second edition 

°K. Hgjendahl, Kgl. Danske Videnskab, Selskab, Mat.-fys. 
Medd. 16, No. 2, 90 (1938). 
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Taser IIT, Comparison of electronic polarizabilities, am of the 
alkali-halides, taken from Table I, with a4+ay, taken from 
Table II, (a) for A=D; (b) for X= @, First line am. Second line 
aat+ay. All values are in A’, 


Cl 


(a) A=D 
2.980 
2.989 
3.300 
3.368 
4.272 
4.297 
4.856 
4.939 
6419 
6.295 


6.248 
6.459 
6.721 
6,839 
7.790 
7.767 
8.532 
8.409 
9 952 
9.765 


4.159 
4.187 
4.560 
4.566 
5.508 
5.495 
6.147 
6.137 
7.497 
7.493 


0.920 
0.673 
1,186 
1.053 
1,966 
1.981 
2.512 
2.623 
3.664 
3.979 


(b) A= 
2.903 
3.003 
3.263 
3.227 
4.172 
4.175 
4.712 
4.772 
6.235 
6.108 


6.225 
6.228 
6.263 
6.452 
7.388 
7.397 
8.092 
7.996 
9.436 
9.333 


4.137 
4.159 
4.387 
4.385 
5.294 
5.330 
5.920 
5.929 
7.328 
7.266 


0,909 
0.788 
1.162 
1.014 
2.007 
1.960 
2.528 
2.556 
3.604 
3.896 


given by Table I and as given by aa+An. Thus, 


z. (am, 


was made a minimum. The summation is over the 20 
alkali-halide compounds of ‘Table I. Cs compounds of 
the NaCl structure only are included in order to deal 
with crystals all having the same structure. 

Table II gives the resulting computed values of elec- 
tronic polarizability of the alkali and halide ions for 
A=5893A and \=~. The electronic polarizability of 
one of the ions must be selected arbitrarily in order to 
form such a table, since the minimizing of (8) still 
permits the polarizability of each of the alkali ions to 
be raised by a constant amount if the polarizability of 
each of the halide ions is reduced by the same amount. 
The electronic polarizability of Lit was taken as 0.029A% 
from Pauling’s calculation. Since Lit has the smallest 
electronic polarizability, large percentage errors in its 
value produce only small percentage changes in the 
polarizability of the other ions, and of course, no change 
in the value of aatay. 

In Tables III(a) and III(b), the electronic polariza- 
bility values a, are compared with aa+ay obtained 
from Table II for \=D and A=. Deviations are no 
greater than 3 percent except for the fluorides where 
they are as high as 22 percent for \= D and 13 percent 
for A=. 

In order to determine the best empirical value to use 
for the Lorentz factor, 1 in Eq. (6), the electronic 
polarizabilities a, of Table I were recomputed for 
A=, using Eq. (6) with various values of 1. For each 
value of 1, a new set of electronic polarizabilities was 
computed for the 9 ions of Table IT, by minimizing 


a@a;—an,)* (8) 
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AND SHOCKLEY 


expression (8). A comparison is made in Fig. 1 between 
values of the sum of the squares of the deviations 
> .(am;—aa;—an,)* for different values of L, and also 
between values of the mean square deviation divided 
by the mean polarizability, 


> (am ?—aa;—an;)*/ > 1 ami, 


for different values of L. The second expression is the 
more significant measure of the effect of varying ZL, 
because as L increases, the calculated values of am,, 
aa;, and an, all decrease toward zero, causing 
> (am;—aa;—an,;)* to approach zero. 

It can be seen that these expressions have their 
minima in the neighborhood of L=42r/3 and are 
definitely larger for values of L less than 44/3. Hence, 
it may be concluded that the normal Lorentz factor of 
4r/3 appears to be highly satisfactory for computing a 
set of electronic polarizabilities for the individual alkali 
and halide ions such that the appropriate sums give the 
electronic polarizabilities of the alkali-halide molecules. 
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Fic. 1. Plots of the sum of the squared deviations, 2; (am:—aa, 


—an;)? vs Lorentz factor; and the mean square deviation/mean 
yolarizability, 2, (am;—aay—alty)?/Z, am, vs Lorentz factor. 
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TABLE IV (a), Molecular volumes, indices of refraction, molecular electronic polarizabilities, and electronic polarizabilities for ions 
which form diagonal cubic halide crystals. 


a(A‘) 
Electronic 


Compound Vm (A) polarizability 


AgCl 42.67 
AgBr 47.98 

TIC] 56.36 

TIBr 62.57 

TI 73.98 

CuCl 39,49 ; 

CuBr 45.83 116 

Cul 55.16 345 

CdF 2 39.37 56 

SrF. 48.38 440 3.04. Ser 
SrCl, 87.75 6499 465 Sr*? 
CaF, 40.49 43385 JS Cat" 
BaF, 59.21 475 Ba** 2.69 See Table IV(b) 
NH,Cl 57.78 6426 NH,?* 2.024 

NH,Br 66.28 7108 6.187 NH,* 2.029 See Table IV(b) 
NH,I 95.03 7031 8.796 NH,* 2.365 


‘7 


23 See Table IV(b) 


IV. OTHER IONS factors for many of the noncubic crystals which we shall 
examine, we shall continue to use L=42/3 together 
with the average value of the index of refraction. 

In Table V, additional compounds are listed and 
values calculated for the electronic polarizability of 
various ions, again assuming additivity, and using the 
polarizability values already obtained above. Experi- 
mental data not available in Winchell*® were obtained 
from the International Critical Tables." 

As we get further away from the alkali-halides, 
homopolar binding may be expected to play an increased 


In Table IV (a), the list of electronic polarizabilities 
for \= D is extended to other ions that form compounds 
with the halide ions and for which data are available. 
It is again assumed that polarizabilities are additive. 
The crystals of IV (a) are all of the diagonal cubic type. 
The normal Lorentz factor L= 42/3 is used. 

In Table IV (b), noncubic crystals are listed. For 
these the Lorentz factor is not strictly 44/3. However, 
only crystals having small optical anisotropy are listed. 
Therefore, in the absence of more accurate Lorentz 


TABLE IV (b). Data for ions which form halide crystals which are not diagonal cubic. 


a( A‘) 
hlectronic 
Compound Vm (A?) polarizability 

BaCl, 85.88 2.32 


CaCl. 84.26 : 6.937 1.02 


0.63 


MgF, 34.45% “ 1.914 


MgCle 64.34 675 5.581 —0.34 


ZnCl, 73.01 i 6,705 Z 0.79 
713 
FeCl, 63.44 567 4.948 “e —0.97 
No—n, weak 
PbCl, 78.96 2.199 10.713 4.79 
2.217 
2.260 
SnI, 220.978 2.106 si 2.43 
GeBr, 207.798 1.6269 a i€ 0.95 
SiC], (liquid) 189.948 1.412 —0.56 
vH,F 46.748 1.328 26. 1.62 


H,F 2.0 
See Table IV (a) 


® Values obtained from density measurements 


0 International Critical Tables (McGraw-Hill Book Company, Inc., New York, 1926), first edition. 
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Taste V. Polarizabilities of additional ions. Fajans and Joos, Born and Heisenberg, Pauling, and 
——————= the present method. 


Compound ln Why am (A3) Ion 


LiKSO, 

Na2SO, 

K.SO, 

Rb,SO, 

CSO, 

CaSO, 

SrSO, 

BaSO, 

ZnSO, 

TSO, 

PbSO, 

(NH4)2SO,4 

NaOH 

Li,CO; 58.34 
Na,CO, 70,054 
CaCO, 76.47* 
SrCO; 66.17 

BaCO,; 73.88 

ZnCO; 46.83 

PbCO, 67.22 


KNO, 80.29 
RbNO, 78.65* 
CsNO, 87.588 
AgNO, 64.85 
Sr(NOs3)2 117.55" 
Ba(NO;)2 133.788 
PbNO, 121.26 
NaCN 49.54 
KCN 68.97 
Li,O 24.64 
CuO 39.728 
CaO 27.60 
SrO 34.03 
BaO 42.12 
ZnO 24.18" 
CdO 25.77 
PbO 39.35 
SiO. 37 588 
SnO» 35.20 


4721 6.552 SO, V. CONCLUSION 


ii a O.- As may have beer expected, the assumption of 
5136 8.634 SO. simple additivity in crystals leads in some cases to an 
a yee a appreciable spread of the values of the electronic polari- 
626 6,500 SO. zability of an ion as calculated from different com- 
639 7.393 SOx pounds. This would result from a departure from the 
ne Beige ideal ionic crystal state and an overlapping and dis- 
884 8 896 SO, tortion of the ionic wave functions. The values ob- 
5256 8.966 SO, tained, however, do give an approximate measure of 
3576 1630 OH the electronic polarizabilities of various ions in crystals, 
522 4.246 COs rather than as “‘free’’ ions. 
498 4.901 CO; In the case of the alkali-halides, we have seen that 
departure from additivity is not to be attributed to the 
departure of the Lorentz factor from its normal value 


> 
oo 


ee ee ers 
— »? 
Com Nw 


nN 


6073 6.306 CO; 
615 5.512 CO; 
627 6.252 CO; 
751 4.559 CO; 
897 7.447 CO; 


4489 5.139 NO; 
518 5.688 NO; 
553 6.091 NO; 
753 6.326 NO;- 
567 9.166 NOs 
572 10,508 NO;- 
782 12.167 NO,7 


452 3.191 CN- 
410 4.079 CN- 


644 2.129 o-- 
705 6.428 O 
837 2.910 O 
870 3.690 ta 
980 4.959 oOo" 
009 2.903 O 
49 3.900 O- 
622 6.218 O 
5472 2.845 o-- 
0288 4.280 


137 5.940 
107 6.447 
155 8.380 
368 5.729 
514 7.586 
274 7.165 
220 8.181 
268 10.042 
51 10,039 
108 9.945 
140 12.672 


dob tm eh 


TABLE VI. Electronic polarizabilities of ions (in A‘). 








Fajans and Born and Present 
Joos Heisenberg Pauling paper (A =D) 


aa 


0,08 0.075 0.029 0.03 
0.196 0.21 0.179 0.41 
0.88 0.87 0.83 1.33 
1.56 1.81 1.40 1.98 
2.56 2.79 2.42 3.34 
cate ae NP 1.6 

2.4 


ASD CwWND A 


me © 


CcCno nn 
~ 


0.04 cee 0.008 
0.12 0.012 0.094 
0.51 tee 0.47 

0.86 1.42 0.86 
1.68 tee 155 


mR NNN NE BN NN BR wOwWwWwwwsw NHwWwwuhh | HPWH 
> 


0.02 oe. 0.003 
0.067 0.065 0.052 
0.35 vee 0.286 
gars eae 0.55 
1.3 tee 1.04 
0.012 vee 0.0013 
0.04 0.043 0.0165 
0.236 tee 0.185 


CaS 45.81 
SrS 50.57 
BaS 64.01 
ZnS 39.63 
CdS 49.70" 


oe ee en ee ee en 2 en en en Se eS oe ee ee ee ee ee ee ee ee 


A A Spee 
wcoCN bt CNR ein 


~ 
_— 


CaSe 51.61 
SrSe 00.45 
BaSe 72.53 


bho hh 
<r 
wn 


0.37 


oo 
= 


CaTe 63.86 
SrTe 67.71 
BaTe 85.24 
ZnTe 55.91 56 10.618 
NagSiO, $4.34 523 6.149 
CaSiO,; 66.30 628 5.617 
BaSiO, 80.45 675 7.216 


CuSO, 73.46" 732 7.013 


0.73 

3.88 
10.2 
10.5 
14.0 


1.04 
3.66 
4.77 
7.10 


WN Nh 
coc 
cNh 


— 


a er! 
wo nw 


* Values obtained from density measurements. 


role. The simple additivity assumption of the pure 
ionic crystal would tend to lose validity. This perhaps 
may explain the negative polarizability values in Table 
IV (b) and the spread in polarizability values exhibited 
in Table V. It would also greatly decrease the usefulness 
of polarizability values deduced from data involving the 
presence of the ion in question is only one compound. 

Table VI lists the polarizabilities as determined by 
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TaBLe VII. Molecular volumes, cation volumes, volume per 
O ~ ion, molecular polarizabilities, cation polarizabilities, and 
polarizability of O~~ in the presence of various ions, All values 


Compound Vm 


BeO 
MgO 
CaO 
SrO 
BaO 
ZnO 
CdO 
HgO 
Al,O; 
LisO 
TiO» 


13.8 
18.6 
pf 
33.2 
41.6 
24.0 
26.1 
32.0 
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of 42/3. On the contrary, the best fit of a set of elec- 
tronic polarizabilities to the empirical data is obtained 
for a Lorentz factor of 42/3. 

We should like to thank Elizabeth Wood for having 
collected some of the data, and C. Kittel and P. W. 
Anderson for discussions of the work. The research was 
assisted in part by U.S. Office of Naval Research. One 
of the authors (A. H. K.) is indebted to the National 
Science Foundation with whom he had a fellowship 
during the tenure of this work. 


APPENDIX I 


It has been reported by one of the authors" that some 


regularity can be observed in the spread of polariza- 


1 W. Shockley, Phys. Rev. 73, 1273 (1948). 
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Fic. 2. Polariza 
bility of the O 
ion as a function of 
volume per O-~ 
ion for several com- 
pounds. 
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bilities obtained for oxygen. Figure 2 shows a plot of 
the polarizability of the O~~ ion as a function of the 
volume per O ion. The molecular volumes were 
determined from density measurements and the cation 
volumes are those given by empirical ionic radii.’ 
(See Table VII.) 

Polarizabilities for O~~ were obtained from refractive 
index data, using a Lorentz factor of 42/3 for all com- 
pounds, regardless of high refractive anisotropy. The 
cation polarizabilities for determining the O~~ polari- 
zabilities were taken from Pauling’s work. The graph 
of Fig. 2 shows that values of the O~~ polarizability 
of Al, Be, Mg, Li, Ca, Sr, and Ba oxides fall near one 
line; Zn, Cd, and Hg about 20 percent higher and TiO, 
about 80 percent higher. 
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Irradiation of the positive column of a glow discharge in pure rare gases by the radiation from a second 
discharge tube filled with the same gas influences the V—/ characteristic of the irradiated glow discharge, 
shifting it to a higher voltage for the same current. The effect arises from the reduction of the concentration 
of metastable atoms by absorption. In the case of helium the effect could be studied separately for the two 
mainly absorbed lines 10 830A and 20 581A. Practically the whole effect is caused by the latter. This result 
can be understood by considering the possible transitions involved. 


INTRODUCTION 


T is well known that in a gaseous discharge meta- 
stable atoms play an important role as a source of 
secondary ionization. Thus, decreasing the lifetime and 
concentration of metastable atoms should have an 
effect on the characteristic quantities of the discharge. 
Such a decrease in lifetime and concentration may be 
effected by irradiation with light from an auxiliary dis- 
charge tube filled with the same gas. The explanation 
for this process may be given as follows. 

Without irradiation the concentration of metastable 
atoms can be reduced by collisions which transfer the 
atoms to the ground state or which raise them to some 
nonmetastable state from which they may undergo 
transitions to the ground state either directly or by 
steps. With irradiation an additional process is in- 
volved, namely the absorption of radiation of the 
proper wavelength which raises the metastable atoms 
to nonmetastable states. 

That the irradiation decreases the lifetime and con- 
centration of metastable atoms, was first shown experi- 
mentally by Meissner and Graffunder' for neon and 
argon. More recently, much improved measurements 
have been carried out by Phelps and Molnar’ who also 
have contributed new theoretical ideas. Further, Pen- 
ning® found in experiments on starting potentials of 
neon and argon that the starting potentials are changed 
by addition of impurities to the main gas, the cause 
for which was attributed to a change in the role played 
by the metastable atoms. It was found that addition 
of a gas whose ionization potential is less than the 
excitation potential of the metastable atoms of the 
main gas causes a decrease in the starting potential. 
For example, a small amount of mercury added to 
argon resulted in the lowering of the starting potential 
of the mixture below that of pure argon. The following 
explanation was offered by Penning. Since the ionization 
potential of mercury (10.38 volt) is lower than the 
excitation potential of metastable argon atoms (11.49 
volt), the mercury atoms may be ionized by collisions 
of the second kind, leaving the argon atoms in the 


'K. W. Meissner and W. Graffunder, Ann. Physik 84, 1009 
(1927). 

2 A.V. Phelps and J. P. Molnar, Phys. Rev. 89, 1202 (1953). 

3}. M. Penning, Phil. Mag. 11, 961 (1931). 


ground state. In this manner metastable argon atoms 
cause the formation of secondary ions and herewith a 
decrease in the starting potential of the mixture. If the 
decrease of the starting potential is attributed to the 
action of the metastable atoms, then diminishing the 
number of metastable atoms present should again raise 
the starting potential. The reduction of metastable 
argon atoms may be achieved by either addition of a 
third gas or irradiation with argon light. Indeed, 
Penning found that irradiating the argon-mercury 
mixture with argon light raised the starting potential. 

Similar experiments in mixtures of mercury and rare 
gases were carried out by Kenty,* who found that for a 
given value of current the tube voltage was raised 
appreciably by irradiating the discharge with light 
from another source of mercury vapor. 

Penning’ in two patent papers describes a similar 
effect on the V—/ characteristic curve for pure rare 
gases. The effect was found experimentally by Meissner 
and Pierson® for pure neon and rather pure helium. 

In the present investigation the latter experiments 
were repeated for neon and pure helium and new experi- 
ments were conducted in pure argon, krypton, and 
xenon. 

TECHNICAL DETAILS 

A conventional vacuum system was employed to 
permit pressure control and purification of the rare 
gases. The design of the system varied slightly from 
gas to gas. In the case of helium, circulation through a 
charcoal trap at liquid nitrogen temperature was used. 
The other gases were cleaned by circulation through a 
large discharge tube, in which intense sputtering of the 
magnesium electrodes was maintained. After the tubes 
were sealed off from the vacuum system, the sputtered 
deposit from the molybdenum electrodes of the tubes 
themselves served as a getter. The dimensions and con- 
struction of the discharge tubes can be seen from Fig. 1. 

The measurements of the V—/ characteristics of the 
discharge tubes were made by means of the electrical 
circuit shown in Fig. 2. The electric source was a dc 

‘Carl Kenty, Phys. Rev. 80, 95 (1950). 

5 KF. M. Penning, U. S. Patent No. 1,958,066 May 8, 1934; 
U. S. Patent No. 2,080,926 May 18, 1937. 

®K. W. Meissner and R. M. Pierson, Proc. Indiana Acad. Sci. 
59, 269 (1950). 
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GLOW DISCHARGE 


Fic. 1. Dimensions 
and construction of ab- 
sorption tube and spiral 
shaped irradiating tube. 
E are hollow cylindrical 
molybdenum electrodes. 
The axes of the endparts 
of the irradiating tube 
containing the electrodes 
are in reality perpen- 
dicular to the plane of 
the spiral as indicated 
in Fig, 2. 


IRRADIATING /-/ 


choke input power supply employing full wave rectifica- 
tion with input controlled by a variac rated at 110 volt 
and 5 ampere. A 7500 volt transformer, a 4400 volt 
high current transformer, and a 0-15 000 volt de Radar 
Power Unit served as sources for operating the irradi- 
ating tubes. 

After cleaning the gases, the spiral shaped irradiating 
tubes were sealed off from the vacuum system. Before 
sealing off the absorption tubes, preliminary measure- 
ments were made to determine the pressure at which 
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Fic. 2. Electrical Circuit. (1) de power supply, (2) variable 


resistance, (3) absorption tube, (4) ammeter, (5) voltmeter, 
(6) irradiating tube, (7) power supply for 6. 


the greatest irradiation effect is observed. The final 
measurements were made with the absorption tubes 
sealed off at optimum pressure. The irradiating tube 
was placed about 4 cm away from the absorption tube, 
and a grounded wire screen was interposed between 
irradiating tube and absorption tube. The position of 
the irradiating tube relative to the absorption tube was 
such that mainly the positive column was irradiated. 
In all experiments the points on the V—J character- 
istic curves were obtained by adjusting the tube current 
350 HELIUM 
Fic, 3, Character- 
istics of helium (pres- 
sure 5.3-mm_ Hg) 
with different irradi- 
ating intensities. (a) 
without irradiation, 
(b) irradiation with 
source No. 1, (c) ir- 
radiation with source 
No. 2, (d) irradiation 
with sources No. 1 
and No. 2. Py 9 10 
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Fic. 4. Characteristics of neon (pressure 2.8-mm Hg). 
(a) without irradiation, (b) with irradiation. 


to a desired value by emf control, reading the tube 
voltage, turning on the irradiating tube, adjusting the 
tube current back to the original value, and reading 
the new tube voltage. This procedure was repeated 
throughout the range of the measurements. 

Two experiments were made to show that the changes 
in the V—/ characteristics were due only to incident 
irradiation. In the first experiment, instead of turning 
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Fic. 5. Characteristics of argon (pressure 1.5-mm Hg). 
(a) without irradiation, (b) with irradiation. 


off the irradiating tube to measure the V—J curve 
without irradiation, the irradiating tube was left in 
operation, but a sheet of black paper was interposed 
between the two tubes. The results were the same as 
those obtained in the usual manner. In the second 
experiment the irradiating tube was placed about one 
meter from the absorption tube and the irradiation tube 
was focused on the positive column of the absorption 
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Fic. 6. Characteristics of argon (pressure 1.5-mm Hg), (a) with 
out irradiation, (b) with irradiation produced by imaging the 
removed irradiating tube on the positive column of the absorption 
tube. 
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lic. 7, Characteristics of krypton (pressure 1.1-mm Hg). 


(a) without irradiation, (b) with irradiation. 


tube by a large concave mirror. The shift in the V—J 
curve was about one-third of that observed for direct 
irradiation (compare Figs. 5 and 6), the difference being 
accounted for by the reduction of intensity with the 
mirror arrangement (diminished aperture and reflection 
losses). 

EXPERIMENTAL RESULTS 

Typical results of the experiments with helium are 
given in Fig. 3 for three different irradiation intensities. 
The greater the intensity, the greater is the shift of the 
V—T/ characteristic to higher voltages for the same 
current value. The irradiation sources 1 and 2 were 
operated under different conditions such that source 2 
was more intense than source 1. 

Typical results for neon are shown in Fig. 4, for argon 
in Figs. 5 and 6, for krypton in Fig. 7, and for xenon in 
ig. 8. 

The outstanding irradiation effect found for argon at 
optimum pressure is of particular interest; however, 
thus far it has not been possible to find a satisfactory 
explanation for it. Most likely this outstanding effect 
is connected with the relative long mean life of argon 
metastables. Measurements of the lifetimes of meta- 
stable atoms under experimental conditions comparable 
to those of the present investigations have shown that 
for helium, neon, and argon the maximum values are 
8x10 sec, 6X10 sec, and 35X10 sec, respec- 
tively.! 

In the experiments already discussed the whole 
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. 8. Characteristics of xenon (pressure 3.5-mm Hg). 
(a) without irradiation, (b) with irradiation, 
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spectrum of emitted light from the irradiating tube was 
directed on the absorption tube. It would be of interest 
to separate the effects of the different strongly absorbed 
wavelengths. By use of filters it was possible for the 
case of helium to study separately the effects of the two 
strongly absorbed lines 10 830A and 20 581A. One of 
the filters employed was a glass cell containing a 1 mm 
thickness of water which absorbed the 20 581A line and 
transmitted the 10 830A line. The transmission of the 
water filter was checked by photography. The other 
filter employed was a 90 micron thick Biotite Mica’ 
sheet which had 60 percent transmittance for 20 582A 
and 1 percent transmittance for 10 830A. The trans- 
mittance of the Biotite Mica was checked by means 
of a recording Perkin-Elmer infrared spectrometer. 
Figure 9 shows the results of the filtering experi- 
ments. When the absorption tube was _ irradiated 
through the water filter, no detectable effect was pro- 
duced, whereas irradiation through the Biotite Mica 
filter gave an effect corresponding to the high trans- 
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Fic. 9. Effect of filtered irradiation on the characteristics of 
helium (pressure 5.3-mm Hg). (a) without irradiation, (b) water 
filter transmitting 10 830A line, absorbing 20 582A line, (c) Biotite 
Mica filter transmitting 20581A line, absorbing 10 830A line, 
(d) without filter. 


mittance for the 20 581A line. These experiments show 
that practically the entire irradiation effect is due to 
absorption of the 20 581 line. 

This result can be explained as follows. The two 
strongly absorbed lines 20 581A and 10 830A start from 
the metastable states 24S) and 2%S,, respectively. Ab- 
sorption of the 20 581A line raises the atoms from the 
2'S» state to the 2'P, state from which most of them go 
to the ground state, emitting the strong 584A line. It is 
interesting to note that Paschen* had remarked in an 
early paper that no resonance radiation of the 20 581A 
line could be observed. Thus, absorption of the 20 581A 
line is quite effective in reducing the concentration of 
the 2'So metastables. However, absorption of the 
10 830A line raises the metastable atoms from the 2°S, 
state to the 2°? state, from which the only permitted 
transition leads back to the metastable 2%S, state. 
Hence, absorption of the 10 830A line has no detectable 
effect on the concentration of the 2°, metastables. 


7A. Ignatieff, Ann. Physik 43, 1123 (1914). 
8 IF, Paschen, Ann. Physik 45, 625 (1914). 
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Note on the Interchange of Rotational and Vibrational Energy in Collisions 
of Diatomic Molecules* 


Epwarp H. KerNnerf 
Department of Physics, Iowa State College, Ames, Iowa 


(Received July 27, 1953) 


The results of a previous report are extended to molecule-molecule scattering with interchange of rota 


tional or vibrational energy. Differential and total cross sections for O» 


N a previous report! we discussed the excitation of 

molecular rotations and vibrations in various in- 
elastic scattering processes, giving detailed results for 
excitation by impinging single charged particles. In the 
present note we extend the results to include the case 
of a molecule A-A in a specified state of rotation or of 
vibration colliding with a molecule 4-8 initially in the 
ground state, with de-excitation of A-A to the ground 
state and excitation of B-B to A-A’s former state. In 
addition, we investigate the process in which A-A is 
initially in a vibrationally excited state and excites 
b-B to a rotational state from its ground state, itself 
going finally to the ground state. 

The general process for collisions of this type is dis- 
cussed in reference 1 under “molecule-molecule colli- 
sions,” so we just recapitulate briefly and state a few 
results. We use the Born approximation for the calcula- 
tion of the scattering amplitude (since the internal 
velocities of rotation and vibration are small), Fues’s 
model of the diatomic molecule to describe the vibra- 
tion, and a simple repulsive potential of the form vag 
=cexp(—aR,4,) to describe the interaction of an A 
atom with a B atom. The latter merely assigns an 
effective range and strength to the interaction and has 
no quantitative significance beyond this. 

For the transition A (state a), B(state 6)—>A (state s), 
B(state ¢) we have the scattering amplitude (center-of- 
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Fic. 1, Differential cross section for scattering of O2 by Nez with 
interchange of 2, 4, and 6 rotational quanta. 

* The research reported in this paper has been sponsored by 
the Geophysics Research Directorate of the Air Force Cambridge 
Research Center, Air Research and Development Command. 

t Present address: Physics Department, University of Buffalo, 
Buffalo, New York. 

1 FE. H. Kerner, Phys. Rev. 91, 1174 (1953). 


Nz scattering are given. 


mass system), Eq. (13) of reference 1, 


f(A(a), B(b); A(s), BO) 


= if expGiK-s)ean(o)ds ff. 
4r lh? 
Xcos( Ken) fult fo cos(} K- 9) gide, 


where yu is the reduced mass of A-A and B-B, r and o 
the internal coordinates of A-A and B-B, and A the 
momentum change (K?= kqi?+ ky? — 2kankee COSA, 6 being 
the angle of scattering in the center-of-mass system, 
and k= (2u/h?)(E-E,—E;), E=hur+kEtkh, v 
= initial relative velocity of A-A and 5-4). Using now 
Eqs. (7), (8), and (12) of reference 1, we construct at 
once the differential cross sections: 
(a) for the interchange of rotational energy, 

do 1 

I(A()), B(O); A(O), BY) )= 


da c?(/m)* 


kay 256 a 
- (21 +1)?7?(Ka)j/P7(Kb); 
ky. mw (a°?+ K*) 


(b) for the interchange of vibrational energy, 


1(A(n), B(O); A(O), B(n)) 


Rav 256 
J no? (. { )J no? (B) > 
4 


k «at 7 


Fic. 2. Differential cross section for s« altering of O» by N. with 
interchange of 1 and 2 vibrational quanta 
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Differential cross section for scattering of O2 by Ne 
1 vibrational quantum—»2, 4, and 6 rota 


Fic. 3. 
with the interchange 
tional quanta, 


(c) for the interchange, vibrational energy in A-A— 
rotational energy in B-B, 


I(A(n), B(O); A(D, B(O)) 


Rav 256 a 
: Jno? (A) (214-1) 77 (Kb). 
(a’+ k*)4 


Rat T 


Here 2a and 26 are the equilibrium nuclear separations 
of A-A and B-B, and J,°(A) is the function specified 
in Eq. (12) of reference 1 for A-A. The cross section is 
given in units way? when atomic units are used for all 
quantities. 7; is the spherical Bessel function. 

In Figs. 1-3 we illustrate these results for the colli- 
sion of O, with No, plotting J! versus K for various 
l,n, and taking a=2 atomic units. In Fig. 4 we give 
total cross sections for cases (a) and (b). We expect, 
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Fic. 4. Total cross sections corresponding to Figs. 1 and 2, 
The numbers in parentheses are factors by which the ordinate 
must be multiplied. 


and find, complicated interference effects in the angular 
distribution of scattered molecules. The interchange of 
rotational energy is generally much easier than that of 
vibrational energy, but note that already the ease of 
transfer of /=6 rotational energy is comparable with 
that of m= 1 vibrational energy. The first maximum of J 
dominates the scattering for a rotational or vibrational 
interchange but not necessarily for a vibrational— 
rotational interchange (n=1, /=6 curve of Fig. 3); 
that is, in the rotational or vibrational interchange the 
angular distribution of scattered molecules has a first 
large lobe followed by much smaller lobes as one goes to 
larger scattering angles, but in a vibrational—rotational 
interchange it may be the second or higher lobe that 
is the largest. 

Thanks are due Miss Elaine Kratosky for assistance 
with the numerical computations. 
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Microwave Spectra of CsF, CsCl, and CsBrj{ 


A. Honic, M. L. Stircu,* AND M. MANDEL 
Columbia University, New York, New York 
(Received July 7, 1953) 


Molecular constants for CsF, CsCl, and CsBr have been determined from measurements of their pure 
rotational spectra in the microwave region. These and other data allow a test of the constaacy of ionic 
bonding radii. Measurements of isotopic species of these molecules give the mass ratios of the stable Cland Br 


isotopes. 


HE pure rotational spectra of Cs and CsBr have 
been observed using a high-temperature micro- 
wave spectrometer.! 

The absorption lines corresponding to the J=1—2 
transition for CsF were seen at a temperature of about 
700°C. From the measured lines, the following molecular 
parameters? have been obtained: B,=5527.27+0.04 
Mc/sec, a-=35.13+0.05 Mec/sec, w,=227+60 cm“, 
M,~o= 7.85+0.25 debye, and r,= 2.3453+0.0001A. 

The w, was determined from relative intensity meas- 
urements of the excited vibrational state transitions, 
and the magnitude of the error is due to unusually large 
standing waves in the wave guide during the measure- 
ment of this molecule. The dipole moment was measured 
by splitting the v=0 line in an electric field. Its value 
agrees within the experimental error with the value 
My~o= 7.874+0.025 deduced from the y?A quantity 
measured in a molecular beam experiment.* The value 
r= 2.34+0.05A obtained in that experiment also agrees 
with our value. 

CsBr lines were observed at a temperature of about 
680°C. The measured lines for the J/=9->10, 10-11, 
and 11-+12 rotational transitions yield the following 
molecular parameters: 

CsBr 
B,=1064.5853+0.02 Me /sec 
a. =3.6313+0.0024 Me /sec 
vye=3.1+40.5 ke/sec 


CsBr” 
B,= 1081.339240.02 Mc/sec 
ae =3.7175+0.0029 Mc/sec 
ye=3.140.4 kc/sec 
D,= —0.27+0.08 kc/sec 
w-= 143422 cm™ 
re=3.072040.0001A. 

The w, in the foregoing list was calculated from the 
experimental values of D, and B,. Relative intensity 
measurements yielded a value w,=155+40 cm“, 
The calculated mass ratio of the Br isotopes is: 


Br?/Br*®! =0.9753068+0.0000045. 


This agrees well within the experimental error with a 


+ Research sponsored jointly by the Signal Corps and The U.S. 
Otlice of Naval Research. 

* Present address—Varian Associates, Palo Alto, California. 

! Stitch, Honig, and Townes, Phys. Rev. 86, 813 (1952) 

2? The molecular parameters reported in this paper are based 
upon the usual Bohr theory expansion for the molecular energy 
levels, and have not been corrected for the Dunham expansion 
The only quantity appreciably altered is B,, which may differ 
from the given value by about 1 part in 100 000. 

3J. W. Trishka, Phys. Rev. 76, 1365 (1949). 


value obtained in a molecular beam experiment with 
KBr.4 

The mass ratio, which is derived from the values of B, 
for the two isotopes, is quite insensitive to the principle 
contribution to the error in B,, namely the uncertainty 
of the D, values. Hence, the error attributed to the mass 
ratio is considerably smaller than the error in the B, 
values. 

The lines of CsCl reported in a previous note! were 
found to be 30 Mc/sec too high in frequency. Table I 
lists the corrected lines as well as some new measured 
lines. The corrected molecular parameters are as follows: 

CsCl" 
B,= 2068.761+0.015 Me/sec 
a,.=9.46+0.03 Me/sec 


Cs( 5 
-=2161.195+0.015 Mc/sec 
= 10.085+0.004 Mc/sec 
e=7.1+40.7 ke/sec 

re=2.9062+0.0001A, 


TaBLe I. Observed lines for J = 5-+6 transition of CsCl. 


45 CsCHP 


Frequency Frequency 


24 767 8640.10 
24 654.264.0.30 
8245414 +05 


873.11+0.10 
752.16+0.20 
631.58+0.20 
511.25+0.20 
390,36+0.40 
270.0 +0.5 
150.1 +0.5 
031.0 +0. 
911.2 +0 
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*Signifies corrected measurements of a previous run. Other lines are 


additional or remeasured lines 


The calculated mass ratio of the Cl isotopes is 
C}®/CH? = 0.9459781 + 0.0000030, 


This agrees within the experimental error with the value 
obtained from other microwave measurements®* as well 
as with mass spectroscopic results.” 

It is of interest to establish the extent to which alkali 
and halogen ionic bonding radii are constant, and for 
this purpose, we can now examine the group of mole- 
cules KCI, KBr, CsCl, and CsBr. If the ionic bonding 


‘ Fabricand, Carlson, Lee, and Rabi, Phys. Rev. 91, 1403 (1953). 
5C. H. Townes, Physica 17, 354 (1951). 

6 Lee, Fabricand, Carlson, and Rabi, Phys. Rev. 91, 1395 (1953), 
7 Collins, Nier, and Johnson, Phys. Rev. 84, 717 (1951), 


901 





902 HONIG, 
radii are constant, then (r,®8"—r,KC!)4.6 should be equal 
to (r,©*8r—7,*C!) and each quantity should represent 
the difference between the Br and the Cl ionic bonding 
radii. From the measured values, (r,&8*—r,K©!) 
=(Q.1541A, and (r,0°8*—r7,©°€!)=0.1658A. Hence the 


PHYSICATI REVIEW 


STITCH, AND 


VOLUME 92, 


MANDEL 


ionic bonding radii vary by about 3 percent in the group 
of molecules we have considered here. 

Work on the microwave spectra of the alkali halides 
is continuing, and a more detailed article summarizing 
the results for most of the alkali halides is planned. 
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Decay of Rh'""} 


BERND KAHN AND W. S. Lyon 
Health Physics and Analytical Chemistry Divisions, Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received June 1, 1953) 


The gamma radiations from 30-sec Rh! have been examined using a Nal(Tl) gamma-ray spectrometer. 
These consist of: 0.516 Mev (20.5 percent), 0.619 Mev (10.4 percent), 0.88 Mev (0.3 percent), 1.04 Mev 
(1.7 percent), 1.14 Mev (0.4 percent), 1.54 Mev (0.2 percent), and several gamma rays of higher energies 


with intensities of less than 0.1 percent. 


HE gamma radiations from 30-sec Rh!, in equi- 
librium with 1-year Ru!*, have been examined 
with a Nal(Tl) spectrometer (Fig. 1). Ru'®® decays to 
Rh" by emitting a 39-kev beta group.’ The Rh'’® 
decay has been reported to be complex, and energy 
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Fic. 1. Pulse-height spectrum of Rh'® between 50 kev and 
2.50 Mev on Nal(TI) scintillafion spectrometer. Distance from 
crystal 2.45 cm; activity 1.11 107 disintegrations ‘min; gain 4. 


t Based on work performed under contract to the U.S. Atomic 


Energy Commission. 
1H, M. Agnew, Phys. Rev. 77, 655 (1950). 


levels for excited states of Pd!* have been suggested by 
Hayward? and Alburger.’ 

The Ru, in the form of RuCl;, was separated from 
4 year old fission products by the Operations Division, 
Oak Ridge National Laboratory. The activity of the 
Rh"* was determined by 4x counting and by 47-coinci- 
dence counting, the sample being evaporated on an 
aluminum foil 4 mg/cm? thick and covered with another 
foil of the same thickness in order to absorb the Ru'"® 
beta particles. The activity determined by the two 
methods was identical, and was in agreement with the 
activity determined by absolute beta counting with 
G-M counters and by coincidence counting of an ex- 


TABLE I. y radiation from Rh, 








Energy (Mev) Percent of beta activity 





0.516 20.5% 
0.619 10.4 
0.88 0.3 
1.04 1.7 
1.14 0.4 
54 0.2 
6 2.28 2.42 <0.1 each 


1. 
1. 


ternal source. The external source was placed between 
a NaI gamma counter (shielded with sufficient alumi- 
num to absorb all beta particles) and a proportional 
beta counter. A large amount of weak continuous 
radiation was detected by the NaI counter, hence the 
counter was biased to detect only radiation in excess 
of 0.30 Mev. 

The energies and intensities of the gamma rays ob- 
served on the Nal spectrometer are given in Table I. 

The counting rate was taken to be the area under the 

2 R. H. Hayward, Phys. Rev. 85, 760 (1952). 

31). E. Alburger, Phys. Rev. 88, 339 (1952). 





DECAY 


photoelectric peak in Fig. 1. The spectrometer—having 
a cylindrical crystal 1 in. in length and 1} in. in diam- 
eter—was calibrated for gamma counting efficiency by 
using gamma-emitting radioisotopes of known activities. 
The average deviation of the values in repeated determi- 
nations is less than 5 percent. The ratios of the 1.55-, 
1.04-, O.88-, and 0.619-Mev gamma rays to the 0.516- 
Mev gamma ray are in agreement with the values given 
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Fic. 2. Pulse-height spectrum of RKh'®® between 0.90 and 1.30 
Mev on Nal (TI) scintillation spectrometer. Distance from crystal 
27.5 cm; activity 1.1310" disintegrations, min; gain 4, 


OF 


Rhios 


Fic. 3. Gamma 
rays in the decay 
of Rh'*, 


by Kraushaar and Goldhaber.* The efficiency of a high- 
pressure ion chamber for measuring Rh'®’® was calcu- 
lated with the data of Table I using the method of 
Jones and Overman.°® The efliciency determined experi- 
mentally was within 1 percent of this calculated value. 

The existence of the 1.14-Mev gamma ray was 
checked by counting sources of increasing intensity at 
source-to-crystal distances between 2.45 cm (Fig. 1) 
and 27.5 cm (Fig. 2). A 1.14-Mev peak resulting from 
a gammafiray of that energy would decrease approxi- 
mately as the square of this distance, while a peak re- 
sulting from 0.516-0.619-Mev coincidences would de- 
crease as the fourth power of the distance. The ratio 
of the 1.14-1.04-Mev peaks indicates that the amount 
of the 1.14-Mev y listed in Table I cannot be ascribed 
to y-y coincidences. The occurrence of small peaks at 
2.28 Mev and 1.76 Mev suggests that a 2.28-Mev 
level exists, and that the 1.14-Mev y originates at 
this level. (See Fig. 3.) 

i J. Kraushaar and M. Goldhaber, Phys. Rev. 89, 1081 
(1953). 


5 J. W. Jones and R. T. Overman, U.S. Atomic Energy Com 
mission Report ARCD 2367, March 20, 1948 (unpublished) 
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Angular Correlation of the Gamma Rays from Mn°*‘; 


F. R. MetTzGER AND W. B. Topp 
Bartol Research Foundation, Franklin Institute, Swarthmore, Pennsylvania 
(Received August 4, 1953) 


The angular correlations of the gamma rays of Fe®* emitted in the decay of Mn*® have been studied using 
sodium iodide scintillation counters. All three excited states of Fe®* involved in the decay of Mn*® were 
found to have spin 2, even parity. The spin of the ground state of Mn® is probably 2, the parity even. 

The admixture of electric quadrupole radiation to the magnetic dipole 2-2 transitions is 2 percent for the 


1.8-Mev gamma ray and 8 percent for the 2.1-Mev transition, i.e., 


other 2-2-0) cascades 


INTRODUCTION 


UR knowledge of the properties of the excited 

states of even-even nuclei has recently been sum- 
marized.' The first excited states emerge from this 
survey as a very uniform group, 95 percent of all spins 
being 2+, the rest 0+-. All first excited states discussed 
in the summary! have even parity. As one proceeds to 
higher excited states, the amount of information avail- 
able decreases rapidly and so does the uniformity. The 
second excited states fall into three equal groups: 2+, 
4+ and “others.” Here, too, the preference for even 
parity is still large; at least $ of all second excited 
states have even parity. Odd-parity states seem to ap- 
pear as the excitation exceeds ~2 Mev, e.g., at 2.75 
Mev in Sr* (reference 2) and at 2.3 and 2.6 Mev in 
Te (reference 3). 

In a search for more of these odd-parity states, we 
decided to investigate the 2.65- and 2.95-Mev excited 
levels in Fe®® which are involved in the decay of Mn*® 
(Fig. 1). The decay scheme of Fig. 1 is essentially the 
one proposed by Elliott and Deutsch.4 The two cross- 
over transitions were reported by Bishop ef al.,° who 
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Fic, 1, Disintegration scheme of Mn, The spins and parities 
assigned are the result of the present paper. Energies are given 
in Mev 


t Assisted by the joint program of the U.S. Office of Naval Re 
search and the U.S. Atomic Energy Commission. 

1G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

2. R. Metzger and H.C. Amacher, Phys. Rev. 88, 147 (1952). 

§F. R. Metzger, Phys. Rev. 90, 328 (1953). 

41. G. Elliott and M. Deutsch, Phys. Rev. 64, 321 (1943). 

6 Bishop, Wilson, and Halban, Phys. Rev. 77, 416 (1950). 


small compared to the admixtures in 


observed the photoprotons produced by the Fe*® 
gamma rays in a deuterium filled ion chamber. 

A measurement of the internal pair formation co- 
efficients® indicates that the 1.8-Mev gamma ray is 
probably £1, the 2.1-Mev transition £2. However, the 
log/t values of 5.3 and 5.6 for the B-ray transitions to 
the two levels in question seem to indicate the same 
parity for both levels. 

Lifetime measurements’ restrict the spin of the 
0.845-Mev level to 1 or 2, spin 2+ being the more 
likely assignment. No information concerning the 
internal conversion of the Fe®® gamma rays is avail- 
able. At these low Z values, conversion measurements 
are very difficult and, in the case of Fe®*, impossible 
with the means we had at our disposal. On the other 
hand, the simple decay scheme encouraged an investi- 
gation of the angular correlations of the gamma rays of 
Fe®®, the only handicap being the relatively short half 
life of Mn*®, 


MEASUREMENTS 


Sodium iodide scintillation counters with  con- 
ventional electronics equipment were used for all the 
measurements. The resolving time of the coincidence 
circuit was ~1.5X10~7 second; the solid angle sub- 
tended by the crystals at the source was ~0.1 steradian. 

Sources of metallic manganese and manganese chlo- 
ride sources were prepared from manganese metal 
which had been irradiated for a few hours in the 
Brookhaven National Laboratory pile. 

Figure 2 represents the pulse-height distribution, 
due to the Fe®® gamma rays, obtained with a sodium 
iodide crystal 35 mm in diameter and 40 mm long. No 
indication of gamma rays different from the reported 
ones was found below 2.1 Mev. All the small peaks in 
the Compton distributions can be satisfactorily as- 
signed to the pairs produced by the 1.8- and 2.1-Mev 
gamma rays. 

Ina first set of correlation experiments both channels 
accepted all pulses corresponding to more than 580- 
kev energy. The correlation thus obtained is presented 
in Fig. 3; it is a mixture of the two individual correla- 


®H. Shitis and K. Siegbahn, Manne Siegbahn Commemorative 
Volume (Uppsala, Sweden, 1951), p. 153. 
7T. C. Engelder, Phys. Rev. 90, 259 (1953). 
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ANGULAR CORRELATION 
tions in a ratio dependent on the discriminator settings. 
Analyzing the pulse-height distribution of Fig. 2 into 
the contributions of the individual gamma rays one finds 
that, for the discriminator settings used, the 1.8-0.85 
Mev cascade contributed 1.60+0.25 times as many 
counts as the 2.1-0.85 Mev cascade. 

To arrive at the two individual correlations, one has 
to take a second set of measurements with a very 
different mixing ratio. The most drastic change is ob- 
tained if one moves the discriminator in one channel 
above the photopeak of the 1.8-Mev gamma ray, 
accepting the 2.1-Mev photopeak only, ie., if one 
measures the pure 2.1-0.85 Mev correlation. By sub- 
tracting this correlation with the proper weight from 
the bulk correlation, one obtains the pure 1.8-0.85 
Mev correlation. 

The counting rate in the 2.1-Mev photopeak is 
rather small and limits the accuracy with which the 
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Fic. 2. Pulse-height distribution due to the gamma rays 
accompanying the decay of Mn*®, The dashed line indicates the 
contribution of the 2.1-Mev gamma ray. The residual counting 
rate above 2.25 Mev is due to the cross-over gamma rays. 


pure 2.1-0.85 Mev correlation can be measured. 
Figure 4 gives the experimental points with their 
statistical uncertainties. Fitting these points with a 
distribution of the form 1+acos*#, one obtains 
1+ (0.07+0.04) cos’?@ as the best fit. However, if one 
admits cos terms also, a large variety of combinations 
will fit within the experimental error, the best fit being 
obtained with 1+0.14 cos?é—0.08 cos*é. 

Using for the ratio of the two cascade contributions 
the value 1.60+0.25 and for the pure 2.1-0.85 Mev 
correlation the form 1+0.07 cos?6, one calculates for 
the pure 1.8-0.85 Mev correlation, after correcting for 
finite resolution, 1+0.51 cos?@+0.13 cos‘#@. In view of 
the uncertainity in the coefficients of the 2.1-0.85 Mev 
correlation, the relative magnitude of the cos? and cos‘ 
terms is subject to considerable error. However, the 
uncertainty in the value of W(180°) is less than six 
percent, i.e., W(180°)/W' (90°) = 1.64-£0.10. 
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Fic, 3. Angular correlation of the Fe&* gamma rays (bulk 
correlation). All pulses corresponding to energies greater than 


580 kev were accepted in both channels. The solid line represents 
the least square fit to the experimental points: 


W (0) = 140.32 cos*d+ 0.066 cos? 


DISCUSSION 


Summarizing the results of the preceding section, 
we write down the two angular correlations: 


1.8-0.85 Mev cascade: 1+-0.51 cos?@+0.13 cos*#, 
W (180°)/W (90°) = 1.64-£0.10; 
2.1-0.85 Mev cascade: 1+0.07 cos?@. 


For the following it is assumed that the spin of the 
first (0.85 Mev) excited state of Fe®® is 24+. The spin 
assignment 2-2-0 is then the only one agreeing with 
the experimental evidence for the 1.8-0.85 Mev cascade. 

The combination 3-2-0 cannot exceed a value of 
1.43 for the ratio W(180°)/W(90°) and, moreover, 
cannot have a positive cost term for any mixture. 

For 0-2-0 and 4-2-0 no mixtures are expected and 
the pure correlations are very different from the ex- 
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Fic. 4. Angular correlations of the 2.1—0.85 Mev cascade. The 
solid line represents the distribution 1+4-0.07 cos’@ used in correct 
ing the bulk correlation. 
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perimental one. For 1-2-0 one can find a mixture 
which gives the correct value at 180°, however, the 
distribution would have the form 1+-2 cos’@—1.38 
cos*#@ which certainly does not match the experimental 
correlation. In addition, one would have difficulties 
understanding the very low cross-over intensity. 

The spin combination 2-2-0) gives the correct value 
for W(180°)/W (90°) if the admixture of quadrupole 
radiation to the dipole radiation is 2.2 percent and if 
the phase is 180°. The uncertainity of the W(180°)/ 
W (90°) ratio allows mixtures ranging from 0.5 per- 
cent quadrupole to 4 percent quadrupole. For 2.2 per- 
cent quadrupole admixture the correlation has the 
form® 1+-0.60 cos*@+4-0.04 cos‘? which agrees satis- 
factorily with the experimental correlation. 

The 2 percent quadrupole admixture makes it rather 
certain that the 1.8-Mev transition involves no change 
in parity; i.e., that it is magnetic dipole with a small 
electric quadrupole admixture. The angular correlation 
measurements in the cases of Sr*** and Te! indicate 
that admixture of M2 to 1, though present, is smaller 
than one part in a thousand. 

The #2 admixture in the 1.8-Mev transition of Fe°® 
is about 5 times larger than expected on the basis of 
Weisskopf’s lifetime formulas; compared with other 
2-2-0 transitions,'' however, it is unusually small. 

The intensity of the 2.65-Mev cross-over transition 
is of the order of magnitude expected for the competi- 
tion of an £2 of 2.65 with a M1 of 1.8 Mev. 

Based on all this evidence, spin 2+ is assigned to 
the 2.65-Mev excited state of Fe®®, 

In view of the large uncertainity involved in the 
measurements of the internal pair coefficients, we do 
not consider the M1 assignment to be in disagreement 
with the pair coefficient experiment.® It would be 
worthwhile to measure the internal pair coefficient 
with improved accuracy. 

The angular correlation measured for the 2.1-0.85 
Mev cascade excludes the spin assignments 0 and 4 for 
the 2.95-Mev excited state. These spins were, however, 
already ruled out by the observation of the cross-over 
transitions.® Both 2-2-0 and 3-2-0 easily fit the ob- 
served points, while 1-2-0 could only be accommodated 
with difliculty. 

It is felt that 2-2-0 is the correct assignment for the 
2.1-0.85 Mev cascade. However, the arguments leading 
‘ 1). S. Ling and D. L. Falkoff, Phys. Rev. 76, 1639 (1949). 

*R. M. Steffen, Phys. Rev. 90, 321 (1953). 

”V. Weisskopf, Phys. Rev. 83, 1073 (1951). 

"J. J. Kraushaar and M. Goldhaber, Phys. Rev. 89, 1081 
(1953) 
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to this conclusion are less stringent than those used 
for the 1.8-0.85 Mev cascade. 

The logft values of the two beta transitions leading 
to the 2.65- and 2.95-Mev excited states of Fe®® are 
5.6 and 5.3 respectively. Both transitions seem, there- 
fore, to be allowed; hence the two levels have the same 
parity. Under these circumstances the cross-over 
transitions will only be of comparable intensity, as 
observed, if the spins of the two levels are the same. 
Therefore, we have to assign spin 2, even parity to the 
2.95-Mev level. 

With this assignment, the 2.1-Mev transition be- 
comes a mixture of 92+3 percent M1 and 8+3 per- 
cent E2 with zero phase. Thus, the disintegration of 
Mn* leads to three excited states of Fe®* which all 
have spin 2, even parity. The most probable spin as- 
signment for the ground state of Mn* is 2+-. The log/t 
value of 6.6 for the transition to the 0.85-Mev ex- 
cited state is somewhat large for an allowed transition, 
but does not constitute a serious objection to the spin 
assignment. It should be mentioned that a 8-y angular 
correlation experiment’ on Mn*® revealed isotropy, 
indicating that the 8 transition to the 0.85 level does 
not have a forbidden shape and might well be allowed. 

The reason for choosing 2+ instead of 3+ for the 
spin of the Mn* ground state lies in the Co®® decay. 
Already Elliott and Deutsch* concluded that Co®*® has 
a large spin.'* The Co®** decay does not lead directly to 
any of the 2+ levels or to the ground state of Fe®®, but 
reaches some of these levels through cascades from 
levels with presumably high spins. Among others, the 
Co®* decay leads directly to a level 2.1 Mev above the 
Fe®® ground state. From this level, a 1.26-Mev gamma 
ray leads to the 0.85-Mev, 2+ level in Fe®*. It seems 
quite reasonable to assign spin 4+ to this 2.1-Mev 
level in Fe®®, The fact that this 2.1-Mev, 4+ level in 
Fe®® is not reached in the Mn*® beta decay favors 
strongly spin 2+ over 3+ for the ground state of 
Mn", 

We are thus led to conclude that Mn°*® decays from 
a 2+ ground state to three excited states in Fe®® which 
all have spin 2+. The y-ray transitions between the 2+ 
levels are magnetic dipoles with small admixtures of 
electric quadrupoles. The apparent preponderance of 
2+ states in Fe®* is due to the low spin of Mn*® which 
favors transitions to low spin states in Fe®®, 


2 Walter, Huber, and Ziinti, Helv. Phys. Acta 23, 697 (1950). 
48 Presumably 5+ from a combination of a f7/2 proton with a 
Pae neutron. 
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Relative spontaneous fission yields from uranium and thorium have been determined by extracting xenon 
krypton from geologically old uranium and thorium minerals and measuring the isotopic abundances of 
these gases in a mass spectrometer. Arguments are pres-nted for believing that the anomalous isotopic 
abundances observed are caused by spontaneous fission rather than by some other fission process. The 
spontaneous fission yield curve peaks were found to be much sharper than those associated with other 
fission processes. Evidence was found for fine structure in the fission yield curve at mass 132, possibly con 
nected with preferential formation of spontaneous fission fragments containing 50 protons and 82 neutrons 
Evidence for neutron induced fission in pitchblende was found. 


I. INTRODUCTION 


HE first attempt to find spontaneous fission was 
made by Libby! who set a lower limit of 10*" 
years for this process. Spontaneous fission was first ob- 
served in uranium by Flerov and Petrzhak in 1940. 
More recently the partial half-life for spontaneous 
fission of U** has been determined by Segré to be 
8.0 10" years and that of Th to be 1.4 10'* years.* 
Segré also measured the U™® spontaneous fission half- 
life and found it to be 1.710" years. Since this is 
longer than the U™® half-life and the normal ratio of 
U8 to U™ is about 138, the contribution of U™® to 
spontaneous fission in natural uranium is very small. 
‘These long half-lives make it very difficult to isolate 
and observe spontaneous fission products from uranium 
and thorium by conventional radiochemical techniques, 
and as yet no results have been obtained by this method. 
An alternative technique is to extract from uranium 
and thorium minerals the stable fission product isotopes 
which have been accumulating in the mineral through- 
out geological time. An observable change in the total 
quantity and in the isotopic abundances of fission 
product elements will be produced if the uranium or 
thorium concentration is sufficiently high, the mineral 
sufficiently old, and the concentration of the normal 
isotopes sufficiently low. The change in isotopic abun- 
dance may then be used to calculate relative spon- 
taneous fission yields. 
Because of their low terrestrial abundances*® the 
inert gases are particularly suitable for an investigation 
of this kind. The spontaneous fission from one gram of 


* This work was supported in part by a grant from the National 
Science Foundation. Some of the work was done at the Argonne 
National Laboratory. 

¢ U. S. Atomic Energy Commission predoctoral fellow. 

1W. F. Libby, Phys. Rev. 55, 1269 (1939). 

2K. A. Petrzhak and G. N. Flerov, J. Exptl. Theoret. Phys. 
(U.S.S.R.) 10, 1013 (1940); Chem. Abs. 35, 4677 (1941). 

, 3 FE. Segre, Phys. Rev. 86, 21 (1952). 

4K. Rankama and T. G. Sahama, Geochemistry (University of 
Chicago Press, Chicago, 1950), p. 771. 

5 The abundance of normal krypton and xenon in minerals has 
not been previously reported. In the investigation reported in 
this paper about 10-” cc at S.T.P./g of mineral were found, The 
normal krypton was about four times as abundant as the normal 
xenon. 


uranium produces about 1077 cc at S.T.P. of Xe'® in 
300 million years. In a six-percent uranium mineral 
having this age the ratio of fission product Xe"*® to 
normal Xe™® should be about sixty. Thus in radio- 
active minerals the total amount of xenon and krypton 
as well as the isotopic distribution should be very 
different from that which is found in ordinary minerals. 
In 1947 Khlopin, Gerling, and Baronovskaya® found 
that pitchblende contained much more xenon than is 
usually found in minerals and that the quantity of 
xenon found was in rough agreement with the assump- 
tion that the xenon was produced by spontaneous 
fission. In 1950 MacNamara and Thode’ reported 
measurements of the isotopic abundances of xenon and 
kypton extracted from pitchblende. These writers 
stated that the abnormal isotopic abundance which 
they found were the result of spontaneous fission of 
uranium and in this way calculated spontaneous 
fission yields of krypton and xenon. Their hypothesis 
is not altogether tenable however since the discovery 
of about 10~" gram of plutonium per gram of uranium 
in pitchblende*’ indicates that the neutron flux in this 
mineral is sufficiently high to cause appreciable neutron 
fission of uranium, thus partially masking the effects 
of spontaneous fission. 

As yet no theoretical calculations of the shape of the 
spontaneous fission yield curve have appeared in the 
literature. Fong" has calculated the shape of the slow 
neutron fission yield curve for U*® and states that the 
same theory is applicable to spontaneous fission. Ac- 
cording to Frankel," fission asymmetry is understand- 
able on the basis of barrier penetration. Since the re- 
duced mass of asymmetrical fragments is smaller, they 
should penetrate the barrier more readily. Hill and 
Wheeler” state that their collective model of the 

6 Khlopin, Gerling, and Baronovskaya, Bull. acad. sci. U.R.S.S. 
Classe sci. chim. 599 (1947); Chem. Abs. 42, 3664 (1948). 

7 MacNamara and H. G. Thode, Phys. Rev. 80, 471 (1950). 
aa Levine and G. T. Seaborg, J. Am. Chem. Soc. 73,'3278 

° Peppard, Studier, Gergel, Mason, Sullivan, and Mech, J. Am. 
Chem. Soc. 73, 2529 (1951). 

Peter Fong, Phys. Rev. 89, 332 (1953). 

"S. Frenkel, J. Phys. (U.S.S.R.) 10, 553 (1946). 

21). L. Hill and J. A. Wheeler, Phys. Rev. 89, 1102 (1953), 
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Fic. 1. Apparatus for the extraction of inert gases from 
minerals. A. Magnetic valve; B. Stirring rod; Cy. Tubes con 
taining 5 g of activated charcoal; Cy. Tubes containing 5 g of 
activated charcoal; Cy. Tube containing 5 g of activated char- 
coal; Cy. Tube containing 10 g of activated charcoal; D. Nickel 
furnace; E. Electric heater winding; F. Xe!® tracer; G. Mag- 
nesium perchlorate trap; H. Potassium hydroxide trap; J. 
Cupric oxide trap; K. Magnesium perchlorate trap; L. Calcium 
vapor furnace; M. Quartz-pyrex graded seal; N. Neon sample 
tube; O. Argon, krypton, xenon sample tube; P. McCleod gauge; 
Q. McCleod exhust; RK. Tungsten bulb; S. Copper oxide trap; 
T. Magnesium perchlorate trap. 


nucleus is not inconsistent with fission asymmetry, but 
no quantitative statements regarding this are made in 
their paper. 

In this investigation spontaneous fission yields are 


obtained for uranium and thorium by extracting xenon 
and krypton from euxenite [(Y, Er, Ce),O;UO0.Nb.0,- 
TiO:H2] and monazite [(Ce, La, Nd, Pr)PO,], re- 
spectively, and analyzing these gases in a mass spec- 
trometer. Reasons are given for believing that the 
yields obtained actually represent spontaneous fission 
rather than some competing fission process. 


Il. EXPERIMENTAL METHODS 


In order to measure the isotopic abundances of the 
inert gas contained in a mineral, it is necessary to 
prepare the gas samples in a form suitable for analysis 
in a mass spectrometer. To accomplish this it is neces- 
sary that the gases be removed from the mineral being 
investigated, that they be purified of chemically re- 
active gases such as oxygen, nitrogen, hydrogen, and 
hydrocarbons. It is also necessary to remove the large 
quantity of helium which is always found in radio- 
active minerals in order that the sample be sufficiently 
small for analysis. These requirements were met by 
use of the greaseless high vacuum apparatus shown in 
Fig. 1. 

After all parts of this apparatus were thoroughly 
degassed by heating, the system was isolated from the 
pumps and the finely divided mineral sample was 
dropped into the nickel electric furnace (D) by raising 
the magnetic valve (A) with an alnico magnet. In this 
furnace the mineral was fused with NaOH, releasing 
the gases occluded in the mineral. As the gases were 
being released, a known quantity of Xe'"* (F) was added 
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in order to measure the quantity of xenon released. 
The first magnesium perchlorate trap (G) removed the 
water which was evolved from the mineral. The CuO 
trap (J), operated at 400°C, reacted with Hz and CO 
oxidizing these gases to H,O and COs, respectively. 
The KOH trap (H) reacted with CO, to form K2CO; 
and water. This reaction is greatly facilitated by the 
presence of water vapor, but it was not necessary to 
add water since a small amount always comes through 
the first trap. The water produced by these reactions 
was taken up by the second magnesium perchlorate 
trap (K). Most of the remaining chemically reactive 
gases were removed by volatilizing calcium in the 
calcium furnace (L), where such compounds as CaO, 
Ca3;N» and CaC. were formed. After this treatment the 
charcoals (C;, Co, C3) were brought to —195°C with 
liquid nitrogen and the helium and neon pumped off 
with a Toepler pump through V; into the “gas sepa- 
rator” and retained for further studies. When no 
further decrease in pressure could be effected by the 
use of the calcium furnace, the residual gases were 
transferred by use of the charcoals into the final 
purifier. Here the remaining hydrocarbons were 
cracked on the hot tungsten filament of the tungsten 
bulb (R). The hydrogen produced was oxidized by the 
CuO trap (S) and the water formed was absorbed by 
the magnesium perchlorate (T). After the total quan- 
tity of gas had been reduced to between 10~? and 10-4 
cc at S.T.P. the gas was transferred to Cs and the 
samples sealed off. This sample contained the argon, 
krypton, and xenon extracted from the mineral. 

The gas samples were analyzed in a 60°, 12-in. 
radius of curvature mass spectrometer especially de- 
signed for work with small gas samples. High sensi- 
tivity was obtained by the use of an electron multiplier 
in the ion collector, and a resolving power of two 
thousand was achieved by the use of 0.002-in. defining 
slits in the ion source and an adjustable defining slit in 
the collector, together with differential pumping be- 
tween the source region and the analyzer. This differ- 
ential pumping permitted the high pressure necessary 
in the source for an intense ion beam without intro- 
ducing pressure scattering in the analyzer region. 
Background impurities were kept low by eliminating 
the usual greased joints and stopcocks both in the high- 
vacuum part of the mass spectrometer and in the 
sample system supplying the gas to be analyzed to the 
machine. Both the analyzer and source vacuum system 
employed two liquid nitrogen traps in series. The main 
mercury diffusion pump was backed by an ejector 
stage mercury diffusion pump which in turn was 
backed by a mechanical pump. Another liquid nitrogen 
trap was located between the mechanical pump and 
this diffusion pump in order to prevent oil from the 
mechanical pump diffusing into the high vacuum. The 
entire high-vacuum portion of the instrument was fre- 
quently baked at over 300°C for several days by the 
use of nichrome heaters wound directly onto the glass 
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and metal tubing. This precaution was necessary in 
order to reduce the background to the level required 
by the investigation. 

The sample tubes containing the gases adsorbed on 
charcoal were sealed onto the sample system of the 
mass spectrometer, and the gas introduced by the use 
of conventional glass breakcffs. The krypton and 
xenon were desorbed successively by changing the 
temperature of the charcoal. The quantities of xenon 
and krypton analyzed were of the order of 1077 cc 
S.T.P. With the resolving power of two thousand 
which was obtainable with this instrument it was 
possible to resolve the hydrocarbon impurities from 
the inert gas which was being studied. This was espe- 
cially important at masses 82 and 130 where small 
peaks had to be measured in order to correct for 
normal krypton and xenon in the samples. 

The data were recorded on a Brown chart recorder. 
Because the peak heights decay as the gas supply is 
depleted, it was necessary to correct for this decrement. 
An exponential correction was used. In some cases it 
was necessary to correct for the change in isotopic com- 
position with time, since the lighter isotopes flow 
through the leak more rapidly than the heavy ones, 
causing the gas remaining in the reservoir behind the 
leak to become enriched in the heavier isotopes. 
Molecular flow was maintained at all times, so it was 
not necessary to correct for fractionation of the isotopes 
in flowing through the apparatus. Since the sensitivity 
of the electron multiplier varies slightly with mass it 
was necessary to correct for this discrimination. The 
discrimination was determined by running samples of 
normal gas and comparing the results with the accepted 
values of the isotope ratios as given by Bainbridge and 
Nier.” 

III. EXPERIMENTAL RESULTS 
A. Spontaneous Fission Yields from Uranium 


Spontaneous fission yields in the region of krypton 
and xenon were obtained by processing the mineral 
euxenite as described in Sec. II. The results of the 
isotopic analysis, after making corrections for normal 


TABLE I. Yields of xenon and krypton isotopes 
from the spontaneous fission of U™%, 


Xenon 
Yield* 
109.6-g sample 


Krypton 
Vield! 
109.6 g sample 


percent percent 


33.8-g2 sample Mass 


0.75 +0.11 
0.119-+0.040 
0.036+0.015 


6.00 &6 

4.91 +0.06 4 

3.51 +0.07 

0.474+0.02 
<0.02 


6.00 

4.99 +6.07 

3.57 +0.06 

0.455+0.02 
<0.012 


cel§® vield taken as 6.00 percent 
> XNe/Kr ratio determined by calibration of 
stable isotope tracers. 


Mass spectrometer with 


. 
83K. T. Bainbridge and A. O. Nier, Relative Isotopic Abundances 
of the Elements, Preliminary Report No. 9, Nuclear Science Series, 
National Research Council, 1950 (unpublished). 


FROM U AND Th 909 


TABLE IT. Neutron sources in Madagascar euxenite. 


Yield 
(Neutrons /g sec 


Neutron 
source 


104 


88X10 
10 3 


Cosmic rays* 
Spontaneous fission” 
(a.m) reactions® 


* See footnote 15 
» See tootnote 16 
© See footnote 17 


krypton and xenon, are shown in Table I. The normal 
corrections were made by assuming the Kr® and Xe'™ 
peaks to represent normal krypton and xenon re- 
spectively. By analogy to neutron fission the inde- 
pendent yields at masses 82 and 130 should be less 
than 10 percent and may be neglected. The ratio of 
fission xenon to normal xenon was 23.4; the ratio of 
fission krypton to normal krypton was 0.58. The 
errors shown in Table I represent the mean deviations 
of the peak heights. Xenon measurements on two 
samples of euxenite are reported; the large sample is 
believed to give the most accurate data because in this 
case the peaks were sufficiently large to effectively 
eliminate background errors. Krypton results are re- 
ported for the large sample only. Data were obtained 
from a number of other samples all of which showed 
the same yields within their larger experimental errors ; 
the yields presented in Table I represent the most 
accurate results which were obtained. The results are 
normalized by assigning a six percent yield to mass 136, 
thus allowing the results to be compared with U®* slow 
neutron fission yield curve. This comparison is shown 
in Figs. 2 and 3. 

The limit at mass 129 represents the accuracy of the 
normal correction to the peak at mass 129. The large 
errors at masses 83 and 84 are caused by the error in 
the normal correction at these masses; the error at mass 
86 represents the accuracy of the Xe/Kr ratio which in 
turn depends on the accuracy of calibration of the 
stable isotope tracers which were used to calibrate the 
mass spectrometer. 

In order to make sure that the yields presented in 
Table I actually represent spontaneous fission, it is 
necessary to evaluate the relative importance of other 
possible causes of fission in the mineral, and compare 
the rate of these other fission processes with the 
spontaneous fission rate in the mineral. Since the 
sample of euxenite studied contains six percent uranium 
the spontaneous fission rate is about 4X10 fission 
‘g sec. Fission by alpha particles may be excluded be- 
cause the penetration coefficient of the uranium 
coulomb barrier for alpha particles is less than 10-". 
Similarly, the effect of cosmic-ray mesons may be 
neglected since according to the measurement of 
George and Evans'* the number of « mesons stopped 
per gram of absorber at a depth of 20 meters of water 


4 FE. P. George and J. Evans, Proc. Phys. Soc. (London) A64, 


193 (1951). 
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Fic. 2. Comparison of U™* spontaneous fission and U** slow 
neutron fission yields. 


equivalent underground is less than 10~® per second. 
The m-meson intensity is much less. The importance of 
neutron fission can be estimated by considering the 
yields of various possible sources of neutrons in the 
mineral as shown in Table IL.!°~"" 

The neutron production rate is therefore about 
2X10-* neutron/g sec. The mineral sample studied 
was analyzed chemically and found to contain about 
one percent gadolinium and one percent dysprosium. 
Because of the large thermal neutron cross sections of 
these elements about one in three thousand of the 
neutrons captured in the mineral will be captured in 
U5, Since many of the neutrons will escape from the 
mineral without being thermalized, the rate of neutron 
fission of U™® is less than 7X 10~-7/g sec. Because U™* 
will not fission by capture of slow neutrons, only fast 
neutron fission of this isotope need be considered. Since 
the euxenite occurs as small lumps of less than one cc 
volume embedded in large masses of rock, most of the 
fast neutrons produced in the mineral will escape into 
the surrounding rock. Using a fast neutron cross 

18 Korff and Hamermesh showed that the cosmic ray neutron 
intensity is about 1074 neutrons/g sec at a depth of six meters of 
water equivalent from the top of the atmosphere. It should be 
much less underground. S. A. Korff and B. Hamermesh, Phys. 
Rev. 69, 155 (1946). 

16 The value v= 2.2 was used. See footnote 3. 

17 The yield of neutrons from the (a,m) reactions was estimated 
using the results of measurements of the amount of excess Ne?! 
and Ne® produced in these minerals by the (a,#) reaction on O'8 
and F® respectively. These results and this calculation will be 
described in a separate paper. 
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section of 2.9 10~*5 cm?, the number of fast neutron 
fissions induced in U™* per gram per second is less than 
10-*. Thus the effect of fast neutron fission can also be 
neglected. The only gamma rays of sufficient energy to 
cause fission are the neutron capture gammas; the 
number of these is approximately equal to the number 
of neutrons. Since the photofission cross sections are 
smaller than the fast neutron fission cross sections, and 
the total cross section for absorption of the gammas is 
comparable to that for the fast neutrons, the effect 
of photofission must also be negligible. For these 
reasons one may have some confidence that the fission 
yields obtained truly represent spontaneous fission 
abr. 

From the quantity of lead and uranium in this 
mineral the age is calculated to be about 600 million 
years. However the quantity of helium and spontaneous 
fission xenon which was found in the mineral indicates 
an age of only about 50 million years. This low gas age 
might lead one to suspect that the mass-129 yield ob- 
tained is too low, the Xe'” yield being held up by the 
1.7 107-year I’. This is probably not the case how- 
ever, because as long as the I’ remains in equilibrium 
with the uranium the measured Xe" yield will be 
correct, even though the inert gases may leak from the 
mineral either slowly over the entire lifetime of the 
mineral or all at once 50 million years ago. Since the 
I’ is produced as a “hot atom,” it will react quickly 
with one of the common elements in the mineral and 
should not be removed by leakage along with the inert 
gases. In the unlikely event that the I'®* was separated 
from the mineral by a sudden outgassing process 50 
million years ago, the upper limit for the Xe" yield in 
Table I should be raised to 0.02 percent. This does not 
affect the general features of the spontaneous fission 
yield curve. 

It may be noted that the spontaneous fission yields, 
shown in Figs. 2 and 3, are even more asymmetric than 
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FISSION YIELDS 


neutron fission yields, the most striking effect being at 
mass 129 where the yields differ by a factor of about 
one hundred. Furthermore, the yield at mass 131 is 
about 50 percent lower that that reported by Mac- 
Namara and Thode,’ and the yield at mass 129 is 
lower than that reported by these investigators by a 
factor of at least seven. The krypton results are also 
significantly different. This is the effect which might 
be expected if MacNamara and Thode had observed a 
mixture of neutron-induced and spontaneous fission. 
The sharpness of the spontaneous fission yield peaks is 
in agreement with Glendenin’s and Steinberg’s'® work 
on curium. In experiments on high-energy fission it is 
found that the fission becomes a more symmetric 
when the excitation energy of the nucleus is increased." 
In spontaneous fission where there is no excitation, it 
might be expected that the fission would tend to be 
even less symmetric than in thermal neutron fission, 
as was found in this investigation. 

It should also be noted that it is difficult to place 
the mass-132 point on a smooth curve containing the 
other points. This is an indication of fine structure 
similar to that found in neutron fission by MacNamara, 
Collins, and Thode,” and by Glendenin, Steinberg, 
Inghram, and Hess.” This “spike” at mass 132 may 
indicate preferential formation of spontaneous fission 
fragments containing 50 protons and 82 neutrons. It 
may be pointed out that the barrier penetration theory 
of Frenkel” predicts a peak to trough ratio of only 
about ten, whereas the experimental value as reported 
in this paper is greater than 500. 


B. Spontaneous Fission of Thorium 


Spontaneous fission of thorium is much more difficult 
to detect because the half-life for the process is 168 
times as long as for the spontaneous fission of uranium.’ 
For this reason it is necessary to obtain a mineral 
sample with a high ratio of thorium to uranium and 


Tas_e III. Comparison of spontaneous fission xenon from 
monazite with U** spontaneous fission yields. 








U™8 yield 
(percent) 


Monazite yield* 
(percent) 


6.00 

5.12 +0.10 
132 3.63 +0.08 
131 0.509-+-0,02 
129 0 


Mass 


136 
134 


6.00 
4.99 +0.07 
3.57 +0.06 
0.455+0.02 
<0.012 











* Xe! yield taken as 6.00 percent. Xe'!® taken to be 100 percent normal 
xenon, 

16 E, P. Steinberg and L. E. Glendenin, U. S. Atomic Energy 
Commission Declassified Document, A.E.C.D. 3520, 1953 (un- 
published). 

 R. W. Spence, U. S. Atomic Energy Commission Unclassified 
Document BNL-C-9, 1949, Brookhaven Chemistry Conference 
No. 3 (unpublished). 

2 MacNamara, Collins, and Thode, Phys. Rev. 78, 129 (1950). 

21 Glendenin, Steinberg, Inghram, and Hess, Phys. Rev. 84, 860 
(1951). 

2S, Frenkel, J. Phys. (U.S.S.R.) 10, 553 (1946). 
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which has other desirable characteristics, the most im- 
portant of which are great age, small leakage, and high 
concentration of thorium. The best mineral which 
could be obtained for this investigation was monazite 
[ (Ce, La, Nd, Pr)PO,]. This mineral usually contains 
about six percent thorium and a few tenths percent 
uranium. Although a higher thorium to uranium ratio 
would be very desirable, some information concerning 
thorium spontaneous fission yields can be obtained 
from a mineral of this kind. 

The most accurate data for xenon was obtained from 
a sample of Ceylon monazite sand, containing 7.79 per- 
cent thorium and 0.301 percent uranium and having an 
age of 530 million years. The xenon isotopic abundances 
found in this mineral are shown in Table III. If one 
assumes a ratio of the thorium to uranium yield at mass 
136 together with the thorium and uranium concentra- 
tions given above and the known spontaneous fission 
half-lives, it is possible to determine within rather 
wide limits the thorium spontaneous fission yields at 
other mass numbers. The results of this calculation are 
shown in Fig. 4. It may be noted that again there is 
evidence for fine structure at mass 132. Thus, while 
these results for thorium are not very precise, they 
show that thorium spontaneous fission yields are 
similar to those from uranium. 

A calculation of the mass-136 fission yield based on 
the age of the mineral, the quantity of gas obtained as 
measured with Xe'’* tracer, and the known spontaneous 
fission rates of uranium and thorium, gives a result of 
3.3 percent. Thus the quantity of gas obtained agrees 
in order of magnitude with the assumption that the 
anomalous abundances are caused by spontaneous 
fission. A more exact measurement of the absolute 
spontaneous fission yield could not be made because 
of uncertain effects cause by leakage of gas from the 
mineral, difficulty in equilibrating the evolved gas 
with the tracer, and possible errors in the calibration 
of the tracer. 

Krypton results were obtained from another sample 
of monazite of Brazilian origin. These are shown in 
Table IV, and it may be seen that again there is no 
great difference from the euxenite results. 

An estimation of the importance of other causes of 
fission in monazite can be made as was done earlier in 
the case of euxenite. In this connection it should be 
pointed out that for the greatest part of their life the 
monazite sand grains were a minor constituent of a 
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TABLE TV. Comparison of spontaneous fission krypton from 
monazite with U%* spontaneous fission yields. 


(238 yield 
(percent) 


te yields 
Ma ercent 


0.75 +0.11 
0.119+0.040 
0.036+0.015 


86 O87 +012 
84 0.1804-0.040 
&3 0.0364+0.025 


6.00 percent. XNe/Kr ratio determined by cali 
table isotope tracers 


® Normalized to Xe 


bration of ma pectrometer with 


granite and fast neutrons produced in the monazite 
would have been lost in the surrounding rock. Further- 
more it should be noted that this mineral contains large 
quantities of the rare earth elements which will be 
effective in absorbing slow neutrons. Again the con- 
clusion is that other causes of fission are negligible com- 
pared to spontaneous fission. 


C. Neutron Fission in Pitchblende 


Xenon and krypton extracted from a twenty-gram 
sample of Belgian Congo pitchblende containing 44 
percent uranium indicated the presence of neutron 
fission as well as spontaneous fission. The yields of 
fission xenon and krypton from the sample are shown 
in Table V. 

It may be noted that the fission yields in the pitch- 
blende fall off much more slowly on the sides of the 


fission yield peaks than is the case in euxenite and 
monazite. By using the U™* spontaneous fission yields 
as determined from the euxenite sample and the U** 
slow-neutron fission yields of Thode and Graham® it 
is possible to claculate the relative contributions of 


neutron-induced and spontaneous fission in this 
mineral. ‘The result of this calculation is that about 35 
percent of the fission is neutron-induced. If an estimate 
of the neutron production rate is then made in the same 
way as was done in the case of euxenite, it is found that 


about ten percent of the neutrons produced in the 
Graham, Can. J. Research A25, 1 


2H. G. Thode and R. L 


(1947). 
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pitchblende induce a neutron fission. The pitchblende 
sample used was 650 million years old; since the half- 
life of U*® is only 700 million years, considerably more 
neutron fission may have occurred in a pitchblende of 
similar constitution but with an age of 2100 million 
years, since at the time of formation of this mineral the 
U* abundance was about six percent. This may be re- 
lated to the fact that the oldest pitchblende or uraninite 
deposits which have been found have an age of about 
2100 million years, whereas the earth itself is con- 
siderably older. 
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TABLE V. Comparison of fission yields of xenon and krypton 
from pitchblende with U2 spontaneous fission yields 


88 spontaneous 
fission yield 
percent) 


Belgian Congo I 
pitchblende yield 
percent) 


6.00 

4.99 +0.07 

3.57 +0.06 

0.455+0.02 
<0.012 

0.75 +0.11 

0.119+0.040 

0.036+0.015 


6.00 


5.62 


$0.05 
3.69 +0.04 
1.18 +0.02 
0.190-+0.004 
1.26 +0.18 
0.401 +0.06 
0.166+0.03 
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The angular correlation between the alpha particle leading to the first excited state of Ra™® at 07.8 kev 
and the subsequent gamma ray to the ground state leads to a definite assignment of /=2°* for this state 
The correlation is weakened by what is believed to be an interaction of the nuclear electric quadrupole 
moment with crystalline electric field gradients in the source. The lifetime of the excited state is about 


1 1078 second. 


1, INTRODUCTION 


HE study of the fine structure in the alpha 

radiation of ionium has revealed two major lines 
at 4.682 Mev (~75 percent) and 4.612 Mev (~25 per- 
cent), respectively, separated by about 70 kev.' The 
gamma-ray spectrum following the alpha decay was 
studied by means of the conversion electrons by 
several investigators.*~® The latest work on the gamma 
spectrum with a Nal crystal spectrometer and gamma- 
gamma coincidences® leads to the decay scheme shown 
in Fig. 1. The numbers in parentheses give the in- 
tensities in quanta per disintegration. Rosenblum and 
Valadares,’? from a comparison of their observed ratios 
of conversion coefficients in the (unresolved) Ly34+Liy 
and Ly, shells with some theoretical values obtained 
by Gellman ef al.* conclude that the 67.8-kev gamma 
radiation is of the £2 type. Our observations on the 
alpha-gamma angular correlation establish the sequence 
Q+—2+—O*t and thus add another /=2* case to the 
growing number of first excited states of even-even 
nuclei of this type.9!” 

While these measurements were in progress an ex- 
planation was put forward by Abragam and Pound!! to 
account for the pronounced departure of the much in- 
vestigated alpha-gamma angular correlation in radio- 
thorium’ from the predicted shape. Our results in 


tA preliminary account of this work was presented at the 
Rochester meeting of the American Physical Society, Bull. Am. 
Phys. Soc. 28, No. 4, 13 (1953). 

* Now at the Department of Terrestrial Magnetism, Carnegie 
Institution of Washington, Washington, D. C 

' Rosenblum, Valadares, and Vial, Compt 
(1948). 

2 J. Teillac, Compt. rend. 227, 1227 (1948); Albouy, Faraggi, 
Riou, and Teillac, Compt. rend. 229, 435 (1949). 

3S. Rosenblum and M, Valadares, Compt. rend. 
(1951). 

4C. J. D. Jarvis and M. A. S. Ross, Proc. 
A64, 535 (1951). 

5P. Falk-Vairant and J. 
(1951). 

®F. Rasetti and E. C. Booth, Phys. Rev. 91, 315 (1953). 

7S. Rosenblum and M. Valadares, Compt. rend. 234, 2359 
(1952). 

5 Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 

®M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 906 (1951). 

© G. Scharff-Goldhaber, Phys. Rev. 90, 587 (1953). 

A, Abragam and R. V. Pound, Phys. Rev. 89, 1306 (1953). 

® Kulchitski, Latyshev, and Bulyginski, Doklady Akad. Nauk. 
(S.S.S.R.) 64, 57 (1949), 

'3 Beling, Feld, and Halpern, Phys. Rey. 84, 155 (1951). 

4 Battey, Madansky, and Rasetti, Phys. Rev. 89, 182 (1953). 
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ionium show features very similar to the RdTh case 
and are believed to be due to similar causes. 


2. EXPERIMENTAL DETAILS 


An over-all schematic diagram of our experimental 
arrangement is shown in Fig. 2. An electromagnetically 
separated source of 90-percent pure Th (in the form 
of ThCl,) deposited on a thin rubber hydrochloride 
film, furnished by the Argonne National Laboratory, 
was located at the center of a small hemispherical 
vacuum chamber made of 0.033-in. aluminum. This 
chamber was mounted directly on the front face of an 
RCA 5819 photomultiplier tube and was continuously 
evacuated. The source diameter was 4.7 mm. A thin, 
single crystal of terphenyl was prepared from a super- 
saturated solution of terphenyl in xylene and was 
about 0.001 in. thick, Le., about equal to the alpha- 
particle range. The crystal turned out to be completely 
insensitive to all but alpha radiation. It was mounted 
in the center of the multiplier face and subtended a 
half-angle of five degrees at the source. The gamma 
detector consisted of a 140 cmX1.56 cm X0.50 em 
Nal(Tl) crystal mounted on another 5819 tube and 
also subtended a half-angle of about 5 degrees at the 
source. The small thickness of this crystal reduced the 
background and response to higher energy gamma 
rays without affecting the near 100 percent efficiency 
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Fic. 2. Schematic diagram of experimental arrangement. © is 
the angle referred to throughout this paper. The entire apparatus 


is surrounded by a 2-in. lead shield. 





for the radiation of interest (67.8 kev). The gamma 
detector could be set at angles between 84° and 276° 
with respect to the alpha counter direction. We were 
thus able to investigate angles on either side, thus 
having a check on possible systematic left-right differ- 
ences. The correlation was measured over the hemis- 
phere © = 90° to O= 180°, which is necessarily identical 
to the hemisphere O=0° to ©=90° because all cor- 
relation functions involve only even powers of cos. 
The cathode follower outputs from the two multi- 
pliers were amplified by three broad band amplifiers 
(Hewlett-Packard and SKL) in cascade and fed into 
two pulse-forming stages using Philips EFP-60. sec- 
ondary emission pentodes. A diode limiter network in 
the gamma channel prevented overloading of the 
amplifier chain by large pulses. The standard height 
outputs of the shaping stages entered a fast coincidence 
circuit similar to one described by DeBenedetti and 
Richings.’® An inherent delay in the gamma channel of 
about 7X10°% second, probably due to the slower 
pulse coming from the Nal crystal, was compensated 
by an appropriate length of cable. The output in turn 
was stretched, amplified, and recorded by both a 
scaler and a pen recorder. Both single channels were 
continuously monitored. The pen recorder made it 
possible to check the arrival in time of the very small 
number of coincidences (<8 counts/hour) in this ex- 


periment and to distinguish any spurious counts. The 


resolving time of the circuit was measured to be about 
510°* second, both by the double-source method 
and from delay cable measurements (see below). The 
accidental coincidence rate never exceeded five per- 
cent of the total rate at any angle. 

16S. DeBenedetti and H. J. Richings, Rev. Sci. Instr. 23, 37 
(1952). 
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The gamma-ray pulse-height distribution as ob- 
tained with a conventional linear amplifier and single- 
channel analyzer is shown in Fig. 3. During our co- 
incidence experiments the gamma-ray pulse height was 
selected by integral bias just below the 68 kev peak. 
The effect of the higher energy gamma rays at 142 kev 
and 255 kev will be discussed below. The small peak 
at about 35 kev is due to the escape of some of the 
iodine A x-radiation (~30 kev) following the photo- 
electric conversion of the gamma rays. We showed 
this to be so by means of a critical absorber check with 
tin. 

The alpha-ray pulses received from the source pre- 
sented a rather broad range of pulse heights due to 
source thickness, although the system itself was 
capable of good resolution, as may be seen from Fig. 4. 
It was nevertheless possible to keep the noise con- 
tribution to less than 10 percent of the total counting 
rate in the alpha channel. The entire apparatus was 
surrounded by two inches of lead to reduce the rather 
high gamma-ray background from our building. 

Our results were obtained during a more or less con- 
tinuous run of about 1000 hours and consist of six 
coincidence counting rates at the crucial points of the 
angular correlation. The angle was changed at least 
every 24 hours to minimize systematic errors. The 
photomultiplier voltages were monitored by a_pre- 
cision potentiometer and were kept constant to within 
4 volts. 


3. RESULTS 
The final values of the coincidence rates at six angles 


together with the various major corrections which were 
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Fic. 3. Pulse-height distribution in the gamma channel. The 
255-kev gamma ray is not shown. Bias during experiment set 
between 68-kev peak and small peak at about 35 kev. The latter 
is an iodine escape peak (see text). 





a 


applied are shown in Table I. All rates were normalized 
according to the singles rates in both the alpha channel 
and the gamma channel, the latter by means of a strong 
ionium source counted before and after each run. This 
was necessitated by the low gammarate (~130 
counts/minute) and its consequent sensitivity to 
changes in the background rate (~30 counts/minute). 
The values at 84° and 276° (not 90° and 270° because 
of an obstruction) as well as at 135° and 225° are 
seen to be in fairly good agreement. Those two pairs 
of points were combined for the final computations. 
The point at 120° was taken merely to rule out a 
possible 0*—3~—O+* sequence. We refer to papers by 
Arnold'® and Falkoff and Uhlenbeck"’ for the basic 
theoretical expressions for alpha-gamma angular cor- 
relations. Figure 5 shows a plot of the experimental 
results. Our results agree best with the sin?2© function 
expected for the transition 0*}—2+—0O* except for con- 
siderable deviations believed to be due to extranuclear 
effects which we shall discuss presently. 


4. CORRECTIONS 


All corrections applied to the raw results were 
quite small and can be seen in Table I. 


(1) Contribution of Higher Energy Gamma Rays 


Because of the integral pulse-height selection in the 
gamma channel we made a crude check on the angular 
correlation for energies greater than 68 kev at the low 
rate points (84° and 180°). This check indicated ap- 
proximate isotropy, which is reasonable in view of the 
undoubtedly more complicated (and hence more 
nearly isotropic) nature of the main higher energy 
component at 142 kev ending on an /=2+* level. We 
have therefore subtracted an appropriate constant 
amount (0.43 count/hour) from all observed points. 
This agrees with our experimentally observed ratio of 
gamma-ray intensities, which in turn is in good agree- 
ment with the work of Rasetti and Booth.® 


(2) Effects of Finite Source and Detector Size 


The observed angular correlation was approximated 
by an expression of the form W(@)=a+6 sin’?@ and 


Tasie IT. Summary of experimental results. All numbers in 
coincidence counts per hour. (1) are original data (normalized 
according to single rates); (2) corrected for accidentals; (3) 
corrected for other gamma rays; (4) corrected for finite detectors 


and source; (5) standard deviations (statistical only). 


‘ 
84° 
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135° 
180° 
225° 
276° 
16W.R. Arnold, Phys. Rev. 80, 34 (1950). 
7 P—). L. Falkoff and G. E, Uhlenbeck, Phys. Rev. 79, 323 (1950). 
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Fic. 4. Pulse-height distribution in the alpha channel, as obtained 
with a thin RaD+E+F (polonium) alpha source. 


integrated over both the extent of the source and the 
solid angles subtended by the two crystals. This cor- 
rection turned out to be quite small (~5 percent in 
the worst case) and is also shown in Table I. 


(3) Minor Corrections 

The correction due to accidental coincidences was 
already mentioned. Several long runs with incoherent 
sources at the usual counting rates confirmed the value 
(5X10~* sec) of the resolving time obtained regularly 
with a stronger gamma source. The scattering of 
gamma rays in the thin spherical shell was found to be 
negligible. 


5. INTERPRETATION 
(1) Spin and Parity Assignment 


A comparison of the experimental angular corre- 
lation with various possible sequences J4—/2—/¢ 
leaves O+—2+—Ot as the most likely choice even 
before considering coupling effects: a less pronounced 
anisotropy than the observed one obtains for non- 
zero values of J, and J¢ (ground states of Th™ and 
Ra”*®) because of the distribution of nuclei over mag- 
netic substates. Furthermore these two nuclei un- 
doubtedly have /=0* in their ground states because of 
their even-even character. This leaves the various 
0+—I,—O* possibilities. 7g=1~ requires a maximum 
at 90° and minima at 0° and 180°; 7,=3> leads to 
minima at 0°, 60°, 120°, and 180° with maxima at 30°, 
90°, and 150°. Furthermore, the lifetime of an /3 tran- 
sition would be too long to have yielded coincidences 
with our resolving time; this is true a fortiori for all 
Ip>3. Hence we are left with 0+—2+—O0* as the only 
satisfactory choice. The even parity of the inter- 
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Fic, 5. Plot of experimental results of alpha-gamma angular 
correlation, Left and right points have been combined to appear 
Standard deviations shown are statistical only. 
Short-dashed curve shows sin?2@ correlation for O*—2+—Ot 
case and bare nucleus. Solid curve shows theoretical electric 
quadrupole attenuation for parameters shown in figure. Long- 
dashed curve shows maximum theoretical attenuation (wr= ~ ). 
General expression used is given on top of figure [see reference 
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in one quadrant 


mediate state follows from the plausible assumption 
of even ground states for even-even nuclei. 


(2) Extra-nuclear Effects 

Even though a sin?2© angular correlation comes 
closest to the observed results, we note a very definite 
attenuation of the angular pattern (see Fig. 5) that 
cannot be due to experimental causes, as we have seen 
above. In Fig. 6 we have plotted the effect on the 
(}t—2*—OF* sequence of both nuclear magnetic dipole 
coupling with electronic magnetic fields'* and nuclear 
electric quadrupole coupling with crystalline electric 
field gradients." Both effects depend on the product 
wr; w is the Larmor precession frequency in the 
magnetic case and the characteristic splitting fre- 
quency between the mz=0 and mz= +1 substates in 
the electric case, 7 is the mean lifetime of the inter- 
mediate state. The quantities G2(wr) and G4(wr) are 
the “attenuation” coefficients of the second and 
fourth Legendre polynomials occurring in the angular 
correlation function. All curves refer to the case of a 
crystalline powder, i.e., no preferential orientation. 
The magnetic dipole interaction curves apply to the 
special but representative case J=} for the electronic 
configuration. Figure 7 illustrates the dependence of 
the electric quadrupole attenuation coefficients G, and 
G, on wr. We see that the coefficients are relatively 
insensitive to the value of wr above wr~1. The cor- 


18K. Alder, Helv. Phys. Acta 25, 234 (1952). 
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responding plot for the magnetic case can be found in a 
paper by Heer.'® Although our data certainly do not 
permit a definite choice of wr, we can see from Fig. 5 
that wr must be larger than about 1.9. Magnetic inter- 
action to any large extent is ruled out from the relative 
magnitudes of the 90° and 180° points. We see in Fig. 6 
that the 90° point in the magnetic case always lies 
below the 0°—180° point. Alghough equality is cer- 
tainly not excluded by our results, the strength of our 
anisotropy would require values for Gz and G, (mag- 
netic) that would produce a 180°/90° ratio greater 
than 2, which is certainly ruled out. Our upper limits 
for G, and G, are 0.40 and 0.51 respectively, while the 
lower limits are given by the wr=~ (irreducible 
minimum) values G2(%)=0.37 and G,(*)=0.46, so 
that 0.37 < G2< 0.40; 0.46<G,< 0.51. These rather nar- 
row limits on the coefficients actually correspond to an 
infinite upper limit on wr 


(3) Lifetime Considerations 


Rasetti and Booth® estimate that the lifetime of the 
67.8-kev state is less than 0.3 microsecond from gamma- 
gamma coincidence measurements. From the depend- 
ence of alpha-gamma coincidence counting rate on 
delay inserted in either channel we believe that we can 
set an upper limit of ~1X10~* second on the mean 
lifetime of the 67.8-kev state in Ra®®. A slight asym- 


metry in the delay curve seems to indicate that_the 
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Fic. 6. Electric and magnetic coupling effects on alpha-gamma 
angular correlation. All curves are for 0*+—2*—O* sequence, and 
for isotropic distribution of the extranuclear fields (powder). For 
an explanation of symbols, refer to text. Magnetic curves are 
calculated for special case J=4 according to reference (18); 
electric curves according to reference (11). Solid curve is undis- 
distorted sin?2@ distribution. Note characteristic difference be- 
tween electric and magnetic 180°/90° ratios. 


19 FE. Heer, Physica 18, 1215 (1952). 
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lifetime may actually be of that order of magnitude. 
A further argument in favor of a lifetime considerably 
shorter than our resolving time is the fact that our ex- 
perimentally observed coincidence rate agrees almost 
exactly with the rate to be expected from the known 
alpha branching ratio,' total internal conversion co- 
efficient® and our solid angles. 

The lifetime calculated on the basis of Weisskopf’s 
single particle expression” for an electric quadrupole 
transition of this energy yields a value 


7= 2.4 10-8 second. 


The experimental value for the total internal con- 
version coefficient of the 67.8-kev transition’ is about 
22, so that the corrected lifetime is about 110-7 
second. This is at least ten times the experimental 
value. Although Weisskopf’s formula gives a lower 
limit on the independent particle picture, it is not too 
surprising to find a matrix element >1 for the tran- 
sition between low-lying states of an even-even nucleus 
where cooperative effects are presumably very im- 


21 22 


portant.“ 


6. CONCLUSIONS 


Our measurements seem to establish an / = 2+ assign- 
ment for the first excited state of Ra”®, The deviation 
of the observed angular correlation from the pure 
sin’?2@ distribution predicted for a bare nucleus and 
a O+—2*—O* transition receive a satisfactory inter- 
pretation on the basis of the coupling of the nuclear 
electric quadrupole moment to a crystalline electric 
field gradient in the source material." Although the 
deviation is thus explained, the large recoil energy im- 
parted to the residual nucleus by the first alpha emission 
(~100 kev) frustrates attempts to extract the actual 
value of the quadrupole moment because of the im- 
possibility of knowing the appropriate electric field 
gradient at the site of the nucleus. Gamma-gamma 
angular correlation studies seem to offer considerably 
greater promise in this respect.* It is interesting to 
note that the only other known case of alpha-gamma 

2” J. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley & Sons, Inc., New York, 1952), p. 627. 

21 A, Bohr and B. Mottelson, Phys. Rev. 89, 316 (1953). 

*K.W. Ford, Phys. Rev. 90, 29 (1953). 

23 Albers-Schénberg, Hinni, Heer, Novey, and Scherrer, Phys. 
Rev. 90, 322 (1953). 
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Fic. 7. Theoretical attenuation coeflicients for /=2 nucleus 
with electric quadrupole coupling. Case of crystalline powder 
source (isotropic distribution of extranuclear field gradient). For 
explanation of symbols refer to text. Note insensitivity of co 
eflicients to value of wr>1. Limiting values are shown by dashed 
horizontal lines. 


angular correlation showing these interaction effects 
is that of radiothorium (Th®’), leading to Ra?" 
This nucleus and the one studied by us differ by just 
two neutrons and could be examined in the same 
chemical environment. Hence one could in principle 
obtain a ratio of quadrupole moments of Ra** and Ra”? 
in their first excited states as soon as the lifetimes are 
pinned down more accurately. This whole argument is 
of course weakened in practice by the inherent in- 
sensitivity of the correlation to the value of wr. 

We express our thanks to Dr. Paul Fields of the 
Argonne National Laboratory for supplying us with 
the electromagnetically separated source of ionium 
and to Professor Franco Rasetti for sending us his 
manuscript in advance of publication. 

Note added in proof:—-The angular correlation be- 
tween the alpha particles of ionium and conversion 
electrons (92.3-percent L shell, 7.7-percent M_ shell) 
corresponding to the same 70-kev transition in Ra”® 
as the gamma ray in our work has recently been deter- 
mined [R. R. Roy and M. L. Goes, Nature 172, 360 
(1953) }. 
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The activities of the K-capturing isotopes of Tl!* have been investigated. Using 180° beta ray spectro- 
graphs, more than 150 conversion lines have been observed. A new isomer of 1.9-hr half-life has been found 
and assigned to mass number 198. There are three gamma “ays of 282.4, 260.7 (isomeric), and 48.7 kev 
associated with this activity. No thallium isomers, other than Tl!*”, or mercury isomers, other than the 
already known Hg, were found. The first excited states in Hg™ and Hg”® were found to be 2+ states. 


The level schemes of Hg'* and Hg™ are complex. 


INTRODUCTION 


HE present work is concerned mainly with an 
investigation of thallium activities in an attempt 
to understand why isomers which might be expected to 
exist in thallium and mercury have not been observed. 
(Thallium has 81 protons and for this reason isomerism 
might be expected, as in gold where isomers exist in all 
odd-A_ isotopes. For the odd-odd isotopes, the odd 
neutron is also close to the magic number 126. Thus for 
these isotopes there exist several possibilities of coupling 
between the odd neutron and the odd proton which 
could give rise to high spins and which could therefore 
result in isomerism.) 

Thus far thallium activities have been investigated 
mainly by two groups of workers. The Berkeley! group 
has produced a number of thallium activities by bom- 
barding gold with alpha particles, and has identified 
three activities of 1.8-hr, 7-hr, and 27-hr_ half-lives 
which they attribute to TI'S, TI!, and TP, respec- 
tively. The Indiana group** has been concerned mainly 
with spectrometer investigations of the complex spectra 
of Tl and TP. Other workers‘ from different labora- 
tories have investigated the 3-day activity of Tl’ and 
the 12-day activity of TP”, but beta-ray spectrometer 
data are lacking. Very recently Sugarman‘ has _pro- 
duced all the thallium activities mentioned above by 
bombarding mercury with negative pions. 

We have used 11.5-Mev deuterons to produce the 
neutron-deficient isotopes of thallium. As a result of 
either or both (d,z) and (d,2”) reactions from Hg! 
(10 percent), Hg” (23 percent), Hg”! (13 percent), and 
Hg*” (30 percent) present in ordinary mercury, we ob- 
* Assisted by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission. 

t On leave of absence from the Nobel Institute of Physics, 
Stockholm, Sweden. Assistance in part from Svenska Atom- 
kommittén is gratefully acknowledged. 

Orth, Marquez, Heiman, and Templeton, Phys. Rev. 75, 
1100 (1949); H. M. Neuman and I. Perlman, Phys. Rev. 78, 
191 (1950). 

2H. I. Israel and R. G. Wilkinson, Phys. Rev. 83, 1051 (1951). 

RR. G. Wilkinson (private communication, 1953). 

4R. S. Krishnan and EF. A. Nahum, Proc. Cambridge Phil. 
Soc. 36, 490 (1940); K. Fajans and A. I. Voigt, Phys. Rev. 58, 
177 (1940) ; 60, 619. (1941); W. Maurer and W. Ramm, Z. Physik 
119, 602 (1942); H. C. Martin and B. C. Diven, Phys. Rev. 86, 
565 (1952); N. Sugarman and A. Haber, Phvs. Rev. 92, 730 
(1953). 


tained good yields of all thallium activities from A = 198 
to A=202. The mercury was usually in the form of 
powdered HgCls, and the active thallium was separated 
using ether extractions of TIBr3. The thallium activities 
were analyzed using 180° beta-ray spectrographs of 
approximately 0.2 percent resolution and with an 
energy range up to energies of about 850 kev. 


THALLIUM 198. ISOMERIC STATE 


K, L, M, and N conversion lines corresponding to 
gamma-ray energies of 282.4 and 260.7 kev, and decay- 
ing with a half-life of about 1.9 hr, were found. The 
exceptionally low value of 0.61 for the K/L ratio of the 
260.7-kev transition indicates that it is associated with 
an isomeric transition. Another gamma ray with an 
energy of 48.7 kev, decaying with a half-life of approxi- 
mately 2 hr, was also found. Since no other short-lived 
activities appear to be present, we believe that all three 
gamma rays belong to the same activity. 

Careful energy measurements of the conversion lines 
of the 282- and 261-kev gamma rays showed that they 
were definitely converted in thallium. 

Orth ef al.! also observed a 1.8-hr activity when gold 
was bombarded with alpha particles. Their excitation 
curves showed that the 1.8-hr activity should be 
attributed to mass number 198. In order to assign this 
activity to a definite mass number, we have also made 
activation experiments as a function of the incident 
deuteron energy. To summarize these experiments 
brietly, we found that the ratio of the intensity of the 
1.8-hr lines to the 6.5-hr lines of Tl' changes from a 
value of 1.0 (arbitrary units) at 11.5 Mev to 0.76 at 
10.0 Mev. The falling off in intensity of the 1.8-hr lines 
is attributed to a more rapid falling off of the (d,2n) 
cross section with decreasing deuteron energy than that 
of the (d,n) cross section. Since T]'** is the only activity 
produced by a (d,2m) reaction alone, this would mean 
that the 1.8-hr activity belongs to mass number 198 
in agreement with the Berkeley experiments.' This con- 
clusion is also supported by the fact that Wilkinson’ 
did not observe the 1.8-hr activity when gold was 
bombarded with 20-Mev alpha particles. Since the 
threshold for the (a3) reaction is higher than 20 Mev, 
one would not expect TI'S to be produced in those 
experiments from Au'”’, 
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It is difficult on the basis of the experimental evidence 
to make a definite statement regarding the multipole 
nature of the isomeric transition. Some tentative sug- 
gestions can be made by comparing theoretical and 
experimental values of the mean-life, A/Z and Ly/Lin 
ratios shown in Table I. 

On the basis of K/L and L1// 11 ratios alone, there 
seems little doubt that the isomeric transition is largely 
either M3 or M4. Unfortunately there is considerable 
uncertainty in the theoretical values of these ratios for 
the higher electric multipoles. 

On the basis of lifetimes alone, the transition is in 
accord with purely M4 radiation. However, since the 
isomeric transition occurs in an odd-odd nucleus there 
is some basis for believing that the theoretical M4 life- 
time may be even longer than is given in Table I. 
There is also a considerable spread in the theoretical 
lifetimes of the electric multipole radiations. 

Assuming that the 261- and 282-kev gamma rays 
are in cascade, and provided that the multipolarity of 
two gamma rays are known, it is possible to calculate 


TABLE I. Data pertinent to the assignment of multipolarity of 
the isomeric transition of 260.7 kev in TI". 


T, exptl 


(sec) 


Multi 
pole 


Ty theory 
K/I Li/Lin (sec) 
1.33 (obs) 
1.25¢ 
0).7¢ 
0.4° 
0.1? 


1 104 (obs) 
1.6 10° 
5.0 105 
1.4x 108 
1.7 104 
3.2X 104 
6.2 10% 


0.6 (obs) 
3.15 
1.2¢ 
0.6» 
0.8 
02° 
0.1? 


7X10"! 
9X 105 > 
1x10" 
4X 103 
5X 108 
6X 10° 


®V.F. Weisskopf, Phys. Rev. 83, 1073 (1951). 

+ M. Goldhaber and A. W. Sunyar, Phys. Rev. 83, 90 (1951). 

¢N. Tralli and I. S. Lowen, Phys. Rev. 76, 1541 (1949). 

4W. L. Bendel, thesis, University of Illinois, 1953 
I. Bergstrom et al., Arkiv. Fysik (to be published) 
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the intensity ratio of the corresponding A-conversion 
lines. The predicted cascade intensities are in this case 
most sensitive to a change in the multipolarity of the 
282-kev gamma ray. As can be seen from Table IT it is 
to be concluded that the 282-kev transition is unlikely 
to be either a pure £2, El, or M1 transition, but is 
more probably a mixture of M1 and £2 multipole 
transitions. 

TI consists of 81 protons and 117 neutrons. Thus 
both the odd proton and the odd neutron are close to 
filled shells. According to the shell model the odd proton 
would be expected to be either 51/2, d3/2, (dsy2),"0r iy. 
The corresponding possible assignments for the odd 
neutron are expected to be either pyy2, fsy2, OF t13/2. It is 
therefore evident that an isomer in Tl'%? might be 
associated with quite an abnormally high spin state. 


THALLIUM 198. GROUND STATE 


There is a large number of gamma rays in the thallium 
activities with half-lives of about 5 or 6.5 hr. Only the 
strongest gamma rays could be definitely assigned to 
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either one of these half-lives. Associated with the 5-hr 
half-life are gamma rays of the following energies: 195, 
284, 402, 411.1, and 675 kev. The latter two gamma 
rays are almost certainly identical with those found in 
the decay of Au’. The A/L and (11+L11)/Lii ratios 
of the 411-kev gamma ray are in good agreement with 
those found for the 411-kev gamma ray in the beta 
decay of Au’. We therefore assign the 5-hr activity 
to the ground state of T1!%, 

In the activation experiments mentioned previously, 
when the deuteron bombarding energy was decreased 
from 11.5 to 10.0 Mev, it was found that the intensity 
of the isomeric lines decreased relatively to those of the 
ground state activity. However, the intensity ratio of 
the 5-hr lines (Tl ground state) to the 6.5-hr lines 
(TI'® ground state) remained approximately constant. 
This might be understood if, of the total reduced activa- 
tions at the lower energy, the fraction reaching the 
isomeric state were to decrease in comparison with those 
reaching the ground state of Tl'*. This explanation 
might be possible in view of the fact that the isomeric 
state probably has a spin considerably higher than that 
of the ground state. 

Because the spin of the Tl’ ground state is very 
probably 2—,® and also because the A-capture decays 
of TI? and Tl? are consistent with 2— assignments, it 
would seem plausible that the ground state of Tl'®* would 
also be 2—. Assuming shell structure and Nordheim’s 
rule, such a state could arise consistently in several 
ways for TI!%. 

Since the 411- and 1086-kev levels of Hg'®* are both 
known to be 2+, a 2— assignment to the 5-hr TI! 
ground state would determine the A capture to the 
Hg"®® levels as first forbidden. If we use the theoretical 
curves for logf;,® the maximum A-capture energy 
release would then be ~2 Mev, and the branching to 
the 411- and 1086-kev levels would be approximately 
1:0.8. 

Experimentally it was found that the intensity ratio 
of the gamma rays from the 411- and 1086-kev levels 
was of the order 10:1. This might indicate that the 


5 Lidofsky, Macklin, and Wu, Phys. Rev. 87, 204, 391 (1952); 
E.. der Mateosian and A. Smith, Phys. Rev. 88, 1186 (1952). 

® King, Dismuke, and Way, Oak Ridge National Laboratory 
Report ORNL-1450 (unpublished). 
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411-kev level is fed from several other levels in addition 
to the 1086-kev level, and the presence of other ob- 
served gamma rays lends some support to this view- 
point. It seems more probable, however, that the 
K-capture transitions are not first forbidden and that 


the Tl'® ground state is not 2—. 

It has recently been shown that the 2.7-day Au'® 
decays to the ground state of Hg!’ with a beta ray of a 
high log(/#)-value equal to 11.35.7 A 3+ assignment for 
Au'* is therefore probable, and a similar assignment 
for the Tl’ ground state could arise from a coupling 
of an /y4/2 proton and an /5,2 neutron. The 5-hr K-cap- 
ture transitions would then be allowed, and for a 
log ft-value of 5.5 the energy release to the 411-kev 
state would be approximately 900 kev. For an energy 
release of about 225 kev to the 1086-kev state, a similar 
log /t-value would be associated with an approximately 
10 percent branch. This is in excellent agreement with 
our experimental intensities of the 411- and 675-kev 
gamma rays. 

A possible decay scheme of the isomeric and ground 
state of Tl’ activities is shown in Fig. 1. Very tentative 
level assignments are given. 


THALLIUM 199. GROUND STATE 


In the radioactive thallium there is a large number of 
conversion lines with a half-life of about 6.5 hr. The 
strongest lines correspond to gamma rays of 50.0, 158.4, 
208.1, 247.2, 333.6, 454.6, and 491.3 kev. From the 
fact that the three lowest energy gamma rays are also 
found in the decay of Au, we conclude that the 6.5-hr 
activity belongs to mass number 199, These gamma-ray 
identifications are in excellent agreement with those of 
Wilkinson.’ 

The energy accuracy is estimated to be about 0.1 
percent. Intercombinations of the gamma rays fit 
within this accuracy into the decay scheme presented in 
lig. 2. This scheme is also consistent with that sug- 


7L. G. Elliott and J. L. Wolfson, Phys. Rev. 82, 333 (1951), 
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gested by Wilkinson® and based on coincidence meas- 
urements. He showed that both the 247- and 334-kev 
gamma rays coincide with the 158-kev gamma ray. 

From earlier work® on the beta decay of Au it has 
been suggested that the 158- and 208-kev levels are f5y2 
and p32, respectively. Tentative assignments of the 455- 
and 491-kev levels can also be given, by considering the 
multipolarity of the gamma rays emitted. 

No Ly conversion has been observed for the 247-, 
455-, and 491-kev gamma rays. In all three gamma rays 
the 1; and Ly, lines are observed and in the case of the 
247-kev gamma ray, 1:11 is about 10. This indicates 
that the 247-, 455-, and 491-kev gamma rays are due 
to magnetic dipole transitions. Unfortunately the L line 
of the 334-kev gamma rays was obscured by a 5-hr 
K line. Wilkinson,* however, did not have this disturb- 
ing activity in his experiments and his value of A/L 
= 1.8 for the 334-kev transition indicates an £2 transi- 
tion. It is therefore suggested that the 491-kev level is 
}— and that the 455-kev level is a }— or $—level. 

It is interesting to speculate on the possibility that 
the 455- and 491-kev levels arise from a coupling of the 
158- and 208-kev one-particle levels with the 411-kev 
2+ excitation of the even-even core of Hg'*’. The 
separation of the 455- and 491-kev levels is much the 
same as that of the 158- and 208-kev levels and the 
proposed spins of the 455- and 491-kev levels could arise 
from combinations of the 2+ and p,,2 levels and of the 
2+ and f5/2 levels, respectively. 

The most probable shell structure assignment for the 
ground state of Tl! is s;. As in the case of the ground 
state of Tl", A capture could then take place to a 
number of Hg" levels with comparable intensity. For a 
maximum energy release to the Hg' ground state of 
about 1 Mev, the log/ft-values of the four partial 
K-capture transitions of Fig. 2 would be of the order 
of 6.2, consistent with the first forbidden transition 
required by the decay scheme. 

The suggested decay scheme also agrees with other 
experimental data. It is consistent, for example in our 
experiments, with the nonappearance of the isomeric 
transition in Hg'. A A-capture transition from the 
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Fic, 2. Proposed decay scheme of TI. 


§ P.M. Sherk and R. D. Hill, Phys. Rev. 83, 1097 (1951). 





NEUTRON-DEFICIENT 


ground state of TI' to the isomeric state of Hg™ is 
energetically possible but is strongly forbidden by the 
large spin change to the 1713/2 level. For the same reason 
it is evident that the most probable transition from the 
isomeric state is that to the fs/2 level, the other transi- 
tions being more forbidden. Hole® also observed only 
the 158-kev gamma ray in addition to the isomeric 
gamma ray. If the 455- and 247-kev gamma rays are 
both emitted from the same level and are both M1 
transitions their intensity ratio should be (455/247)? 
=6.2. This should be compared with the experimental 
value 3.4. (This value has been obtained by using the 
experimental ratio of the K-conversion lines and the 
theoretical K-conversion coefficients of Rose ef al.) In 
the same way the M1 transition from the 491-kev level 
to the ground state would be about 250 times stronger 
than an M1 transition to the 455-kev level. Undoubtedly 
for this reason, the corresponding 36-kev gamma ray 
between these levels has not been observed. 


THALLIUM 200. GROUND STATE 


The conversion spectrum decaying with 27-hr half- 
life is very complex. This activity has been assigned to 
mass number 200.' We have found conversion lines 
corresponding to gamma rays of 252, 289, 367.8, 579, 
629, and 829 kev. Gamma rays of energies 116, 660, 
and 786 kev probably also belong to this activity. There 
are certainly still weaker gamma rays associated with 
the 27-hr activity. Many of these gamma rays have 
been observed by Wilkinson?“ who further lists gamma 
rays of 1210 kev, 1360 kev, and probably also 1520 kev. 
Butement and Shillito” using a scintillation spectrom- 
eter have reported gamma rays of energies 390 and 
1130 kev in the beta decay of Au. 

The energy of the most intense 367.8-kev gamma ray 
is considered to be absolutely known with an accuracy 
of better than 1:1000 since its ; line was measured as 
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a close doublet with the Zy line of the 364.18-kev gamma 
ray of I'*', Active iodine was added to the thallium 
source so that both /y lines appeared on the same film. 

Wilkinson*® showed that all the strong gamma rays 
are in coincidence with the 368-kev gamma ray. Thus 
the 368-kev excited state is very probably the first 
excited state. Our values of K/L=2.0 and (11;+L)1)/ 
Lin=3.0 indicate that the 368-kev gamma ray corre- 
sponds to an £2 transition. Thus, in agreement with the 
extensive investigations of even-even nuclei,'' the first 
excited state in the even-even nucleus Hg” is a 2+ 
state. The decay scheme in Fig. 3 is very incomplete 
and indicates only some of the more obvious features. 
For example, the energy sum of the 252- and 579-kev 
transitions agrees within our experimental error with 
the 829-kev transition, and the 579-kev transition from 
K/L ratio and L, intensity is predominantly an M1 
radiation, 


THALLIUM 201. GROUND STATE 


Neuman and Perlman! have reported a gamma ray 
of 210 kev associated with the decay of the 3-day 
activity of TP. We were not able to observe this 
gamma ray but found conversion lines corresponding to 
gamma rays of 30.5, 32.1, 135.3, and 167.6 kev which 
decayed with a half-life of approximately 3 days. 

For the two low-energy gamma rays we observed 
only Ly; component lines. This indicates that these two 
transitions probably are of the M1 type. In the case of 
the 135- and 168-kev gamma rays the /; and Ly, lines 
could be well resolved and in both cases their Ly: Ly 
intensity ratios were about 10. For M1 transitions of 
these energies Gellman e/ al.” give a theoretical Ly: Lit 
value of about 11. 

Since the 32.1-kev transition is probably a link be- 
tween the 135.3 and 167.6-kev transitions, a possible 
decay scheme is as shown in Fig. 4. The level from 
which the 30.5-kev gamma ray is emitted is uncertain, 

t G. Scharff-Goldhaber, Phys. Rev. 90, 487 (1953) ; P. Preiswerk 
and P. Stahelin, Helv. Phys. Acta 24, 623 (1952); A. H. Wapstra, 
Physica 18, 799 (1952); F. Asaro and I, Perlman, Phys. Rev. 87, 
799 (1952). 

2 Gellman, Griffith, and Stanley, Phys. Rev. 85, 944 (1952). 
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and spin assignments of the first 
in even-Hg isotopes 


Energies (in kev 
excited states 


Hg Hgts Hyg™ Hg 


411(24+)  368(24) 
1086(2+-) 947(24-) 


Ist excited level 426(2+-) 
2nd excited level 


439(2+) 


and there is no a priori reason that the order of the 
32.1- and 135.3-kev y rays should not be reversed. The 
decay of the 26-min Au*"' measured by Butement and 
Shillito"” is also included in the figure. Since we did not 
observe the 550-kev gamma ray, it is possible that the 
ground state of Tl” lies below the 550-kev excited 
level in Hg”. 

We have also looked for an 43/2 isomeric state in Hg” 
(and Hg™*). The energy separations of the fsy2 and p12 
levels from the i132 levels in the odd-A isomers of Hg 
are smooth curves when plotted as a function of the odd 
neutron number.” Extrapolating these curves to higher 
neutron numbers, one might expect to find M4 isomers 
in Hg” and Hg™* associated with the half-lives of 
approximately 10 and 1 min arising from transitions 
of energies of approximately 600 and 850 kev, respec- 
tively. In order to check this, enriched isotope samples 
of Hg’, Hg”, and Hg were irradiated with gamma 
rays from the 20-Mev betatron. By measuring the 
activity of Hg'®™ produced in a (y,n) reaction, we were 
able to calculate the activities of the expected M4 
transitions in Hg”' and Hg”*. No such activity, even 
100-1000 times weaker than the expected, was observed. 
One possible explanation of the absence of isomerism of 
the expected type is that the i132 level has moved 
energetically so high that another underlying level of 
intermediate spin has destroyed the metastability of the 
iy3/2 level. It would, however, still seem worthwhile 
searching for shorter-lived isomers in Hg™'!, Hg, 
206 


and Hg? 


THALLIUM 202. GROUND STATE 


In agreement with earlier observations,’ only one 
gamma ray has been observed in the decay of the 12-day 
TP. Since the K line was measured as a close doublet 
with the Z; line of the 364.18-kev gamma ray in [!*!, 
the energy of 439.1 kev for this gamma ray should be 


TABLE IV. Energies (in kev) and level assignments of low-lving 
states in the odd-A Hg isotopes. (g.s.= ground state.) 
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«J. W. Mihelich ¢¢ al., Phys. Rev. 91, 498 (1953). 
» Gopalakrishnan, de Shalit, and Mihelich, Phys. Rev. 89, 908 (1953). 
¢ Huber, Joly, Scherrer, and Verster, Helv, Phys. Acta 25, 621 (1952). 


19M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 


AND DE PASQUALI 

absolutely known with an accuracy of better than 
1:1000. The K/L ratio=2.6 and the (114+-L1)//in 
ratio= 3.5, strongly suggesting an £2 transition. Since 
no other gamma ray was observed, we believe that the 
439-kev gamma ray is emitted from the lowest level 
in Hg™., That this level should be a 2+ level is in 
agreement with the systematics of even-even nuclei." 
The proposed decay scheme is shown in Fig. 5. 


SYSTEMATICS OF NUCLEAR LEVELS IN MERCURY 
Even A 


As pointed out by Goldhaber and Sunyar (reference b, 
Table I), G. Scharff-Goldhaber,'" and others,'' the first 
excited states in even-even nuclei are predominantly 
2+ levels. The energies of these levels also show a 
regular energy dependence with A.'' A summary of data 
pertaining to mercury is shown in Table III. The 
energies are given in kev and are followed by the spin 
assignments in parentheses. 


ODD A 


Energy level trends in odd-A nuclei have been pointed 
out in connection with the study of isomers.'* The 
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energy levels, assignments and separations of the odd-A 
isotopes, many of them tentative, are collected in 
Table IV. 

It is apparent from Table [V that the 13/2 and fo/2 
levels vary energetically in a systematic manner. How- 
ever, the behavior of the p12 and 3,2 levels is rather 
capricious. It would seem somewhat anomalous that 
the 3 state at one stage (A = 193, 195) should be lowest, 
should later (4=197, 199) concede to the } state as 
lowest state, and then return again to be the ground 
state at A= 201. It is possible also that the unexpected 
interchange of the ps;2—f1/2 spin-orbit doublet for 
A =199 is associated with this irregular behavior of the 
spin-3 ground state. 

The present work on the thallium activities remains 
somewhat incomplete. There are for example many 
weak conversion lines which we have been unable to 
classify. These lines are listed below, arranged in order 
of increasing energy (in kev): (No Auger lines are 
listed. Abbreviations: ew=extremely weak, vw=very 
weak, w= weak.) 36.9, 37.6 ew 5-27 hr; 81.4, 82.9, 83.8, 
99.7 w 27 hr?; 132.6 ew <27 hr, 137.1 vw 27 hr?; 165.1, 
188.7 ew ?; 195.9 w ?; 201.5 ew ?; 226.0 w 27 hr?, 
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271.7 ew 27 hr; 293.5, 299.6, 303.8 w 27 hr?; 332.6, 
333.6 ew ?; 392.4 w ?; 414 ew ?; 458 vw 6 hr; 465, 473, 
480 ew 6 hr?; 503, 508, 513 w 6 hr?; 582, 604, 618, 
640 ew ?; 667, 687 w ?. 
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Note added in proof:—M. C. Michel (thesis, Univer- 
sity of California, 1953) has recently made a time-of- 
flight analysis of the thallium isotopes. Independently 
he assigns the 1.8-hr activity to A=198 and also 
observes the 5.3-hr activity of Tl! which is reported 
in our work. 
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Large-Angle Scattering of Co’ Gamma Rays*f 


Tuomas D. StricKLER 
Sloane Physics Laboratory, Yale University, New Haven, Connecticut 
(Received May 19, 1953) 


Measurements of the scattering of Co gamma rays from lead, tin, copper, and aluminum have been 
made at a mean angle of 135°. In addition to Compton scattering and annihilation radiation, some higher 
energy components are present. Elastic scattering was observed in each of these scatterers and the cross 
section for this process has been measured. Results are shown to be consistant with recent theoretical caleu 


lations on Rayleigh and Thomson scattering. 


INTRODUCTION 


NVESTIGATION of the large-angle scattering of 

gamma rays permits the measurement of scattering 
events other than Compton scattering. This is of low 
energy and can be discriminated against. Investiga- 
tions of this type were made by Chao! and Gray and 
Tarrant’ in a study of the scattering of ThC” gamma- 
rays from lead and other scatterers, and first showed 
the presence of annihilation radiation from positrons 
produced in the scatterer. 

Pollard and Alburger* employed this method in 1948 
in an attempt to measure nuclear resonance scattering 
of Na™* gamma rays in magnesium. Their results 
showed no marked excess in intensity of gamma rays 
scattered from magnesium over those scattered from 
aluminum. However, measurements on scattering from 
magnesium, aluminum, lead, and mercury showed, in 
each case, an unidentified component of hard radiation 
having an absorption coefficient characteristic of the 
unmodified incident beam. 

Moon‘ and Storruste® have made similar measure- 
ments on scattering from lead, copper, and aluminum. 


* This work has been supported by the joint program of the 
U. S. Office of Naval Research and the U. S. Atomic Energy 
Commission. 

t Part of a dissertation presented to the Faculty of the Graduate 
School of Yale University, in partial fulfillment of the require 
ments for the degree of Doctor of Philosophy. 

1C, Y. Chao, Phys. Rev. 36, 1519 (1930). 

2L. H. Gray and G. T. P. Tarrant, Proc. Roy. Soc, (London) 
136, 662 (1932). 

3 E. C. Pollard and D. E. Alburger, Phys. Rev. 74, 926 (1948). 

4P. B. Moon, Proc. Phys. Soc. (London) A63, 1189 (1950). 

6 A. Storryste, Proc. Phys. Soc. (London) A63, 1197 (1950). 


Moon has attempted to explain the results of Pollard 
and Alburger on the basis of interference between 
coherent scattering by bound electrons (Rayleigh 
scattering) and Thomson scattering from the nucleus. 
In addition, heJhas confirmed the calculations of 
Franz® on Rayleigh scattering at a mean angle of 115 
and at an energy of 0.41 Mev, and Storruste has ex- 
tended his measurements to other angles in the region 
from 60° to 150°. 

More recently, Wilson’? has measured this elastic 
scattering from lead at various angles in the energy 
regions near 1.3 Mev and 2.6 Mev in an attempt to 
find evidence of Delbriick scattering (potential scatter- 
ing by virtual pair formation in the field of the nucleus). 
With this background in mind, an investigation was 
undertaken of large-angle scattering of Co™ gamma 
rays, with particular attention paid to the elastic 
scattering. Knowledge of the cross sections for this 
process, and their dependence on the atomic number 
of the scatterer, would be useful in the interpretation 
of existing calculations on Rayleigh scattering and 
might provide additional evidence for the existence 
of Delbriick scattering or resonance scattering. 


THEORY 


In addition to Compton scattering and annihilation 
radiation, other scattering events are possible in the 
energy region of 1.3 Mev by the processes of brems 
strahlung, Thomson scattering, Rayleigh scattering, 


6 W. Franz, Z. Physik 98, 314 (1935) 
7K. R. Wilson, Phys. Rev. 90, 720 (1953). 
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Fic. 1, Arrangement of apparatus for measurement of gamma 
ray scattering at a mean angle of 135°. 











resonance scattering, and Delbriick scattering. The 
last four can contribute to elastic scattering. 

The classical scattering calculation of Thomson® is 
applicable to scattering from the nucleus in this energy 
region (by replacing the electronic charge e by Ze and 
the mass by the nuclear mass) since the rest energy of 
the heavy nucleus is large in comparison with the 
incident gamma-ray energy and relativistic effects can 
be neglected. The differential cross section is approxi- 
mately proportional to Z? and is independent of the 
incident gamma-ray energy. 

Franz® has calculated the cross section to be expected 
from Rayleigh scattering in the gamma-ray region for 
small scattering angles, and Moon‘ has given an ex- 
tension of his results for the case of large angles. This 
calculation, computed on the basis of a Thomas-Fermi 
electronic charge distribution, predicts a Z* dependence 
for the scattering cross section and shows that the 
scattering is mainly in the forward direction. Levinger® 
discusses Bethe’s interpretation of these form-factor 
calculations, showing that for values of the photon 
change in momentum greater than the characteristic 
momentum of a A electron, a better approximation 
would be obtained by using Dirac wave functions for 
K electrons. His calculations predict a somewhat lower 
cross section than Franz’ and show that the scattering 
may be proportional to Z* or Z" in the energy region 
of 1.3 Mev. It would thus be negligible in comparison 
to the Thomson scattering in the case of the lower 
atomic number scatterers. Levinger has described the 
approximations involved in these calculations and the 
relativistic corrections to be expected in this energy 
8J. J. Thomson, Conduction of Electricity Through Gases 


(Cambridge University Press, London, 1906). 
9J.S. Levinger, Phys. Rev. 87, 656 (1952). 
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region, and Brown and Woodward" have discussed the 
effects of binding in the intermediate state. 

The probability for the occurrence of resonance 
scattering by nuclear excitation depends on how near 
the incident gamma-ray energy is to that of an excited 
state. Levinger!' has calculated the cross section to be 
expected when the incident energy is far enough from 
the nearest energy level so that the contribution to 
the scattering from it is small compared to the scatter- 
ing from all other levels. (Twenty electron volts seems 
to be far enough.) In that case, he has concluded that, 
at 1.3 Mev, the scattering to be expected from reso- 
nance absorption is negligible compared to the Thomson 
scattering intensity. 

Very little theoretical work has been done on po- 
tential scattering. Rohrlich and Gluckstern® have 
made an exact calculation of this scattering of 1.33-Mev 
gamma rays from lead at 0° and predict a differential 
cross section of 0.15 mb/sterad. Since the angular 
dependence is rather high, and the scattering is pro- 
portional to Z*, it is doubtful if there is any substantial 
scattering at 135° in comparison with other processes 
such as those mentioned above. 


APPARATUS 


The scintillation spectrometer used in the energy 
measurements consisted of a large Nal(TII) crystal 
mounted on an RCA type 5819 photomultiplier tube 
used in conjunction with a_ single-channel pulse- 
height analyzer. The instrument has been fully de- 
scribed in a previous paper." 

The Co® source, with a strength of about five curies, 
was obtained in the form of a wire § inch in diameter 
by § inch long and was mounted in the center of a 
large lead cylinder 12 inches in diameter by 12 inches 
long, with a conical opening to define the beam dimen- 
sions. A diagram of this and the geometry used in the 
scattering measurements is shown in Fig. 1. Measure- 
ments were made at a mean angle of 135°. 

Scatterers were cut from lead, tin, copper, and 
aluminum in the form of ellipses of such a thickness as 
to have, in each scatterer, the same number of electrons. 
These were supported on a thin aluminum stand whose 
effect on the scattering was negligible in comparison 
with the scatterers, but which was left in place during 
background measurements. All background measure- 
ments were made with the source in place but with 
scatterers removed. 


RESULTS 


Figure 2 shows the spectra of radiation scattered 
from 3 inch of lead, and equivalent thicknesses of tin 

0 G. E. Brown and J. B. Woodward, Proc. Phys. Soc. (London) 
A65, 977 (1952). 

4 J.S. Levinger, Phys. Rev. 84, 523 (1951). 

2 F. Rohrlich and R. L. Gluckstern, Phys. Rev. 86, 1 (1952). 

8T. D. Strickler and W. G. Wadey, Rev. Sci. Instr. 24, 13 
(1953). 
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LARGE-ANGLE 
and copper, using ;°5 inch of lead absorber between 
scatterer and counter. Calibration curves are shown at 
pulse heights corresponding to energies of 0.51 Mev, 
1.17 Mev, and 1.33 Mev. The Compton scattering 
peaks at 0.24 Mev, and the annihilation peaks are 
easily distinguishable. Pulses were observed with 
pulse heights up to 83 volts, corresponding to energies 
up to 1.33 Mev although the intensities were very low 
and cannot be seen in these curves. 

Figure 3 shows an expanded portion of the curves in 
the energy region of 1.33 Mev of scattering from lead, 
tin, copper, and aluminum. These were run with 3 
inch of lead absorber between scatterer and counter 
to further discriminate against the Compton scatter- 
ing. Vertical bars on the measured points indicate the 
statistical accuracies (standard deviations). The set of 
runs shown required about one week of running time 
on the spectrometer and the pulse height during this 
time was stable within a few percent. Calibration 
curves over the 1.33-Mev peak of Co were taken 
repeatedly during these runs as a check on the stability. 

To eliminate the possibility that any substantial 
part of these curves was due to pileup of lower energy 
photons in the crystal, a spectrum of the direct radia- 
tion from a source of Cs'*7 was measured at a distance 
such as to give an over-all counting rate greater than 
that scattered from the scatterers. This spectrum, with 
a peak at 0.661 Mev, was found to fall off much more 
rapidly at higher energies than the scattered spectra. 

To measure the cross sections for this apparant 
elastic scattering, a weak Co® source of known in- 
tensity was placed in the center of the position of the 
scatterer and the spectrum measured again in the 
region of the 1.33-Mev peak. From the known strengths 
of the two Co™ sources, the ratio of the counting rates 
at the 1.33-Mev peaks, and the geometry of the system, 
the corresponding cross sections were calculated. The 
effect of absorption of the incident and scattered beam 
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Fic, 2. Spectra of Co gamma rays scattered at 135° from lead, 
tin, and copper Dotted curves show calibration lines from Co® 
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Fic. 3. Spectra in the energy region of 1.3 Mev of scattering 
from lead, tin, copper, and aluminum. Vertical lines on measured 
points indicate statistical accuracies. 


in the scatterer was accounted for using values for the 
absorption coefficients calculated from cross sections 
for Compton effect and photoelectric effect given by 
Heitler,"* and for pair production given by Hirsch- 
felder and Adams.'° 

Several checks were made to contirm the validity of 
these cross section measurements. A spectrum was 
measured of a weak gamma-ray source of /'' extended 
over the dimensions of the scatterer, and this compared 
with that of the same source concentrated near the 
center. The effective decrease in counting rate due to 
the extended source was less than tive percent. A sheet 
of photographic paper placed at the position of the 
scatterer and exposed to the gamma radiation of the 
strong source, showed an even irradiation over the 
entire face of the scatterer. Also, the strengths of the 
two sources were compared with a third source of 
intermediate strength using a Lauritsen electroscope 
and a number of pencil type ionization chambers, and 
the relative intensities (though not the absolute in- 
tensity) were thus determined within about fifteen 
percent. 

These differential cross sections are listed in Table I 
along with the theoretical values for the coherent 
combination of Rayleigh scattering (using Bethe’s 
form-factor calculation), and Thomson scattering. 
The experimental errors given in these measurements 
represent those introduced by inaccuracies in meas- 
urements of source strengths, effect of the extended 
source, pulse height instability, etc., as well as statistics 


4W. Heitler, The Quantum Theory of Radiation (Oxford Uni- 
veristy Press, London, 1935) 

‘6 J. O. Hirschfelder and E 
(1948). 
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TABLE I. Differential elastic-scattering cross sections 
in millibarns/steradian. 


Pb Sn Cu Al 


0.0007 
2x10 


0.0031 
3.2X10°* 


0.0080 
4.5104 


Thomson 0.019 
Rayleigh 0.06 
Rayleigh 

plus 
Thomson 0.15 0.012 0.003 0.0007 
Measured 0.1240.04 0.0154-0.006 0.004+0,002 0.0008 4+-0.0004 


in the counting rates. The largest of these in the case 
of lead was in the estimate of source strength. 


DISCUSSION 


Although for pure elastic scattering one would ex- 
pect to measure a peak in the scattered spectrum at 
1.33 Mev, it can be seen from the lead spectrum that 
no peak was observed. A definite change in slope, how- 
ever, was recorded at this point which would seem to 
indicate that the elastic scattering was superimposed 
on a monotonically decreasing scattered component 
such as one might attribute to bremsstrahlung (from 
photoelectrons produced in the scatterer). Comparing 
the shape of the curve with the direct spectrum of Co™ 
gamma rays through } inch of lead absorber, however, 
indicates that at 1.33 Mev the contribution of this 
component to the total scattering is probably small. 
The measured cross sections given in Table I, of course, 
include the effect of this component. This continuously 


decreasing component will be proportionally smaller 


than the elastic scattering in the case of the lighter 
elements because of the high Z dependence of the 
scattering at lower energy as pointed out below. ‘This 
is confirmed by the measurements of Pollard and 
Alburger’ which show considerable high-energy scatter- 
ing (with a more continuous energy distribution) from 
lead, and much less from aluminum and magnesium 

but all of it with an absorption coefficient equivalent 
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to that of the incident beam. It is thus unnecessary to 
distinguish a peak in the scattered spectrum, since a 
measurement of the counting rate at the pulse height 
corresponding to the incident energy is sufficient to 
calculate a cross section with the accuracy shown 
above. Results are also in agreement with recent 
measurements made by Wilson’ on elastic scattering 
from lead. 

The continuous energy spectrum observed between 
0.51 Mev and about 1.2 Mev (not shown in detail in 
the accompanying figures) appeared to be of some 
interest. Taking into consideration the thickness of 
the scatterers and the absorption coefficients at these 
energies, the measurements indicate that the Z de- 
pendence is very high in this region—-proportional to 
Z° or more. If this radiation were due to bremsstrahlung 
from Compton electrons produced in the scatterer, 
one would expect the intensity to be dependent on 2°. 
Consideration of the radiation from photoelectrons 
would partially explain this discrepancy. It is possible 
that other processes such as one-quantum annihilation 
of positrons would explain this high Z dependence but 
the explanation would require a more careful study 
than that attempted here. 

The agreement between the measured cross sections 
and those calculated for Rayleigh and Thomson 
scattering may not be too significant, particularly in 
the case of the Rayleigh scattering. Considerations of 
the binding in the intermediate state and reiativistic 
effects may be serious and the contributions of the 
potential scattering to the total elastic-scattering 
component is yet to be determined. 

It is a pleasure to acknowledge the encouragement 
and support of Professor H. L. Schultz and Professor 
W. G. Wadey during the progress of this work. Thanks 
are also due J. S. Levinger and to R. L. Gluckstern who 
furnished the author with considerable information 
and advice concerning the recent theoretical develop- 
ments. 
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Half-Life of Zr**+ 


Fart K. Hype 
Radiation Laboratory, University of California, Berkeley, California 
(Received July 29, 1953) 


The half-life of Zr** has been determined to be 85 days by following the growth and decay of its 105-day 


Y** daughter. 


N an earlier report' concerning some neutron 

deficient isotopes of zirconium, brief mention was 
made of Zr**. This was reported to be a long-lived 
activity emitting only x-radiation, 406-kev gamma 
radiation and conversion electrons. The determination 
of the half-life posed some difficulty, as it could not be 
determined directly by following the decay of the x- 
and gamma radiation because of the interference of 
of similar radiation from the 105-day daughter Y*. 
The method selected as most suitable was the deter- 
mination of the growth and decay of the 1.85-Mev 
gamma radiation of Y** counted through sufficient 
absorber to eliminate the 406-kev gamma radiation of 
Zr**. Because of the length of the parent and daughter 
half-lives, this method requires that the sample be 
followed for over two years. At the time of the above 
report, an estimate based on the determination of only 
the initial portion of the growth and decay curve gave 
150 days as an approximate value of the Zr** half-life. 
Sufficient time has now elapsed to permit completion of 
the growth and decay curve (see Fig. 1), and an accurate 
value of 85 days has been determined. 

The zirconium sample used to obtain the experimental 
data of Fig. 1 was isolated from a niobium target which 
had been bombarded with 100-Mev protons in the 
184-inch cyclotron on August 4, 1950. The zirconium 
was isolated 95 days after the bombardment, at which 
time the Zr**, Zr’, and Zr*’ had decayed completely, 
by the chemical methods outlined before.' No zirconium 
activity other than that of Zr** was present. The sample, 
mounted on platinum foil, was counted through 16.1 
grams/cm? lead absorber placed immediately below a 
chlorine filled Geiger tube (Amperex). This tube was 


+ This work was carried out under the auspices of the U. S. 
Atomic Energy Commission. 


'E. K. Hyde and G. D. O’Kelley, Phys. Rev. 82, 944 (1951) 


chosen because of its long-term stability. Each time 
the sample was counted, a UX, standard was counted 
immediately afterward. The 16.1 g/cm? of absorber 
reduced the gamma radiation of Zr** to 3 percent or 
less of its original amount. The decay of Y* is almost 
100 percent by electron capture, and each electron 
capture event is followed by a 908-kev gamma ray and 
a 1.85-Mev gamma ray. The 16.1 g/cm? of lead is one 
half-thickness for this latter gamma. Hence the ob- 
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Fic. 1. Half-life determination of Zr’. Experimental points 
represent growth and decay of energetic gamma radiation of 
105-day Y*. Sample was pure Zr™ initially. Curves are theoretical 
curves calculated for 3 values of parent half-life 


served activity can be considered as due almost solely 
to: ¥™*. 

The experimental points are plotted against the time 
from the final purification of the zirconium fraction. 
Theoretical growth and decay curves were calculated 
for a 105-day daughter produced by a parent of various 
half-lives. Three of these curves normalized to the 
maximum of the experimental points are shown, includ- 
ing that for a parent half-life of 85 days which seems 
to fit the data best. 
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The Angular Correlation of the Cascade Gamma Rays from the Decay of Au'**} 


CARLTON D. ScHRADER* 
State University of Lowa, Iowa City, lowa 
(Received June 18, 1953 


The angular correlation of the 0.411-Mev and 0.64-Mev cascade gamma rays resulting from the beta 
decay of Au to Hg! has been measured with scintillation counters. If only pure multipole radiations are 
assumed, the experimental data do not agree with theoretical calculations for any reasonable values of the 
spins of the relevant states in Hg'*. They do agree well, however, with spins of 0, 2, and 2 for the ground 
state, 0.411-Mevy state, and 1,09-Mev state of Hg'*, respectively, if the first transition (0.68-Mev gamma) 
is assumed to be a mixture of 60 percent dipole and 40 percent quadrupole radiation and the second transition 
(0.41-Mev gamma) is assumed to be pure quadrupole radiation. The parities of all three states are the 
same, presumably even. These results are in general agreement with the internal conversion measurements 


of other investigators 


I. INTRODUCTION 


T has recently been discovered'* that about two 

percent of the decay of Au' occurs through the 
emission of a 0.295-Mev beta to a 1.09-Mev level in 
Hg". This level decays both by a direct 1,09-Mev 
gamma to the ground state and by cascade emission of 
gammas of energies 0.68 and 0.411 Mev. Cavanagh‘ 
measured the intensities of the 0.68 and 1.09-Mev 
gammas relative to the 0.411-Mev gamma and found 
values of 1.4 percent and 0.4 percent, respectively. 
Elliott and Wolfson® have measured the internal 
conversion coefficients of all three gammas and in 
addition have reported a very low-intensity 1.38-Mev 
beta to the ground state. A determination of the 
angular correlation of the two cascade gamma rays 
should serve to verify the spin and parity assignments 
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Fic. 1, Top view of scintillation spectrometer table. The details 
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made on the basis of the internal conversion measure- 
ments, and if sufficiently precise should permit the 
determination of the multipole mixing ratio of the 
radiations. 


II. APPARATUS, PROCEDURE, AND 
EXPERIMENTAL RESULTS 


The Au! source used for the angular correlation was 
in the form of a metallic colloidal suspension. The 
source holder was made of aluminum and was con- 
structed in the form of a hollow needle with a wall 
thickness of 0.020". The scattering of the gamma rays 
in the walls of the source holder was estimated to have 
a negligible effect on the angular correlation. The 
scintillation counters were NalI(Tl) crystals on RCA 
5819 photomultiplier tubes. The crystal and phototube 
were sealed in a light tight housing as shown in Fig. 1. 
The Au differential pulse-height curve measured in 
one of the counters is shown in Fig. 2. The shoulder 
on the curve at 0.82 Mev is due to the coincidence of 
random 0.411-Mev gammas within the single counter. 
The peak near 0.20 Mev is the Compton peak of the 
0.411-Mev gammas. The peak near 0.069 Mev is 
thought to be due to the K x-ray of gold.’ 

The electronic components of the two counting 
channels and coincidence circuit are shown schemati- 
cally in Fig. 3. The discriminator of the amplifier for 
counter No. 1 was set at a point which corresponded 
approximately to point A of Fig. 2. This point was high 
enough to avoid pile-up from low-energy pulses and 
noise, low enough for the counter to have very good 
efficiency for the 0.411-Mev gamma, and at this setting 
the effect of amplifier drift was also minimized. The 
discriminator of the amplifier for counter No. 2 was set 
at a point corresponding to B of Fig. 2. This setting 
again minimized the effect of amplifier drift while 
permitting good efficiency for the counting of 0.68-Mev 
gammas without allowing a tremendously high ac- 
cidental coincidence rate from the intense 0.411-Mev 
gammas. 

The discriminator settings were calculated to be 
high enough so that it was energetically improbable 
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for any gammas from the decay of Au'®* to be counted 
in one counter, scatter, and be counted in the other 
counter. The same settings obviated any contribution 
from coincidences between possible 0.97-Mev_ beta 
bremsstrahlung and a subsequent 0.411-Mev gamma 
(see Fig. 4). 

The problem of accidental coincidences was partic- 
ularly acute in this experiment since the gammas 
following the direct beta transition to the 0.411-Mev 
level are approximately seventy times more intense 
than the cascade gammas. The accidental coincidence 
rate was determined by delaying the pulses in channel 
two by 1.3 microseconds, approximately three times 


the resolving time of the coincidence circuit. This 
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Fic, 2. Differential pulse-height distribution of pulses produced in 
Nal crystal by Au!® y rays, 


eliminated all true coincidences but left the accidental 
coincidence rate unchanged. The accidental coincidence 
rate was approximately 20 percent of the total coinci- 
dence rate. Also, because the true cascade gamma 
coincidence rate from Au'** was so small, the cosmic- 
ray background coincidence rate became an important 
correction to the observed coincidence rate. This 
background rate was approximately 10 percent of the 
total coincidence rate. 

The final experimental quantity actually obtained 
was |W. x,(9). This is the ratio of the true coincidence 
rate (observed rate corrected for background and 
accidental rate) to the true rate in counter No. 1. The 
division by the true rate in counter No. 1 automatically 
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corrected for decay of the source and any slight de- 
centering of the source. 

Since theory shows that angular correlation functions 
are expressible in terms of Legendre polynomials, 
Wexp(8) was fitted to such an expansion by the method 
of weighted least squares. The normalized result was 


Wexp (8) = 14 AoP2(cosé) + A 4P4(cosd), 
where 
Ao= 


~0.261+0.023, 14=0.137+0.012. 


Although the interpretation of the data will be made in 
terms of the coefficients 12 and A, of the Legendre 
polynomials, a conventional plot of W,.,(@) against 6 
is shown in Fig. 5. The vertical bars through the 
experimental points represent the standard deviations 
based on counting statistics only. 


III. DISCUSSION AND INTERPRETATION 
OF RESULTS 


Since the lifetime of the intermediate (0.411-Mev) 
level has been measured®? and is known to be about 
10-"' second, the observed correlation should not have 
been perturbed by extra-nuclear fields. Thus a direct 
comparison with theoretical calculations can be made. 
It will be shown that such a comparison leads to a 
unique assignment of the spin for the second excited 
state of Hg! and that this result agrees with all other 
information concerning the decay of Au'’’, 

Since «Hg! is an even-even nucleus, its ground 
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Fic. 4. Decay scheme of Au'” 


6 P. B. Moon, Proc. Phys. Soc. (London) A64, 76 (1951) 
7 Bell, Graham, and Petch, Can. J. Phys. 30, 35 (1952) 
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Fic. 5. 
counters 


Coincidence rate as function of angle between the 
The vertical bars through the experimental points 
indicate the standard deviation due to counting statistics. The 
theoretical curve shown is calculated for a 2(60 percent D, 
410 percent Q)2(Q)0 cascade 


state is assumed to have 0 spin and + parity’ (see also 
Burger and Van Cittert®). Moon’ and Simons’ are 
among the latest of several workers to measure the 
internal coefficient for the 0.411-Mev 
gamma. All results show that this gamma is pure 
electric quadrupole radiation. This leads to the assign- 
ment of spin 2 and + parity for the 0.411-Mev level. 

The spin of the 1.09-Mev level in Hg'’* could be 
either 1, 2, or 3; a spin greater than 3 would mean a 
spin change of more than 3 in the crossover gamma-ray 
transition which is very highly improbable since the 
crossover gamma competes favorably with the first 
cascade gamma. Table I shows the theoretical Legendre 
polynomial coefficients for possible pure multipole 
transitions, and the same coefficients 
corrected for the finite resolution of the counters used 
in this experiment. (The correction was made according 
to the Church and Kraushaar.)'' Since 
there is no theoretical set of pure 1, 2, or 3 (D or Q) 
2(Q)0 angular correlation coefficients which agree with 
the experimental coefficients, it becomes necessary to 
calculate the possible multipole mixtures which might 
occur in the first transition. 

Theoretical 
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Fic, 6. Legendre coefficients as a function of the quadrupole 
dipole amplitude ratio, B/a. The mean value of B/a which is 
compatible with the experimentally possible values of A, and A, 
(enclosed by the vertical lines) is — 1.22 


SH. C. Burger and P. H. Van Cittert, Physica 5, 177 (1938) 
*M. Moon, Thesis, State University of Lowa, 1951 (unpublished) 
 1,, Simons, Phys. Rev. 86, 570 (1952) 

" &.L. Church and J. Kraushaar, Phys. Rev. 88, 419 (1952 
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involving mixed radiations have been calculated by 
several authors, including Coester and Jauch.” The 
particular equations used were taken from Sec. III of 
Rose end Biedenharn. The general angular correlation 
function for the cascade emission of a mixed dipole- 
quadrupole radiation and a pure quadrupole radiation 
may be written as 


W (0) =a? W (8) +B°W 2(8) + 2aBW 3 (6), 


where W, is the correlation function for a pure D-Q 
cascade, H’, is the function for a pure ( ( cascade, and 
HW’, is the interference term, and where the a’s and the 
B’s are the reduced matrix elements of the respective 
transitions. The W's involve sums of products of 
Clebsch-Gordon coefficients, which may be calculated 
from equations given in Condon and Shortley," and 
Racah which can found in tables 
prepared under the direction of Biedenharn.'® The 
relative intensity of the quadrupole component to the 
dipole component of the mixed radiation is given by 
3° a’, Lloyd'® (see also Coester'’) has pointed out that 
a and 6 are real with their signs undetermined. Thus 


coetficients, be 


TABLE I. Coefficients in the expansion 1+ A »P2(cosé) + A 4P4(cos6) 


Theoretical coefficient 
for pure multipole 
transitions 


Coefficients corrected 
for counter resolution 


Transition 1 14 12 As 


—().192 0 
1.821 —().0666 
0.240 

—().0745 

—().0686 

—(0.196 

—0.261 


0.200 0 
1.895 — 0.0764 
0.250 
0.0775 
0.0714 
—0.204 


1(D)2(Q ) 
1(0)2(Q)0 
2(D))2(Q)0 
2(Q)2(Q00 
3(D)2(Q)0 
3(Q)2(Q)0 
(Experimental) 


—().0713 
0.137 


0.0817 


the sign and the magnitude of the ratio 8 a are arbitrary 
and can be adjusted to the data. 

In the present case a consideration of the possible 
dipole-quadrupole mixtures for a spin of either 1 or 3 
shows that for all values of 6B /a@ the coefficient of the 
P,(cos@) term is either zero or negative. Such mixtures 
are thus ruled out because of the observed positive 
coetlicient of the ?s(cos#) term. Therefore, it is most 
probable that a theoretical mixture of spin 2-D, Q will 
agree with the experimental data. 

Figure 6 shows the values of the angular correlation 
coefficients possible for a dipole-quadrupole, spin-2 
mixture as a function of 8 a. A mixing ratio of 600/40D 
with B/a=—1.225 gives theoretical values of 
A,= —0.261 and A,=0.136 which most nearly coincide 


2 F Coester and J. M. Jauch, Helv. Phys. Acta 26, No, 1 (1953). 

8M. EF. Rose and L. C. Biedenharn, Revs. Modern Phys. 
(to be published) 

4. U. Condon and G H Shortley, Theory of Atomic Spectra 
(The Macmillan Company, Inc., New York, 1952), pp. 76-77. 

16 J, C, Biedenharn, “Table of Racah Coefficients,” Oak Ridge 
National Laboratory Report ORNL-1098, 1952 (unpublished). 

16S. P. Lloyd, Phys. Rev. 81, 161 (1951) 

'7 F, Coester, Phys. Rev. 89, 619 (1953). 
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with the observed coefficients, although any values of 
8°/a? between about 55/45 and 65/35 (8/a between 
—1.11 and —1.30) would be within the statistical 
accuracy of the experiment. The theoretical coefficients 
have been corrected for finite resolution of the counters. 

Because of the excellent agreement of the observed 
correlation with the theoretical 2(40 percent D, 60 
percent ()2(QV)0 correlation, it is concluded that the 
spin of the 1.09-Mev level in Hg! is 2 and that the 
0.68-Mev radiation consists of a mixture of about 
40 percent dipole and 60 percent quadrupole radiation. 

Recently Elliott and Wolfson®'* have measured the 
internal converson of all three gamma rays and have 
found the coefficients to be consistent with the theoret- 
ical values of pure £2 for the 1.09- and 0.411-Mev 
gammas and 60 percent M1 plus 40 percent £2 for the 
0.68-Mev gamma. They also measured the intensities 
of the 0.68- and 1.09-Mev gammas relative to the 
0.411-Mev gamma, finding values of 0.48 percent and 
0.13 percent, respectively. The pure £2 coefficient for 


'S Dr. L. G. Elliott (private communication, December, 1952). 
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the crossover transition allows immediate assignment of 
2+ to the 1.09-Mev level. This agrees with the present 
experiment in the assignment of spin. Also, since the 
first announcement" of the present work, Schiff and 
Metzger” have published an independent account of 
essentially the same work with essentially the same 
results. 
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Method for the Determination of the End-Point Energy of Beta Emitters* 
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It was found that the absorption of beta spectra in materials of high atomic number is exponential, The 
absorption coefficients in gold are inversely proportional to the } power of the end-point energy of the 
spectrum. This experimental law holds with 2 percent accuracy in the energy interval from 0.3 Mev to 
2.2 Mev and in the intensity domain from $ to 1/100 of the original intensity, if a detector with less than 
2 percent relative opening is used. The end-point energy of beta emitters can, therefore, be determined by 
measuring only two points on a gold absorption curve and is expressed by the equation: E=9m $+0.015 
with 2 percent accuracy from 0.17 Mev to 2.2 Mev; where £ is the end-point energy in Mev and yw the 


absorption coefficient in em?,g 


HE most characteristic feature of a beta spectrum 

is its end-point energy. Spectroscopic and ab- 
sorption methods so far used require strong sources 
and tedious measurements.! They cannot be used in 
cases when the source is weak, has a short lifetime, or 
when for other reasons a quick determination is 
required, 

The method presented here is based on two experi- 
mental observations made by the author. 

(1) It was found that the absorption curve of beta 
emitters in materials of high atomic number, e.g., gold, 
is a fairly straight line in a semi-logarithmic plotting, 
if the detector used has a relative opening of less than 
2 percent and the absorbers are placed close to the 


* This research has been supported by Frederick Gardner 
Cottrell grant of Research Corporation 
'See the comprehensive paper discussing absorption methods 


by L. Katz and A. S. Penfold, Revs. Modern Phys. 24, 31 (1952). 


source (see Fig. 1). Consequently the slope of such an 
absorption curve is determined by measuring only two 
points on the curve. 

(2) It was found that the slope of the absorption 
curve in gold, Le., the absorption coefficient, and the 
maximum energy of the beta spectrum are connected 
by the equation: 

Ou 140.017, (1) 
where 


In(J, Jo) 


M , 
ads ay 


E denoting the end-point energy in Mev; a; and az the 
thicknesses of the gold absorbers in g/cm*?; J; and J» 
the measured intensities at the two absorber thick- 
nesses. 

All in all, seven substances have so far been investi- 
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Fic. 1. Absorption curves of Cl*, Bi?(Rak), and Y® in gold, 
measured with a detector of less than 2 percent relative opening. 
The error in each point is less than 1 percent with the exception 
of the lowest point on the Cl and Bi? curves in which it is 
2.5 percent 


gated. The results are given in Table I. With each 
material each absorber thickness about 20 000 
coincidences were recorded, and the two absorber thick- 
nesses were interchanged in 20-min. intervals. The 
indicated errors are standard errors. 

Of the seven substances, S*, Pm'#7, W!%, and P® 
have allowed shape, Bi?'’(RaE) and Y® first forbidden 
shape, and Cl** second forbidden shape. Bi? and Y” 
were in secular equilibrium with their mother sub- 
stances (Ral) with end-point energy 0.029 Mev and 
Sr” with end-point energy 0.537 Mev). None of the 
substances investigated had a gamma radiation with 
the exception of W'* (0.134 Mev). The investigation 
of a larger number of isotopes will disclose to what 
extent the factors of Eq. (1) are influenced by the 
shape of the spectrum and whether the method could 
be used to determine the spectrum type. 

The accuracy of the method is much better than 
indicated in the table, when a comparison source is 
used which has an end-point energy close to the end- 
point energy of the substance under investigation. If 


and 


the two spectra are of identical shape, the accuracy is 


limited in practice by the statistical errors of the 
counting rates alone. 

The factors of Eq. (1) depend, of course, to some 
extent upon the geometry used. The actual measure- 
ments were made with an equipment which is suggested 
as standard. It is a double-coincidence equipment with 
brass flow-counters of 1-in. outer diameter, 0.065-in. 


wall thickness, and 1-in. effective wire length. The 
counters have circular windows of 6.5-mg/cm? thickness 
and 3-in. diameter on the sides facing each other and 
j-in. diameter on the source side, allowing thus the 
use of sources up to }-in. diameter. The counters were 
spaced 4 in. apart, and above 0.7 Mev 24 mg of alumi- 
num was placed between the counters to reduce coinci- 
dences due to the bremsstrahlung. The source was 
placed jg in. before the first counter, with the gold 
absorbers put between source and first counter. For 
end-point energies below 0.20 Mev (S*), instead of 
double coincidences the counting rate of the first 
counter was measured; in this case the source was 
placed at such a distance that the relative solid angle 
remained the same (2 percent). At such low energies 
the counting rate due to internal or external brems- 
strahlung is already negligible. 

The first absorber thickness (a) should preferably be 
chosen in such a way that it decreases the original 
intensity by a factor of 2 to 3. a;~0.03 E! g/cm*. In the 
case of a complex beta spectrum, or a substance with 
a beta-radiating mother substance, the thickness of the 


TABLE I. Comparison of end-point energies with values calculated 
from Eq. (1). The indicated errors are standard errors 


End point energy in Mey Difference 


in percent 


0.0+0.3 
—1.3+0.5 
+0.7+0.7 

0.0+0.8 
—19+0.7 
+1.5+1.1 
+1.0+0.6 


emitter ctroscopic® Equation (1) 


$5 0.167 
Pm!" 0.226 
W865 0.428 
C} 0.714 
Bi?! 1.17 

ps2 1 701 
y* 2.23 


0.167 
0.223 
0.431 
0.714 
1.148 
1.726 
2.207 


* See Hollander Modern Phys. 25, 469, 


1953 


Perlman, and Seaborg, Revs. 


first absorber ought to be greater than the maximum 
range of all the other beta components with the excep- 
tion of the one with the highest energy. For instance, 
in the case of Y”, a; was taken to be 184 mg/cm? in 
order to absorb the beta rays of Sr”. 

If, in addition to the beta spectrum, a source also 
gamma rays, the total absorber between the 
counters should be sufficient to absorb the photoelec- 
trons created by the gamma radiation in the gold 
absorber. For instance, in the case of W'**, 30 mg/cm? 
total absorber between the counters was sufficient. 

The method is extremely sensitive with respect to 
the thickness of the additional absorber (a@2— a ); there- 
fore the additional absorber should either be measured 
with great accuracy, or its effective thickness be deter- 
mined with the help of a source of well known end- 
point energy. 

The relative error of the determination of the end- 
point energy is: 


AE 2 1\! Ji 
) /1n( 


has 





END-POINT 
where .V,; and .V. denote the total number of counts 
with the two gold layers respectively. The measuring 
time necessary to reach a given accuracy is: 


41/AE J\\7 Jit; ty 
QJiNE Je J ot, h 


where /; and f stand for the measuring times with the 
first and second absorbers, respectively. 7 will be a 
minimum if 


ly t= (J; J») and J; Je= 13, (4) 


in which case 7 = (AE/E)~* hours for one micromicro- 
curie source strength. (In this calculation it is assumed 
that the first absorber decreases the original intensity 
by a factor of two.) For instance if the end-point energy 
of a source of 1 millimicrocurie should be determined 
with a statistical error of 2 percent, the total measuring 
time will be 2.5 hours. The length of the total measuring 
time is, however, very insensitive with respect to the 
chosen intensity ratio (J;/J»2); it increases by less than 
a factor of two when the intensity ratio is reduced to 3. 
Accordingly, whenever the source strength is low and 
the coincidence rates become comparable to the back- 
ground rate, a lower ratio for J;//J, should be chosen 
than the optimum ratio of 13. 

The coincidence equipment described had a back- 
ground rate of about 100 coincidences per hour, limiting 
the method to sources of not less than 100-micromicro- 
curie strength. A triple-coincidence equipment with 
counters similar to those described has, by a relative 
opening of 0.6 percent, a background rate of about 10 
coincidences per hour, thus providing an extension of 
the method to source strengths of 30 micromicrocuries 
possible. The background rate can be reduced by a 
further factor of two if the absorbers between the 
counters are considerably increased. 

In the case of strong sources, great care should be 
taken to correct for counting losses due to the dead- 
time of the first counter and to the resolving time of the 
coincidence circuit and the register. By careful design 
of the circuit, and using electronic scalers before the 
mechanical register, only the losses due to the dead-time 
of the counter remain to be considered. A method for 
determining all losses is the following: 

A source with high-energy beta rays is placed before 
the counters, not less than 2 in. from the first counter, 
giving a coincidence rate comparable with the rate to 
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be measured and the coincidence rate noted. Thereafter, 
a second source with very soft beta rays is placed 
sidewise before the window of the first counter, in such 
a position that its rays are not capable of reaching the 
second counter. Hence the coincidence rate is not 
increased, but only the counting rate of the first 
counter. From the difference in the coincidence rates 
and the difference in the counting rates with the first 
source and the two sources together, the coincidence 
loss due to the dead-time can be evaluated in the usual 
manner. Since the dead-time of G.M. counters depends 
upon the counting-rate and upon other factors, it is not 
advisable to allow more than 1 to 2 percent loss; this is 
equivalent to a maximum counting rate of 100-200 
counts per sec in the first counter, if special methods 
are not used to decrease the dead-time. The counting 
rate of the first counter can be reduced either by 
increasing the thickness of the first absorber or by 
placing the source in greater distance from the first 
counter. The latter procedure has the advantage that it 
decreases the counting rate of the first counter con- 
siderably and the coincidence rate only slightly. 

In its present form the method is restricted: (a) to 
single beta emitters, (b) to the determination of the 
end-point energy of the highest-energy component of a 
complex beta spectrum, and (c) to beta-gamma emitters 
in which the gamma energy is much lower than the 
end-point energy of the beta spectrum. 

It is intended to investigate 


(1) The theoretical explanation of the constant slope 
of the absorption curve and the } power in Eq. (1). 

(2) The factors influencing and limiting the accuracy 
of the method. 

(3) The influence of the shape of the spectrum. 

(4) The possibilities and limitations of the method in 
case of beta-gamma emitters. 

(5) The limitation of the method toward low energies. 

(6) Whether the method, or a modification of it, 
could be used for the determination of gamma-ray 
energies, by means of their secondary electrons. 

(7) The applicability of scintillation counters. 

(8) Whether the method could be developed into an 
end-point energy monitor, which would enable the 
instantaneous identification of radioactive substances, 
with special attention to its usefulness in case of 
contamination of objects, food, etc., due to an atomic 
blast. 
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By (pn) reactions on enriched molybdenum isotopes, it has been found that Tc does not have a half-life 
in the neighborhood of either 42 minutes or 2.8 days as had been variously claimed 


N 1948 an activity with a half-life of 2.8 days! and 

characterized by negatively charged particles was 
assigned to Tc**. ‘This proposal was supported? in 1950, 
Also, in 1948, an activity of positively charged particles 
with a half-life of 404-5 minutes, which could reasonably 
be attributed to Te", 
40-minute activity was not observed by other investi- 
gators at that time.’ In 1952, evidence for a 42-minute 
positron activity was presented but the activity of 2.8- 


was reported.’ However, this 


Gs 


day half-life, assigned to Tc**, was not confirmed.° 

Since enriched isotopes of Mo*, Mo**, and Mo!” 
were avilable, it was thought advisable to reinvestigate 
the activities attributed to Tc. 


Two samples of enriched molybdenum isotopes, one 
of mass number 98 and the other of mass number 100, 
were bombarded under similar conditions with 7.4-Mev 
protons. The resulting activities were compared. Both 
target samples were in the oxide form and the F'* 


activity produced by a (p,m) reaction on the oxygen 
present served as a monitor of the relative total bom- 
bardment afforded each sample. A positron activity of 
5342 minute half-life was observed from both samples. 
The ratio of the intensity of 53-minute activity from 


* Captain, United States Air Force. Research under auspices of 
U.S. Air Force Institute of Technology, Wright-Patterson Air 
Force Base, Ohio. 

t Lt. Col., United States Air Force. Research under auspices of 
U.S. Air Force Institute of Technology, Wright-Patterson Air 
Force Base, Ohio 

1. E. Motta and G. E. Boyd, Phys. Rev. 74, 220 (1948), 

2... BE. Glendenin, Radiochemical Studies: The Fission Products 
(McGraw-Hill Book Company, Inc., New York, 1950), Paper 
No. 329, National Nuclear Energy Series, Plutonium Project 
Record, Vol. 9, Div. IV 

4. E. Motta and G. E. Boyd, Phys. Rev. 73, 1470 (1948). 

‘1D. N. Kundu and M. L. Pool, Phys. Rev. 74, 1775 (1948). 

6 House, Colligan, Kundu, and Pool, Phys. Rev. 86, 654 (1952). 


he] ) 


to that enriched in Mo! 
was 1.0/1.2. The ratio of abundance of Mo” in the 
above two samples was 0.33 percent/0.40 percent or 
1.0/1.2. The abundance of Mo** in the enriched Mo** 
sample was 95 percent and that in the Mo™ sample, 
0.6 percent. The total intensity of the 53-minute 
activity in each of the enriched samples can therefore 
be accounted for by Te“ from the Mo"(p,n) reaction.® 
Thus, there is no activity of measurable intensity in 
the range of 40 to 55 minutes that can be assigned 
to 7c’. 

Attempts were made to produce an activity that 
could be attributed to Te** by bombarding with 20-Mev 
alpha particles a sample of molybdenum, enriched in 
isotope of mass number 95 (80.75 percent). All of the 
resulting activities that were observed could be at- 
tributed to well established alpha-particle reactions 
with molybdenum and with the traces of Cu, Si, and 
Ca present in the target sample. It was noted that the 
relative intensities of the 1.1-hour and 9.45-hour half- 
life activities produced by an (a,z) reaction on the 
copper impurity (0.02 percent) were as expected. After 
subtracting the 1.1-hour activity, there was no meas- 
urable activity of approximately 42 or 50 minutes 
half-life remaining which could be attributed to Tce® by 
the Mo**(a@,) reaction. 

Te thus appears not to possess an activity with a 
half-life in the neighborhood of either 42 minutes or 
2.8 days. The half-life of Tc’* may, however, be very 
long in accordance with the expectations from the shell 
theory.’ 


the target enriched in Mo 


® Medicus, Preiswerk, and Scherrer, Helv. Phys. Acta 23, 299 
(1950). 


7K. Segré, Nuovo cimento 9, 1008 (1952), 
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The y-ray spectrum resulting from the radiative decay of C", produced by the proton bombardment 
of B®, has been investigated using thick and thin targets. Observations were made for proton energies 
ranging from 500 kev to 1.7 Mev. A broad resonance with a maximum at 780 kev appears well established 
The compound nucleus decays in a one-step transition to the ground state of C™ with the emission of a 
y ray of energy approximately equal to 9 Mev. The existence of two other resonances, observed for proton 


energies of 0.95 and 1.33 Mev, is less certain 


INTRODUCTION 


N a recent publication Walker! has reported that a 

high-energy y ray is observed when thick B"’ targets 
are bombarded with protons of 1.2 Mev. This y ray 
has been attributed to the radiative decay from a 
highly excited compound state in C''. The low intensity 
of this radiation, and the large background from the 12- 
and 16-Mevy y rays from B''(p,y) make it awkward to 
observe this process by the technique commonly utilized 
for (p,y) experiments. This undoubtedly accounts for 
the failure to detect this y ray in earlier experiments. 
Inasmuch as the results of Walker were obtained with 
a proton beam of just a single energy, it appeared of 
interest to make a more detailed study of this reaction. 


EXPERIMENTAL PROCEDURE 


A beam of monoenergetic protons is available from 
the University of Kansas electrostatic generator.” The 
analyzed beam enters the target chamber shown in 
Fig. 1 which has been designed so that either thin or 
thick targets may be used. An RCA 5819 photomulti- 
plier tube, on which is mounted a 1} in. long Nal (TI) 
crystal, serves as the detector of the y rays. With the 
arrangement used, the scintillation detector can be 
placed to within 3-inch of the target. Because of the 
small cross section of the reaction it is essential to 
bring the detector as close as possible to the target to 
have a counting rate significantly larger than the back- 
ground. 

Measurements were made with both thick and thin 
targets. The thick targets were prepared by pressing 
enriched B' into a molybdenum cup. A background 
run taken with the empty cup in place revealed no 
significant background of y radiation having energy 
greater than 5 Mev. Two thin B" targets, evaporated 
on a 1-inch diameter tantalum disk, were available. 
The thickness of these targets was approximately 40 
ug cm®. Both of these targets exhibited contamination 


of fluorine and sodium. The sharp resonance peaks of 
+ This work was supported in part by the U.S. Office of Naval 
Research, 
'W. D. Walker, Phys. Rev. 79, 172 (1950 
24 detailed description of the Van de Graaff generator, its 
method of control, and energy stability will be published else 
where. 


both contaminants were readily detectable but could 
always be distinguished from the B" y rays by a careful 
analysis of y-ray energies. 

The observation of the capture radiation resulting 
from B" is awkward for the following reason. Even with 
enriched targets, the background from the B''(p,y) re- 
action is sufficiently large to mask the much lower in 
tensity 7 rays resulting from B". Recent experiments’ 
have shown the existence of two broad resonance states 
in C®, These states correspond to maxima in the y-ray 
yield for bombarding energies 680 kev and 1.38 Mev. 
Two high-energy y rays having energy of 12 Mev and 
16 Mev are observed in the resultant decay. These two 
y rays produce in the scintillation detector not only 
the usual peak, corresponding to the production of an 
electron-positron pair, but also a continuous distribu 
tion of pulses which tends to mask those pulses arising 
from a 9-Mev y ray expected from the B' reaction. 
Since this distribution depends on the dimensions of 
the crystal and the material surrounding it, it may not 
readily be computed. The usual technique of counting 
all the pulses produced, as a function of bombarding 
energy, leads therefore to no significant results, as long 
as there are no rapid fluctuations in the yield corre- 
sponding to well-detined resonances in the compound 
nucleus. 

A more promising, though more qualitative, pro- 
cedure consists of photographing the pulse-height dis- 
tribution appearing on an oscilloscope for various 
bombarding energies. This method is equivalent to 
pulse-height analysis with a single-channel discrimi 
nator. The latter method has the advantage of allowing 
quantitative comparison of the peaks at various ener- 
gies. Because of the extremely low counting rates 
available, this advantage is offset by the statistical 
uncertainties of the data so obtained. Experience has 
shown that with the proton currents available (2 micro- 
amperes or less) no significant results could be obtained 
with thin targets for runs lasting less than one hour. 
Because of the danger of carbon deposits on the target 
and possible drifting of the electronic circuits, no pulse- 
height analysis with discriminating circuits was at- 


> Cochran, Ryan, 
1952 


‘T. Huus and R 


Givin, Kern, and Hahn, Phys. Rev. $7, 672 


B. Day, Phys. Rev. 85, 761 (1952) 
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Fic. 1. Target chamber used for (p,y) experiments. 1. Nal (Tl) crystal mounted on a RCA 5819 photomultiplier tube; 
2. lead shield; 3. lucite window; 4. thick target assembly consisting of a molybdenum cup which is held in place by brass 
ring. For thin target observations the cup is removed and the thin target inserted between the brass ring and the end wall 
of the chamber; 5. tantalum disk with {-inch hole serving as an aperture. The disk is electrically insulated from the re- 


mainder of the target chamber; 6. rotating quartz window; 


tempted, except with thick targets for which the 
counting rate was very much larger. 
RESULTS 
Data have been taken using bombarding energies 
ranging between 520 kev and 1.7: Mev. As a general 
rule this energy region was scanned in steps of 40 kev. 
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Fic. 2. Thick target vield as a function of proton bombarding 
energy obtained with enriched B", This curve was obtained by 


counting all y rays greater than 6 Mev. 


7. lucite cover. 


Much more detailed data were obtained with a thin 
target between 0.9 and 1.3 Mev to ascertain the possible 
existence of a well-defined resonance state in the 
neighborhood of 1.16 Mev in conformity with the 
results of Walker. A sharp resonance was observed at 
1.162 Mev and others at 1.210, 1.254, and 1.281 Mev. 
A careful check showed, however, that all these peaks 
were due to sodium contamination of the target. 

The results of a typical thick target run, with the 
discriminator bias adjusted to accept only pulses corre- 
sponding to y rays of energy greater than 6 Mev, are 
shown in Fig. 2. The shape of this curve may be under- 
stood by assuming the existence of two very broad 
resonances, the maximum of one corresponding to a 
proton bombarding energy of approximately 700 kev, 
that of the other to an energy of approximately 1.35 
Mev. This is precisely what would be expected from 
the B"'(p,y) process. Any resonances arising from the 
B'°(p,y) reaction must, therefore, be very much weaker 
in intensity, unless they occur at approximately the 
same bombarding energies as those of the competing 
process. 

Pulse-height distributions were obtained with thick 
targets over the entire energy range. The system was 
calibrated by recording the pair peaks resulting from 
the y rays of Li?(p,y) and F'*(p,y). The results indicate 
the existence of a y ray of approximately 9 Mev which 





y RAYS FROM PROTON 
must be ascribed to the B'’(p,y) reaction. These data 
also show the 4.4- and 12-Mev y rays from the B"(p,y) 
process, and at higher energies the 16-Mev y ray from 
that same reaction. A comparison run taken with a thick 
target of elemental boron contirms this conclusion by 
the absence of the 9-Mev radiation. Figure 3 shows 
two photographs comparing a typical pulse-height dis- 
tribution of B' and elemental boron. The bombarding 
energies for both of these runs was 1.07 Mev. Figure 4 
shows the identical pulse-height distribution of B' as 
obtained with a single-channel pulse-height discrimi- 
nator. A careful examination of a series of such pulse- 
height distributions indicates the gradual appearance 
of the 9-Mev radiation beginning at a bombarding 
energy of approximately 650 kev. An attempt has been 
made to obtain from these data the usual thick target 
yield curve by plotting the number of counts above the 
continuous distribution as a function of bombarding 
energy. The results of this analysis, plotted in Fig. 5, 
show the yield rapidly increasing above bombarding 
energies of 670 kev and leveling off above 900 kev, as 
would be expected from a broad resonance level. ‘This 
indicates that the low-energy resonance apparent in 
Fig. 2 is really the result of two processes; the 680-kev 
resonance due to the B'"(p,y) reaction, as well as 
another due to B!°(p,y) at somewhat higher energy. 


Fic. 3. Thick target pulse-height distributions resulting at 
proton bombarding energy of 1.07 Mev. The photograph on top 
was obtained with an enriched B® target. The photograph below 
was obtained under identical conditions with an elemental boron 
target. 
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Fic. 4. Thick target pulse-height distribution of the y rays 
resulting from B(p,y) at proton bombarding energy of 1.07 
Mev. The curve at the lower left shows the peak from the F(p,y) 
reaction which has been used as a calibration for the single 
channel pulse-height analyzer. 


Pulse-height distributions obtained by photographic 
means with thin targets confirm the existence of a 
broad resonance with a maximum at approximately 
780 kev. At higher energies the 9-Mev radiation de- 
creases in intensity but remains detectable to 1.5 Mev. 
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Fic. 5. Yield of the 9-Mev y rays as a function of proton bom 
barding energy obtained with a thick target of B®. The data for 
this graph were obtained by taking pulse-height distributions 
for a series of bombarding energies, and calculating the number 
of counts above the continuous distribution. 
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The photographic records of the distributions indicate 
two peaks in this range of energies having their respec- 
tive maxima at 0.95 and 1.33 Mev. Of these, the first 
is the better established. These variations in the yield 
are too small to be detectable with thick targets. They 
should therefore be considered as questionable. 
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Scintillation Spectrometer Determination of L-Capture 
to K-Capture Ratio in Cd'"’ and I'**} 


FE. DER MATEOSIAN 
Brookhaven National Laboratory, U pton, New York 
(Received July 2&, 1953) 


A useful technique of scintillation spectrometry developed in this laboratory 
was employed to measure the L-capture to K-capture ratio in the orbital 


containing radioactive nuclei 


that of growing crystals 


electron capture occurring in Cd! and I'*°, Marshak’s formulas were used to calculate the energy of the 


transition 
and 736! 


INTRODUCTION 


HEN a nucleus decays by means of orbital 

electron capture, a knowledge of the L-capture 
to A-capture ratio is significant because this ratio is a 
function of the order of and the energy available for 
the transition.' If the total disintegration energy is 
known (as would be the case if positron emission com- 
peted with orbital electron capture) as well as the spin 
and parity change, the experimentally determined 
L-capture to A-capture ratios can be compared with 
calculated values as a check of 6 theory.’ On the other 
hand, as belief in # theory strengthens, the /-capture 
to A-capture ratio becomes a useful and important 
tool in the study of the systematics of energy levels, 
for it offers a way to determine the energy differences 
between states connected by orbital electron capture 
alone. 

Not many experimental data exist on /-capture to 
A-capture ratios, the reason being that the detection 
and absolute measurement of soft x-radiations has been 
experimentally difficult.’ A technique developed in this 
laboratory,’ whereby radioactivity is introduced into a 
Nal scintillating crystal, lends itself readily to the study 
of L-capture to A-capture ratios by providing one with 
a detector which has no window corrections for soft 
radiations and, at the same time, has an efficiency of 
approximately 100 percent. 


EXPERIMENTAL DETAILS 


The method consists of growing a thallium-activated 
sodium iodide single crystal from a mass of sodium 
iodide to which has been added a trace of the radioactive 
material under investigation. The single crystal of 
sodium iodide which is obtained in this manner contains 
evenly dispersed throughout its volume a source of 
radiations which is for practical purposes of zero thick- 
Atomic 


t Work carried out under the auspices of the U. S. 
Energy Commission 

1R. E. Marshak, Phys. Rev. 61, 431 (1942). 

2P. Radvanyi, Compt. rend. 235, 428 (1952). 

3See for example, Pontecorvo, Kirkwood, and Hanna, Phys. 
Rev. 75, 982 (1949); G. Friedlander and W. L. Orr, Phys. Rev. 
$4, 484 (1951) 

4Scharfi-Goldhaber, der Mateosian, Goldhaber, Johnson, and 
McKeown, Phys. Rev. $3, 480 (1951). 


The L-capture to A-capture ratio and the energy of the transition are reported as 0.28+0.03 
kev for Cd!, and 0.23 +0.03 and 108_\o** kev for I'*5, respectively. 


ness. If the ratio of the weight of radioactive matter to 
thallium activator is kept small (<10 percent) the 
crystal exhibits in most cases scintillation properties 
equal to those of an ordinary sodium iodide scintillator. 
Observations are made with the crystal mounted on a 
photomultiplier tube connected through an Atomic 
Instrument Company type 204B linear amplifier to 
either a Dumont type 301 oscilloscope (for photographic 
recording) or an Atomic Instrument Company single 
channel pulse-height analyzer. 

The chief source of error in this method for deter- 
mining this ratio is the escape of photons from the 
crystal. If large crystals (1 cm*) are used, the escape 
of x-rays for atoms of low or intermediate Z will be 
small and approximate corrections can be made. 


Cd'" 


The radioactive isotope Cd" decays by orbital 
electron capture to the first excited state of Ag", which 
in turn decays through the emission of a highly con- 
verted 87-kev gamma ray to the ground state.’ The 
half-life of Cd! is reported to be 330 days or greater. 
The first excited state of Ag!’ is metastable and has a 
half-life of 39.2 sec. Orbital electron capture leading to 
the ground state of Ag'” has not been reported, and the 
probability for such a transition is small for any spin 
assignment made to the Cd' in view of the spins 
assigned to the first excited state and to the ground 
state of Ag! (7/2 and 1/2, respectively). Positron 
emission has been looked for and not seen.* Thus each 
orbital electron capture has associated with it an 87-kev 
gamma ray, which is internally converted over 90 
percent of the time. 

When a source of Cd’ is dispersed throughout a 
crystal by the above described method and the pulses 
resulting in the crystal are observed with a pulse-height 
analyzer, one sees a pulse peak which corresponds to 
the conversion electrons of the 87-kev gamma ray and 
another peak which corresponds to the A x-ray which 
accompanies the A-electron capture (Fig. 1). Although 
both these pulses originate in the detector and the 

5 References are given in Hollander, Perlman, and Seaborg, 
Revs. Modern Phys. 25, 469 (1953); M. Goldhaber and R. D. 


Hill, Revs. Modern Phys. 24, 179 (1952). 
6 Dreyfus, Major, and Radvanyi, Compt. rend. 232, 617 (1951). 
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L-CAPTURE 


detector has a 4m solid angle geometry, the x-rays and 
the 87-kev gamma rays are not added together in the 
crystal since the two pulses are usually separated in 
time by an interval greater than the resolving time of 
the circuit. Because of the high degree of conversion of 
the Ag” internal transition and low loss of 87-kev 
gamma rays from the crystal, the area under the 87-kev 
gamma-ray peak may be taken as a measure of the total 
number of orbital electron captures in a given unit of 
time, regardless of whether capture takes place in the 
K, L, or a higher shell. The area under the A’ x-ray 
peak is a measure of the A-capture rate and by differ- 
ence one may obtain the /-capture rate, assuming M 
and .V capture to be negligible. The experimentally 
obtained /-capture to A-capture ratio is 0.28+0.03. 
y' 

The decay of 60-day I'*° is very similar to that of 

Cd", proceeding by orbital electron capture® to the 





CALE 


Fic. 1. Soft photons of Cd! observed with a scintillation 
spectrometer. The output of a single channel pulse-height analyzer 
is plotted as a function of energy. Two peaks are observed, one 
corresponding to the A x-rays of Ag resulting from the orbital 
electron capture in Cd'® and the other corresponding to the 
87-kev transition in Ag’ following the orbital electron capture. 


first excited state of Te'!®, Unlike Ag!” however, the 
first excited state of Tel’ is not metastable so that 
the internal transition to the ground state (35 kev) and 
the x-radiations accompanying orbital electron capture 
are not resolved and one sees, in a pulse-height analysis of 
the pulses resulting from a crystal containing I'*5, peaks 
corresponding to the addition of conversion electrons 
and x-rays. This is a fortunate state of affairs, because 
both the Z x-ray peaks and K x-ray peaks are shifted 
by 35 kev to higher positions on the energy axis, 
rendering both peaks resolvable above instrument noise 
(see Fig. 2). The ratio of the areas under the 1 x-ray 
peaks and A x-ray peaks is a direct measure of the 
L-capture to A-capture ratio, which in this case is 
0.23+0.03. 


TRANSITION ENERGIES 
The calculation of transition energies from /-capture 
to A-capture ratios was based upon formulas developed 


TO K-CAPTURE 


RATIO 


Yb K X-RAY 
BSKEV y RAY 
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hic. 2. Soft photons of 15 observed with a scintillation spec- 
trometer. The output of a single channel pulse height analyzer is 
plotted as a function of energy. Two peaks are observed, one 
corresponding to the addition of 35-kev pulses and L x-rays of 
Te and the other corresponding to the addition of 35-kev pulses 
and K x-rays of Te. The upper curve shows the radiations of 
Tm'” which were used to calibrate the instrument, 


by Marshak' for the lifetime for orbital electron capture. 
In an allowed transition the relationship between the 
L-capture to A-capture ratio and the transition energy 
may be written as 


Wi fpWotW rfP 
VK WotWer 


R Lizg= 


where Ry ;x is the L-capture/A-capture ratio, ¥i1/Vx« 
is the ratio of 1- and A-shell electron densities at the 
nuclear radius and Wy», Wy,, and Wx are the transition 
energy, the /-shell energy, and the A-shell energy, 
respectively.” Values for the quantity [Wr1/Wx« P as a 
function of Z have been published by Rose and Jack- 
son.* Table I gives a summary of our data and results. 
It is of interest to note that in the region where 
(Wot+W,)/(Wot+W' x) is appreciably different from 1, 
Wy is a slowly varying function of Ry,/«, hence sizeable 
experimental errors can be tolerated in the -capture 
to A-capture ratio. 


Measured L-capture to A-capture ratios and calcu 
energies for orbital electron capture in Cd'® 


TABLE I 
lated transition 
and ['29, 


Transition energy 


(kev)* 


L-capture to 


K-capture ratio 


Isotope Log (ft) 


Cd 
[!25 0.23+0.03 


0.28 +0.03 73_9¢1 51 


108_ 19°” 4.8 


® Values for WK and Wy in these calculations were computed from the 
expressions given by Marshak (reference 1): Wg =1 —4§a®Zer? and Wy =1 
het®Zer? where Ze = Z —O.3 
» A slightly higher value for log (ft) was reported for )® by G. Friedlander 
and W. L. Orr, who extrapolated S. A. Moszkowski's nomograph [Phys. 
Rev. 82, 35 (1951) ] to make their calculation 


7 Marshak defines Wx as 1— }e*Z.4? and Wy as 1 
where Z,4;= Z—0.3 and a= 1/137 
*M. E. Rose and J. L. Jackson, Phys. Rev. 76, 1540 1949), 


1 , 4 
° eZ’, 
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DISCUSSION OF RESULTS 


Friedlander and Orr’ determined the L-capture to 
K-capture ratio in I'*® by using a windowless propor- 
tional counter to compare the ratio of 35-kev gamma 
rays to K x-rays in an I'*® source with the same ratio 
in a Te'®® source. They reported a transition energy of 
80. 1st! kev, which is confirmed by our measurement. 
As an additional point of reassurance, these authors 
calculated log(ft) values for the K capture and showed 
that the energy was consistent with an allowed transi- 
tion. The log(ft) for Cd calculated by means of a 
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formula appearing in Feenberg and Trigg’s® article, 
appears in Table I. It also is compatible with an 
allowed transition. In both cases the classification of 
the transition as allowed agrees with spin assignments 
for the initial and final states of the nuclei involved." 

The author wishes to express his appreciation to 
Dr. M. Goldhaber for his interest in this problem and 
for many helpful suggestions generously offered. 

9 FE. Feenberg and G. Trigg, Revs. Modern Phys. 22, 399 (1950) 

1M. Goldhaber and R. D. Hill, Revs. Modern Phys. 24, 179 
(1952). 
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Excitation Function for the Photodisintegration of Beryllium* 


R. NATHANS AND J. HALPERN 
University of Pennsylvania, Philadelphia, Pennsylvania 


(Received August 7, 1953) 


Using filtered betatron bremsstrahlung, the Be®(y,n) excitation function has been determined from thres 
hold to 24 Mey. The results show two peaks, one due to excitation of the odd neutron and the second to the 


excitation of the Be® core 


HE photoneutron disintegration cross section of 
beryllium in the vicinity of the threshold (1.6 
Mev) has been measured by several investigators,’ and 
the results are in substantial agreement with the calcu- 
lations of Guth and Mullin? for PS and PD tran- 
sitions of a neutron moving in the field of a Be® core. 
The photoproton excitation function,’ as determined 
by successive subtractions of yields produced by 
betatron bremsstrahlung, shows the characteristic 
dipole resonance found in other elements. Determina- 
tion of the (y,2) excitation function from threshold to 
24 Mev by this method is of particular interest but is 
difficult because of the low threshold and the pre- 
ponderance of low-energy photons in the bremsstrah- 
lung, spectrum when the betatron is run at high energies. 
We have measured the neutron yield as a function of 
betatron energy by the method of direct neutron 
detection’ for betatron bremsstrahlung filtered by 30 
cm of carbon absorber to flatten the bremsstrahlung 
distribution. Figure 1 shows the calculated bremsstrah- 
lung curves at 10 and 20 Mev, normalized to 100r, with 
and without the carbon filter. As a test of the method, 
the bismuth (y,7) yield curve’ was repeated using 


* Supported in part by the U. S. Air Research and Develop 
ment Command and by the joint program of the U. S. Office of 
Naval Research and the U. S. Atomic Energy Commission. 

1 Russell, Sachs, Wattenberg, and Fields, Phys. Rev. 73, 545 
(1948), B Kimball, Phys. Rev. 90, 1063 
(1953). 

2E. Guth and C, J. Mullin, Phys. Rev. 76, 234 (1949), 

3R.N. H. Haslam e¢ al., Can. J. Phys. 31, 210 (1953). 

‘Halpern, Mann, and Nathans, Rev. Sci. Instr. 23, 678 (1952). 

5 Halpern, Nathans, and Mann, Phys. Rev. 88, 679 (1952). 
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filtered radiation, and the excitation functions com- 
puted therefrom are shown in Fig. 2. The data of 
reference 5 are drawn for comparison. Aside from a 20 
percent discrepency in the absolute values of the cross 
sections, the data taken with the hardened beam are 
in good agreement with the previous work. 

Figure 3 shows the excitation function for beryllium 
computed from yield data using the filtered beam. 
Also shown are the Be*(y,p) data of reference 3, and 
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Fic. 1. Theoretical bremsstrahlung distributions for betatron 
energies of 19 and 20 Mev with and without 30-cm carbon ab- 


sorber. 
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Fic. 2. Bismuth (y,n) excitation functions constructed from 
yield curves taken with and without carbon absorber. 


the (y,7) excitation function of carbon. The method of 
constructing cross section from yield curves does not 
permit detailed check with Guth and Mullin near 
threshold, but the general behavior of the first portion 
of the beryllium excitation function is in agreement with 
their model for the P->D transitions. In fact, our meas- 
ured maximum value of 15.8 10° cm? for the cross 
section is in remarkable agreement with the calcula- 
tions. The coincidence of the second peak with the 
(y,p) curve and the (y,) excitation in carbon suggests 
the excitation of the Be® core as the photon energy in- 
creases and indicates the onset of the large dipole reso- 
nance for the core. 
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9 
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Fic. 3. Beryllium (4,7) excitation function, 

The integrated (y,) cross section in beryllium up to 
25 Mev. is measured to be 0.037 Mev-barns. The (y,p) 
integrated cross section of 0.013 Mev-barns* is not 
sufficient to bring the total to 0.187 Mev-barns as calcu- 
lated® from the dipole sum rules. Thus, in beryllium as 
in other light elements, other modes of disintegration 
are important or there are large contributions to these 
reactions at energies above 25 Mev.’ 

6 J. S. Levinger and H. A. Bethe, Phys. Rev. $5, 377 (1952) 

7 Jones and Terwilliger [Phys. Rev. 91, 699 (1953) ] report a 
large high-energy tail on the Be*(y,n) excitation function above 
25 Mev. 
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Resonant Effects and Spin Dependence in Potential Scattering of Slow Neutrons* 


W. SELOVE 
Harvard University, Cambridge, Massachusetts 
(Received July 24, 1953) 


The potential scattering of a nucleus can be considerably different from 44R?, where RK is the size of the 
nucleus, if the potential well parameters happen to give an appreciable resonance effect. Strong resonance 
effects are expected to be accompanied by strong spin dependence. The potential scattering of beryllium 
shows an appreciable resonant effect but very small spin dependence in the scattering cross section. From 
an examination of the numerical parameters involved it is concluded that the small spin dependence in the 
cross section does not preclude a moderate amount of spin dependence in the potential wells for the two 


spin states—the close equality of the two scattering lengths involved may be the result of a coincidental 
combination of well depths and ranges. 


HE “potential” scattering cross section of most 
nuclei for slow neutrons, especially of heavier 
nuclei, is of the order of 4R?, where the nominal nuclear 
radius R is given by roA! with ro~1.5X 10-8 cm. Some 
nuclei, however, show “potential” cross sections con- 
siderably different from this value. 
These differences can be accounted for by “potential- 


* Supported by the U. S. Atomic Energy Commission, and 
written while the author was at the Brookhaven National Labora 
tory, summer 1953. 


well resonances.”” These are purely scattering reso- 
nances, associated with resonant values of the scattering 
phase shift on the potential-well model, and are to be 
distinguished from resonances of the compound nucleus. 
These potential-well resonances will have a ‘‘width” 
given roughly by ka~1, where & is the neutron wave 
number and a is the magnitude of the scattering ampli- 
tude (Geea/4r)) for RO. 

In the case of nuclei with nonzero spin, strong poten 
tial-well resonant effects are likely to be accompanied 
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by relatively strong spin dependence of potential scat- 
tering, because near a resonance the cross section is 
especially sensitive to the strength of the interaction 
and so a relatively small change in the potential well 
can produce a relatively large effect on the cross section. 
Na is an example of such effects and has been discussed 
previously.' Resonant effects and spin dependence may 
be detectable by measurement of the total scattering 
and coherent scattering cross sections, although care 
must be exercised in the analysis of such data, to 
separate the potential scattering from) compound- 
nucleus effects.’ 

For a rectangular well of depth Vo, in which a neutron 
wave number is Ay, and of radius R, the scattering cross 
section at k-+0 is 4a| tan(A )R)/Ko—R }*. Potential-well 
resonances thus occur for AyR= (2n+1)m/2, n=0, 1, 2, 
-+ +, Taking Vy~20 Mev,’ resonances occur for R= 1.6, 
4.8, 8.0, --- 10 "cm. If we take R=1.5X10-" A+) cm, 
this gives A= 1, 33, 152. The resonance at A =1 corre- 
sponds to the large cross section for n—p scattering 
(especially in the singlet state). A number of the light 
elements (A <16) resonant effects in the 
potential scattering. These are probably to be accounted 
for by variations in the effective values of V» and the 
nuclear radius, from the simple values given above. 
As R becomes larger, i.e., for heavier nuclei, resonant 
effects are less likely to be observed, since AyR must be 
closer to a resonant value in order to make the cross 
section appreciably different from 42R?. 

It is one purpose of this note to discuss the scattering 
of slow neutrons by Be*. The thermal scattering cross 
section of Be® is 6.04 barns, as compared to a value of 
4r(1.5A'X10°")?=1.3 barns. This indicates a near- 
resonance in the potential scattering. Such a_near- 


also show 


resonance would be expected to be accompanied by an 


appreciable spin dependence and, consequently, appreci- 


able incoherent scattering. Yet the incoherent scattering 
of Be is less than 0.01 barn,’ which means the scattering 
lengths for the two spin states are within 6 percent of 
each other, the scattering cross sections within 12 
percent. The average scattering length is 6.9X 107% cm. 


'W. Selove, Phys. Rev. 80, 290 (1950), 

2K. W. Ford and D. Bohm, Phys. Rev. 79, 745 (1950), have 
made an analysis of resonant effects but did not make a proper 
separation of potential-well and compound-nucleus effects. 

3 This value seems to give good agreement over a large region; 
see Feshbach, Porter, and Weisskopf, Phys. Rev. 90, 166 (1953). 

41). J. Hughes (private communication). 
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If we take a potential well of range equal to the nominal 
radius R=1.5X10~-%A!=3.24K10-", the depth of the 
well is found to be 8.7 Mev. This is rather smaller than 
the average value of ~20 Mev mentioned above’ but 
may be reasonable in view of the alpha-particle nature 
of the “core” of Be; in fact, a similar calculation shows 
that the effective potential for interaction of a slow 
neutron wi.h C appears to be similarly weak. 

If both spin states have this same range of 3.24 
X10-%, then the difference in depths of the potential 
wells is restricted to be <0.35 Mev, from the smallness 
of the incoherent scattering. This would represent a 
rather rigid requirement as to accidental equality of 
the potential wells for the two spin states. However, 
the scattering amplitude is determined essentially by 
Vo times the square of the range, and so much more 
leeway can be allowed in the well depths for the two 
spin states if the two states have different ranges. For 
example, for a range of 310°" cm, the proper scatter- 
ing length would be obtained with a well of depth 
9.7 Mev. A rough attempt has been made to see if the 
effective ranges for the two spin states could be deter- 
mined from the cross section of Be as a function of 
energy.” Matching was attempted up to 0.35 Mev. 
(The calculations become considerably more involved, 
and more shape-dependent, at higher energies. More- 
over, there is some uncertainty as to the width of the 
energy region over which the effect of possible negative- 
energy compound-nucleus resonances can safely be neg- 
lected.) Within this energy range the experimental 
uncertainties in the data make it impossible to detect 
a difference in effective ranges for the two spin states. 
lor a rectangular-well model the data are fitted by a 
range of (340.5) 10~% cm. 

One can thus conclude that the small incoherent 
scattering of Be does not preclude a moderate amount 
of spin dependence in the scattering. It may be that 
the close equality of the scattering lengths for the two 
spin states is at least partially due to a coincidental 
combination of well depths and ranges. 


5C.K. Bockelman, Phys. Rev. 80, 1011 (1950). 

® It should be noted that this analysis has been carried out in 
the spirit of a potential-well effective range approach, with the 
energy region so restricted as to make the estimated effects of 
compound-nucleus resonances negligible. For a discussion of the 
comparison between this formulation and a resonance level formu 
I. Teichmann, Phys. Rev. 83, 141 (1951), and R. G 
1109 (1952), especially p. 1115 and 


lation, see 
Thomas, Phys. Rev. 88, 
Dp. aie. 
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The theory of the influence on angular correlations of per 
turbing interactions in the intermediate state is reformulated to 
allow the description of the effects of time-dependent as well as 
of static perturbations. For static interactions of the nuclear 
electric quadrupole moment with crystalline fields of axial sym 
metry in polycrystalline sources, attenuation factors are calculated 
for the coefficients of the various terms in the expansion of the 
correlation function in Legendre polynomials. No matter how 
strong the quadrupole interaction, some anisotropy must remain 
for polycrystalline sources but, for the same interaction in simple 
single crystals, the anisotropy can be either undisturbed or com 
pletely destroyed, depending on the orientation of the crystal. 
Fields of lower symmetry are shown also to leave, for polycrys 
talline sources, some anisotropy. Expressions for the influence of 
randomly tluctuating interactions, such as must exist in liquid 


sources, are calculated and these predict arbitrarily complete 


I. INTRODUCTION 


HE theory of the correlation of the directions of 

emission of a sequence of two particles by radio- 
active nuclei has been treated extensively in the liter- 
ature. For references to the literature of that field the 
review articles by Deutsch' and by Frauenfelder’ are 
recommended. The conclusions of those treatments are 
only applicable, as was clearly recognized from the 
beginning by D. R. Hamilton, if the intermediate state 
of the nucleus, between the first and second emissions, 
is completely unperturbed. Many angular correlations 
observed experimentally are found to depend on the 
physical and chemical nature of the source. In other 
examples of angular correlation the experimental results 
also do not agree with the theoretical predictions based 
on that simplifying assumption. 

The effects of perturbation of intermediate 
nucleus by interaction through its magnetic moment 
with its electronic shell, the interaction responsible for 
the well-known hyperfine structure in atomic spectra, 
and also with applied magnetic fields have been analyzed 
by Goertzel.’ He showed, for a hypertine-structure 
interaction, that only for an extremely short nuclear 
lifetime ry would the correlation be unaffected, and he 
gave formulas for the calculation of the resulting corre- 
lations for longer lifetimes. Alder! reformulated and 
extended that treatment in a way which very clearly 
displays the intluence of the perturbation on the cor- 
relation. 

The present paper treats the effect of several mag- 
netic and electric perturbing interactions not previously 


the 


* Present address: Centre d’Etudes Nucléaires de Saclay, 
France. (On leave during 1952-1953.) 

1M. Deutsch, Repts. Progr. Phys. 14, 196 (1951 

27H. Frauenfelder, Annual Review of Nuclear Science (Annual 
Reviews, Inc., Stanford, 1953), Vel. 2. 

4G. Goertzel, Phys. Rev. 70, 897 (1946 

‘Kurt Alder, Helv. Phys. Acta 25, 235 (1952 


destruction of the correlation under certain conditions, but explain 
the more nearly unperturbed results usually found with such 
sources. For electronic shells having magnetic 
influences of electronic paramagnetic relaxation and of anisotropy 
of the hypertine structure interaction are examined. An applied 
static magnetic field in the presence of static quadrupole interac 

tions in polycrystalline sources is shown to have differing effects 
depending on the relative strengths of the two interactions 
Application of a magnetic field directed toward a counter cannot 
reduce the disturbance of the intermediate state in liquid sources, 
except under special circumstances. The influences of an applied 
field in the presence of time dependent anisotropic hyperfine 
structure interactions are discussed. Finally, the feasibility of 
resonance experiments, for the precise determination of nuclear 
moments in the intermediate state, is explored. 


moments, the 


discussed. Particular emphasis is given to the effect of 
the nuclear electric quadrupole moment of the nucleus 
in solid and liquid sources. This cause of disturbance 
has not been given much attention previously. In the 
course of this study a few brief reports of work along 
these lines by others have appeared,?** including some 
most conclusive experiments at Ziirich on the effect 
of the quadrupole interaction in a single crystal of 
indium.? 

The basic theory of the effect of disturbances in the 
intermediate state is reformulated in the present paper 
in a manner that allows its application to both static 
and time-dependent perturbations. A particular appli- 
cation of the latter type is to the effect of electric 
quadrupole interactions in liquids. A short section is 
included describing the possibilities of observing reso 
nant transitions, in the intermediate state, induced by 
suitable radio-frequency fields. 

The possibility is discussed of applying the results of 
this work to the measuremnt of nuclear magnetic and 
electric moments. Some of these measurements would 
be analogs of the experiment of the Zurich group® on 
the magnetic moment of 8X10 


II. GENERAL 


The problem of the perturbation of angular corre- 
lations by atomic hyperfine structure, treated by 
Goertzel,® is complicated by the fact that the nuclear 


7 


-secCd!!!, 


spin is coupled to the electron shell which must be con- 
sidered quantum mechanically. In order to simplify 
that the fields 
acting on the nuclear spin in the intermediate state 


the discussion, we shall first assume 


5 Ernst Heer, Physica 18, 1215 (1952). 

6 F. Coester, Bull. Am. Phys. Soc. 28, No. 3, 28 (1953) 

7 Albers-Schénberg, Hanni, Heer, Novey, and Scherrer, Phys 
Rev. 90, 322 (1953) 

* Aeppli, Alberg-Schénberg, Frauenfelder, and Scherrer, Helv 
Phys. Acta 25, 339 (1952) 
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(but not the nuclear spin itself) can be described clas- 
sically. This is true, for instance, of applied magnetic 
fields or, to a very good approximation, of crystalline 
electric fields be our main concern. The 
coupling of the nuclear spin to the field can be described 
by a certain Hamiltonian K, represented by a (2/+1) 
by (2/+1) matrix, where / is the spin of the inter- 
mediate state. The field partially or completely lifts 
the (2/+-1)-fold degeneracy of the intermediate state B. 

(oertzel shows the angular correlation to be given by 


which will 


(a! TN, b)(b | Hes c) ( Th b')(b' | IN, | a) 
W=S,S- 
1 ITN (Ey = ky)/h 
(1) 


In this formula, a and ¢ are quantum numbers specifying 
the different substates of the initial state A and the 
final state C; |b) and |b’) are the eigenstates of the 
Hamiltonian K in the intermediate nuclear state B and 
ky, and Ey, are the corresponding eigenvalues of K. The 
eigenstates 6) can be expressed as linear combinations 
of the states (m) which are eigenstates of the projection 
/, of the nuclear spin along a certain axis Oz; 


b) m), (2) 


> m Chm 


In Eq. (1), 7, and //, are the Hamiltonians for the 
emission of the first and second radiation. The symbols 
S, and S, 
features of these radiations, such as their polarizations, 
and ry is the exponential lifetime of the intermediate 


indicate summations over the unobserved 


nuclear state. 

Goertzel’s proof is based essentially on an extension 
of the Weisskopf-Wigner theory of natural line width, 
It is a self-consistent theory in the sense that the 
existence of a nuclear lifetime ry is a consequence of the 
Schrédinger equations describing the evolution of the 
nucleus as a radiating system. Although straight- 
forward in principle, Goertzel’s proof, even simplified 
by the introduction of the Laplace transform as sug- 
gested by Biédenharn and Rose,® remains somewhat 
involved, Also, the domain of applicability of Eq. (1) 
is somewhat restricted. First, it applies only if the per- 
turbing fields are static. This requires that the nuclear 
spin in the external field, or, more generally, the 


quantum-mechanical system formed by the nuclear 


spin and its surroundings, such as the electronic shell, 
have stationary energy Goertzel’s formula 
makes no provision for the perturbation of the corre- 
lation by time-dependent fields such as electric fields 
that fluctuate due to thermal vibrations or to Brownian 
motion, in crystals or liquids respectively, or applied rf 
fields. Second, Eq. (1) cannot be applied directly to the 
measurement of delayed coincidence rates with finite 


states. 


resolving time. 
An expression applying in the above situations and 
reducing to Goertzel’s formula, Eq. (1), in the same 


®1,. C. Biedenharn and M. E. Rose, Revs. Modern Phys. 25 


729 (1953) 
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domain of validity can be derived simply in the follow- 
ing manner. Let us first assume that no perturbation 
acts on the nucleus in the intermediate state. The cor- 
relation can then be written: 


W=5,5. ¥ 


e.c,8,B’ 


(a! 1, 8)(B| H2\c)(c| He! B’)(B"| He! a). 
(3) 


Apart from the absence of denominators, Eq. (3) differs 
from Eq. (1) by the fact that the state vectors |) 
form an arbitrary complete set in the intermediate 
state B, whereas in Eq. (1) the |b) represented eigen- 
states of K. Suppose, now, that the second emission 
takes place at time / exactly (the first emission being 
taken as the time origin) and that the perturbing Hamil- 
tonian K, which may be time-dependent, acts on the 
nuclear spin during this time ¢. This can be taken into 
account by replacing in Eq. (3), the quantities 
(8'H,\c)(c| He 8’) by (8 Ute! c)(c| H.U!p’), where 
U(‘) is a unitary operator describing the evolution of a 
state vector |8’) during the time ¢ and U* is its Her- 
mitian conjugate. The corresponding hypothetical cor- 
relation w(t) can be written 


w(t) = S152 ® 


a,c,B,p’ 


(a| H;|8)(8| UtH2\c) 


X (c| H20| 8’) (8’| Hi\ a). (3’) 
If the perturbing Hamiltonian K is time-independent, 
U is simply exp(—iK¢/h). If K depends on /, we can still 
write symbolically U=exp[—(i/h) Si! K(/’)dt’], where 
the integral has to be evaluated according to Feynman’s 
prescriptions on ordered operators." 

The second radiation, however, is not emitted 1 
seconds after the first but rather has a probability 
exp(—t/ry)(dt/ry) to be emitted between times ¢ and 
t+dt. If all coincidences taking place between ¢; and (y 
are registered, the correlation becomes 


t2 
W= (1/ry) f e~ "Nw (t)dt 
‘1 


t2 
“Sh Et rs) f oa) Hy |) 


a.B,B’,¢ tl 
(8) Ut ()H 2) 0) (c! HU (1) |8")(8"| Mil a)dt. (4) 
If the Hamiltonian K is static, the eigenstates |b) of 


K may be chosen as the state vectors |8). Equation (4) 
can then be written 


te 


>. rv) f gam exp[i(E,— Ey )t h | 


a,b,b’,c 


Ww = S1S2 


X (a!) Hy b)(b Ho | ¢ (a Hy, b’)(b'| H,| a)dt. (5) 
For 4;=0 and f2= ~, Eq. (5) reduces to Eq. (1). 


1 R. P, Feynman, Phys. Rev. $4, 108 (1951). 
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The generalization to a nuclear spin coupled to 
another quantum mechanical system § surrounding it, 
such as the electronic shell in an atom or molecule, is 
straightforward. There the Hamiltonian K contains 
variables characterizing the surroundings S as well as 
the nuclear spin. The hyperfine coupling al- J, between 
nuclear and electronic moments in free atoms provides 
an example of this situation. Each of the quaatum 
numbers a, 6, c, 8, and 9’ in Eqs. (1), (3), (4), and (3) 
must now be thought of as a set of quantum numbers 
describing a state of the entire system, atom or mole- 
cule, rather than of the nuclear spin alone. An eigenstate 

b) of the Hamiltonian K can be represented by a 
formula of the type 


b)= > Cirn*|m)|n), (6) 
mn 

where m and m are the magnetic quantum numbers 
specifying nuclear and electronic states, respectively. 
The coefficients C,,,° are elements of a unitary matrix 
that depends on the nature of the problem. In the 
hyperfine structure interaction of free atoms they are 
the Clebsch-Gordan coefficients. 

From now on, to simplify notations, we shall usually 
omit summation and average signs and sum _ over 
repeated indices. 

In order to apply Eq. (1), one must know the energies 
E, and the eigenstates 6) of the static Hamiltonian K 
detined by Eq. (2) or Eq. (6). This may require the 
solving of a secular equation in the more complicated 
cases. The solving of the secular equation can always 
be avoided if the perturbation introduced by the 
Hamiltonian K is small, which, according to Eq. (1), 
requires that (£,—,,)ry A be small compared to 
unity. If this is true, we can expand the operator 


U=exp[_— (1/h)K¢] as 
U=6—-(iK)/h 
U+=64+ (iKi) h 


K’??/ 2h?4 
K2?/2h?+---, 


where & is the unit operator. Using only the first-order 


(7) 


terms from the expansion, Eq. (4) becomes 


2 
W=W,- (1 rv) f te dil (i/h) (a! Hy! B) 
ty 


X (8) He) 0) (ce) M2!" (8" KB’) (8"| Hy | ay 
+ complex conjugate }, 
0 and h=2, 


(ry /h)Li(B" K p’)(a 1,! B) 
(38 Hy o)(e He B')(B"| Hy \a) 


+complex conjugate J, 


and for ¢, 


W=Wy- 


(8’) 


where Wy is the unperturbed correlation. It often 
happens, and it will be shown to be true for perturbation 
of the correlation by an electric quadrupole interaction, 
that the first-order term in vy vanishes. Higher order 
terms in the expansion of Eq. (7) must then be used. 
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Equation (8’) shows that, when the perturbation is 
small, it is sufficient to know the matrix elements of the 
perturbing Hamiltonian in an arbitrary representation 
and, thus, it is not necessary to diagonalize K. 

Alder* has given an important reformulation of Eq. 
(1). He has shown that Eq. (1) can be rewritten as 
follows: 

W= bk (Ry IL (Rk) TIT (Ry Re, wb) VeyA(d, ) V*ko*(Q»). (9) 
kiko 

In this formula the V,4are ordinary spherical harmonics, 

and Q, and Q» specify the directions of emission of the 

first and second radiation. The indices k; and ks are 

even integers which obey the inequalities: 

O< ke<2/, 

O< ke< 2s, 


O< aS 2 s 
OS ki, < 2h), 


where 1, and /» are the highest orders in the multipole 
expansions of the first and second radiation, respec- 
tively. We need not concern ourselves with the exact 
expressions for the coefficients 1(k;) and II(k»). All we 
need to know is that they are independent of K. The 
influence of K on the correlation is entirely contained 
in the third coefficient III (kike, uw), for which Alder 
gives the formula: 


II] (kike, w)= S2 (LRkym'p!| Thy m) (Lkom'p! Tkolm) 

X[1—(i/h)(E,.— Ew )rw }', (10) 
where the factors ( 1 ) are the Clebsch-Gordon coef- 
ficients. If in Eq. (10), ((/h)(En— Em dry 
neglected in comparison with 1, it follows from the 


can be 


properties of the Clebsch-Gordan coetlicients that 
2/+1 

5(ky, ky). 
2k+-1 


IIT (Ake, w) = 


(A slightly different normalization of the coetlicients 
I, I, IL which would lead to II] (ky ke, w) =6(ky, Re) in 
the absence of perturbation would have been preferable. 
However, to avoid any confusion we shall retain Adler’s 
definitions. ) 

Alder’s formulas, Eq. (9) and Eq. (10), are only 
valid if there exists an axis Oz such that the projection 
7, of the nuclear spin on this axis is a good quantum 
number; that is to say, if the operator /, commutes 
with the perturbing Hamiltonian K. These formulas 
are valid, in particular, if K represents the coupling of 
the nuclear magnetic moment to an applied magnetic 
field or of the nuclear quadrupole moment to an electric 
field gradient of axial The well-known 
result, that the correlation is unperturbed by such a 


symmetry. 


coupling if either one of the two radiations is emitted 
along Oz, follows immediately from Eq. (9) and Eq. (10). 

We extend Alder’s formulation to more 
general perturbations. We first consider the case in 


want to 


which the perturbing field can be described classically. 
The formula (3’) in which we replace 8 by m, the value 
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of 7, along an arbitrary axis 0z, can be rewritten: 


w(t)=(a!H,|m)(m| Ut | m’’)(m" | He! c) 


x (e| Heim’) (Mm | Ulm’) (m'| Hila). (11) 


From Eq. (11) it is easy to show, retracing the steps 
which led Alder from Eq. (1) to Eq. (9) and Eq. (10), 
that w(/) can be expressed as: 


w(t) - T(Ri Uke) TIT (Rye, Mipfty, HV: #1 (021) Veot?* (Qo), 
(12) 


where I(k,) and II(k.) are the same as Alder’s and 
TTT (Ry ko, pie, 1) is given by: 
TIT (Ryko, wipe, 0) (Tkym' py [k,Im) 


K Phom’ po Tkolm'’)(m! Ut) mm") (mm U (13) 


m’), 


If the Hamiltonian K is static and has eigenstates | 6) 
and eigenvalues #,, the unitary evolution operator U 
can be written 


U =>, b)(b exp 


and Eq. (12) becomes: 


1EA/h), 


TV (Ryko, wipe, 0) 
=(Ikym'u, Tkylm)(Lkom'po' TkoTm") 
x (m |b) (b) mm") (mb) (b' | m’) 


xexpli(#,— Ey, )t/h)}. (14) 


If all coincidences are registered, the observed cor- 
“w(t)e/™%dt/rx and can be 


relation W is equal to fh 
written 


W=I1(ky) UD (ko) TID (Ryko, paper) Vey #! (QQ) Vieo®*(Q»), (15) 
where 


[11 (Riko, wie) = (1kym'p, | Thm) 

K (Lhom peo! TRolm") (mb) (bm) mb’) 

x (bo m')[1—i(ry/ A) (Ey Ey). (16) 

Among other things, Alder’s formula, Eq. (9), differs 
from the more general formula, Eq. (15), by the fact 
that in the latter the indices w; and pe of Ve,#'(Q,) and 
Vio"*" (>) are independent. This is to be expected. If in 
Eq. (15) we choose the direction to the counter de- 
tecting, say, particle one as the Oz axis, only terms with 
wi=O remain. If uw» were equal to wy, and thus also zero, 
as in Eq. (9), only correlations independent of rotations 
about the s axis could be described by the formulation. 
This would represent a restriction on the generality of 
the Hamiltonian K. 

When the electronic shell must be described quantum 
mechanically, the problem is handled by the same 
methods. The formulas, Eq. (12) and Eq. (15), are 
still valid but Eq. (13) and Eq. (14) have to be modified 
as follows: 

LTT (Ayke, pipe, /) 
= (Lkym'uy | Tkylm) (Lkom' wo Lkolm"’) 


Xx (mn Ut im’ p)(m'’p| U m'n), (13) 
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where n and p are electronic magnetic quantum 
numbers. In the derivation of Eq. (13’) the assumption 
has been made that the nuclear transitions leave the 
electronic shell unaffected, which is equivalent to say 
that the Hamiltonians H; and //, responsible for these 
transitions commute with the electronic variables. If 
the Hamiltonian K is static, Eq. (14) must be replaced 
by 


LID (Ryko, Miple, t) 
= (Ikym'u, [kylm)(Lkom'' po [kolm"’) 
x (mn b)(b mp) (m'" p |b’) (b' | m'n) 


Xexp| (7 h)(E,— E,)t), (14’) 


where the state vectors 6) are eigenstates of K, and 
coefficients like (mn 6) are the C,,,,” in Eq. (6). 
Equation (16) must be replaced by Eq. (16’): 


IT] (Ry Re, Mike) 


1 x 
= J eV NTTT (Ry Ro, ws, Od! 
TN 0 


(Lkym'wy Tkilm) (Lkomys| Tkylm") 


X (mn b)(b mp) (mp b')(b" m'n) 


X[1—(i/h)rv(L,— Ey). 16’) 
It has already been pointed out that when K is the 
magnetic hyperfine structure, aI-J, the coefficients 
(mn\b) are the Clebsch-Gordan coefficients. Racah’s 
summation rules can then be used to bring Eq. (16’) 
to a closed form leading to Alder’s formula, Eq. (33) of 
reference 4, for a correlation perturbed by isotropic 
magnetic hyperfine structure. In that case, it follows 
from the properties of Clebsch-Gordan coefficients that 
that 4;=y in Eq. (16’). This is natural since there is 
no privileged direction in space. 


III. CRYSTALLINE POWDERS 


The description of angular correlations perturbed by 
a static Hamiltonian K is greatly simplified if the 
radioactive source has the behavior of a crystalline 
powder which is an ensemble of microcrystals oriented 
at random. Each microcrystal gives a certain correlation 
W’ described by Eq. (15) where the directions of emis- 
sion Q; and Q, are referred to a frame of reference 
attached to the microcrystal. The observed correlation 
WW’ is obtained by averaging Eq. (15) over all orien- 
tations of the frame of reference. This is obviously 
equivalent to keeping the frame of reference fixed and 
averaging over the directions of emissions Q,; and Qs, 
keeping constant the angle y= (9), Q») between the 
two counters registering the coincidences. From the 
orthogonality properties of spherical harmonics, it is 
easily seen that this procedure leads to the disappearance 
from Eq. (15) of all terms except those for which 
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Mi =mo=pu and k}=ko=k. The correlation W can then 
be written: 


W=), GrA,P, (cosy), (17) 


where the A, are the coefficients of the expansion in 
Legendre polynomials of the unperturbed correlation 
Wy and the G, are attenuation coefficients given by 


1 
G,.=- Dd TI (RR, we). (18) 


~ (Q4+1) 4 


If instead of the integrated correlation W we consider 
the time dependent expression w(/), defined in Eq. (3’), 
we can similarly write: 

w(t)= >>, Gi. (APs (cosy), 
where 


Y TI (RR, wu, ¢). (19) 


2i-+1 » 


Gy, (t) = 


The attenuation coefficients G,, which contain all the 
information on the perturbation of the angular corre- 
lation, depend only on the intermediate nuclear state 
but not on the radiative transitions to and from it. 

We rewrite below the explicit expressions for the 
attenuation coefficients G;, both integrated and time 
dependent, in the following cases. 

(a) The perturbing static field is described classically 
and has axial symmetry. 


1 
G, -( ) > (Lkm'a TkIm) 
Tees 2 


1 
G;, (1) ( )x (Lkm'p TkIm)? 
2L+17 mm'n 
Xexpli(L,, 


~Ey)t/h}. (20') 
(b) The perturbing static field is described classically 
but with no restrictions on its symmetry. 


1 


C= (Lkm'w ikim)(Lkm'''p TkIm"’) 
2/+1 


x (m!b)(b om’) (m""” b') (b" sm’) 


1 
Lkm'u' TkIm) (km | kim”) 
2/+1 


x (mb) (bm) (m"""| b’) (b' m’) 


, (1) 


(21’) 


Xexpli(k,— Ey )t/h ). 
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(c) There is a quantum-mechanical coupling between 
the nucleus and the electronic shell. 


G.= (Lkm'w TkIm) (Tema! TkIm”) 
(27+1)r 


< (mn! b)(b) mp) (mp! b')(b'| m'n) 


Ty I 
x{1- (fe r)| , (22) 
h 


1 
(Tkm'p! TkIm) (Lkm'''a! TkIm”’) 
(27+1)r 


G; (t) 


x (mn b) (bi mp) (mp, b)(b'| m’n) 


Xexpl(i/h)(Ey— byt}. (22°) 
In Eqs. (22) and (22’) r is a normalizing factor equal 
to the number of degrees of freedom of the electronic 
shell. If the shell has a moment /, r= 2/+-1. From the 
expressions (20), (21), and (22) it is easy to see that 
Gy=1 and that G,—1 when all the differences E,,— E,,- 
or E,— Ey tend toward zero. 

One interesting feature of the formulas (20), (21), 
and (22) is that, even when the perturbing Hamiltonian 
becomes so large or the lifetime ry so long that 
tv(F,—,)/h is much larger than unity, the attenu- 
ation coefficients G, with k>1 have finite limits or 
“hard cores” given by the contribution of the terms for 
which m=m’ in Eq. (20) or b=6' in (21) and (22). 

The anisotropy of the correlation is never completely 
wiped out. For instance, for axial symmetry we obtain 
from Eq. (20) with no degeneracies: 

1 1 

> kmo | TkIm)?= 
27+1 m 2k+1 


G;, (lim) = 


This is obviously only a lower limit. If there are de 
generacies such that, for some levels, one has £,, = E,, 
for m#m’, G,(lim) can be larger than 1/(2k+1). The 
existence of such hard cores has already been pointed 
out by Alder* for the case of isotropic magnetic hfs. 

It is important to emphasize that the existence of a 
hard core is subordinated to the following assumptions: 


(a) The perturbing interactions are static; 

(b) No privileged direction exists in the radioactive 
source considered as a whole. 

If either one of these assumptions is violated, the cor- 

relation can be wiped out completely. 


IV. STATIC ELECTRIC QUADRUPOLE INTERACTIONS 
A. Crystalline Powders 


An important example of the effect on the angular 
correlation of a perturbation describable by Eqs. (20) 
(20) is that of the interaction of the nuclear 
quadrupole moment" with an electric field 


and 
electric 


Casimir, On the Interaction Between Atomic Nuclei 
Bohn N.V., Haarlem, 1936) 


"H. BLOG 


and Electrons (De Erven I 
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having an axis of threefold or higher symmetry in a 
sample composed of a large number or randomly 
oriented microcrystals. Such interactions in solids are 
well known in nuclear magnetic resonance and in pure 
quadrupole resonance.'"* '* Separations of adjacent 
levels as high as about 900 Mc/sec have been observed. 
lor example, the levels m= +5/2 and m=+3/2 of [7 
in the solid ICN are separated by about 750 Mc/sec. 
Thus, such a perturbation could be significant even 
with intermediate nuclear lifetimes as short as 10~" sec. 
Axially symmetric fields are not the most general kind 
nor is the method of treatment limited to them, but the 
calculations are simplest and results can most easily be 
displayed for such fields. Some features of the results 
with fields of lower symmetry are discussed in Sec. 
IV(C). The results discussed here should be directly 
applicable, for example, for a nucleus in its normal 
lattice site in a metal of hexagonal crystal structure. 
The energy levels specified in terms of the component 
m of the spin along the axis of symmetry” are given by 
En=([eQO(0V /dz*)/41 (21 —1) | 3m?—1(14+1)]. (24) 


Using these values in Eq. (20’), the attenuation coef- 
ficients G, (1), for the detection of delayed coincidences, 


for12/<3 are: 


f=1; 
[=§: 


G2(t) = } (342 cosa), 


G2 (t) ‘(1 +4 CoSwof), 


is 2 


COSWol 


| 1 
G»(t) 


12 
COSSwol+ 


a 
COS4wol |, 


1 ) 
COSWl 


/ 


16 6 


COS3wol +-— Cos4wol 


( OS2wyl + COSSwol ’ 


COSWol 


| i4(1) 
| {) 


18 23 


| Cos2wol +. COSswol . 
/ ‘ 


(30) 


2R > V. Pound, Phys. Rev. 79, 685 (1950). 

RV. Pound, Progr. Nuclear Phys. 2, 21 (1952). 

4 Gordy, Smith, and Trambarulo, Microwave Spectroscopy (John 
Wiley & Sons, Inc., New York, 1953), Chap. 5. 
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G,(t)= COSWl 


z 20 


COS3a/l+ COS4wol 


25 10 


COSSwyl4 


(31) 


( OSSwl ’ 


y? 


COSWyl + COS3wyl 


4d 


G4(t) = 


60 


COStwyl4t COSSal 


‘/ 


192 126 


COSS8a/+ COS9wl (32) 


i 


50 23 
COSW yl 
33 11 


> 
COSIWyl 


Gig (lt )= 


67 
COS4wiyl+—— CoSSwol 
33 


34 
(33) 


COS8wolt-— COSDaof 


33 11 
In these formulas, wy is the angular frequency equivalent 
to the smallest nonvanishing energy difference or, thus, 
2r times the lowest frequency of resonance that could 
be observed were pure quadrupole resonance prac- 
ticable. For integer /, or for half-odd integer J, re- 
spectively, 
[37(27—1) JLeO(@V/dz)/h], (34) 


wy(even) 


1) I[ eO(0°V/ As?) h |. (35) 


wy(odd) =[ 3/ (21 


The quantity eQ(0?V'/ds*) /h is 2m times the frequency 
Avg frequently used to describe the electric quadrupole 
interaction, 

As an application of these formulas, an example that 
would allow the determination of an electric quadrupole 
interaction may be considered. The y—y cascade of 
Cd!" following A capture in In", studied by the 
Ziirich group and others’ has an angular. correlation 
described by W'(@)= 14 A12P2(cosé)+ A 4P4(cos#) with 

Ay < Ay. The intermediate state has / equal to 
5/2 and a half-life of 8X 10~* sec or ry=1.2XK 10 sec. 
The ratio of delayed coincidences at 180° to those of 
same delay at 54°, where ?, vanishes, should, as a 
function of the delay time ¢ behave just as 1+ A.G2(/), 
where G,(t) is given by Eq. (29), provided that a number 
of conditions are satisfied. First, all Cd'" nuclei must 
be in closely similar electric fields of axial symmetry. 
Because a nuclear recoil plus a chemical change accom- 
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panies the A capture, it is not safe simply to assume 
that the symmetry and uniformity pertaining to the 
indium of the source would apply for the Cd" daughter. 
However, the beautiful experiment of Albers-Schénberg, 
Hanni, Heer, Novey, and Scherrer’ with a single 
crystal of indium show that, for that lattice, the 
daughter element does remain in the indium lattice site 
and, thus, a polycrystalline metallic indium source 
would satisfy this condition. 

The second condition is that wy must not be much 
smaller than 1/ry in order that coincidences be still 
observable with a delay time as large as 24/wy. This 
condition is also satisfied by the indium metal source, 
as evidenced by the Ziirich experiments and those of 
Steffen,’ in that the time-integrated correlation is 
severely perturbed by the crystalline field. 

Finally, the resolving time of the coincidence circuits 
must be much shorter than 27/ wo, or, thus, wy cannot 
be determined if it is too large. With a resolving time 
not negligible compared to 27/w), some smearing out 
of the function Go(t) would result. The function G»(), 
Eq. (29), is plotted in Fig. 1. The time of the first 
maximum is 2mr/wo or 40m 3Avg. 

From measurement 


such a the magnitude of the 


electric quadrupole moment (but not the sign) could 
be determined if the difficult problem of determining 
the value of (0°V/ds*) could be solved. In this respect 
the problem is less easy for the In''' source than for 


some others because, in spite of remaining at an indium 
lattice site, the Cd"! is both an impurity and in an 
unknown electronic state. These additional complexities 
could be avoided by the use of 48-min Cd" in metallic 
cadmium as a source instead, which has the same inter- 
mediate state. Even in the pure metal, however, reliable 
values for 0°V'/dz* are not available. 

A more informative example would be an element 
that has a stable isotope of spin higher than 3. For it, 
by rf resonance methods, the electric quadrupole inter- 
action of the stable isotope in the same chemical form 
as used in the source could be determined and, thus, 





The attenuation coefficient G.(t) for /=5/2 asa 


function of wol/m 
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TABLE I. Observed frequencies, Avg, of electric quadrupole inter 
actions of stable nuclei in representative compounds 


Compound \wa. M t 
0.30 
O.O015 
0 000 

87 

39 

33 


39 


LicSO,-D.O 
LiAl SO 
LiAl SiO 
B(CH 
ICN 
NasNO 
ALO 
CuO 
AsO 

Br” Br. 

Shs SbCl 

[2 IC] 

Bit Bi(C.H 


> we de 


rhe ho NS 


*R.V. Pound (unpublished 

»N. A. Schuster and G. FE. Pake, Phys. Rev 

¢See Gordy, Smith, and Trambarulo, Microwave Spect 
Wiley & Sons, Inc., New York, 1953), Appendix, Table A.6 

See reference 12 
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the magnitude of the ratio of the electric quadrupole 
moments established. 

The effect of the static quadrupole interaction, in 
powdered sources, on angular correlations of the usual 
type in which the resolving time is longer than ry and 
delays are not used, is given by attenuation factors Gy. 
These are found from the functions G,(¢) of Eqs. (25) 
(33) by replacing all quantities of the form costa»! by 
[1+ (nwory)? }'. In the limit wyry<1, the attenuation 
factors approach unity, or the correlation is undis- 
turbed. For ry=10°7 sec, Avg must, for this, be small 
compared to 1 Mc/sec. As examples of what might be 
expected, Table I lists electric quadrupole interactions 
in solids determined by rf resonance. It is reasonable to 
assume that the quadrupole moments, and, so, the 
quadrupole interactions of low-lying excited nuclear levels 
would be of similar magnitudes. Thus an effect from this 
interaction must be expected to be present in a large 
fraction of cases of observation of angular correlations 
from solid sources. 

The obtaining in the 
angular correlation measurements is complicated by 


situation source for many 
recoil of the nucleus in emissions preceding the forma 
tion of the intermediate state. For example, in the 
a—y correlation of radio thorium observed by Battey 
et al.'® and by Beling ef al." one cannot ascribe any 
properties of the symmetry or the chemical bonding of 
the primary compound to the surroundings of the 
intermediate nucleus recoil energy of 
approximately 100 kev from the @ decay is certainly 
radii 


because the 


suthcient to move the nucleus many atomic 


through the lattice. One would, then, expect some dis- 
persion in the values of wy from nucleus to nucleus and, 
thus, to be able only to observe some average effect. 
Nevertheless, as reported earlier,'* application of the 


appropriate formulas, Gy and G, for /= 2, to the results 


* Battey, Madansky, and Rasetti, Phys. Rev. $9, 182 (1953 
’ Beling, Feld, and Halpern, Phys. Rev. $4, 155 (1951 


*A. Abragam and R. V. Pound, Phys. Rev. 89, 1306 (1953) 
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shows that a value of wory a little larger than unity 
brings the results into agreement with the 0-2-0 
scheme predicted on other grounds for that cascade. 
Indeed, convincing evidence of the validity of this 
explanation of the original discrepancy is the con- 
sistency of the experimentally determined values 
G,=0.42 and G4=0.50 with G.=0.40 and G4=0,52 
obtained for wory taken as 1.8. This test differentiates 
much more clearly from magnetic perturbations for 
/=2 than it does for half-odd integral spins because, 
for /=2, Gy>Gy for all values of wo7y. For other spins 
the contrasts between the relative attenuations from 
the two effects are less marked. A value for Avg of 160 
Mc/sec, by no means unreasonably large, is required 
if ry Is taken as 1.510 * sec, 

Extensive studies of the dependence of the correlation 
on the nature of the source have been made by Aeppli 
el al." and by Steffen" for the y-y cascade of the Cd"! 
daughter of In''. It seems likely that the ability to 
obtain a correlation near to the unperturbed one (the 
anisotropy observed later by the Ziirich group with 
one counter along the hexagonal axis of the single 
crystal of indium?’ must be considered more completely 
unperturbed) from a source of In" embedded in 
metallic silver!’ is a result of the indium, and its cad- 
mium daughter, being situated and remaining in a 
vacancy of the cubic silver lattice, even though some 
recoil energy is imparted in the A capture. Consistent 
with this is the observation that thin films did not give 
as large anisotropies as thick, which may be the result 
of the existence of considerable lattice strain in thin 
films, with consequent departures from cubic sym- 
metry. The retention of the Cd'", with a recoil energy 
probably smaller than 1.5 volts at a lattice site, or else 
its capture in a neighboring one, in both a silver and an 
indium lattice must be considered demonstrated by 
these experiments. 

It is not entirely safe to assume that the quadrupole 
effect is absent even if the nucleus is known to lie in a 
cubic lattice at a good lattice site. Studies of nuclear 
paramagnetic resonance of iodine and bromine in 
crystals of KI and KBr have revealed that these ions 
are extremely sensitive to the symmetry of their sur- 
roundings.” Even in the most perfect single crystals 
obtainable, lattice strains probably resulting from a 
certain density of dislocations, cause a mean squared 
electric quadrupole interaction of many kilocycles. 
Much larger interactions, perhaps of the order of a 
megacycle/sec, are found in powders. Metallic ions 
seem less sensitive to this source of interaction. 

The nuclei most likely to be observable in predictable 
environments would be reasonably long lived isomers 
from which a y-y correlation can be studied. With such 


"% Aeppli, Bishop, Frauenfelder, Walter, and Ziinti, Phys. Rev 
82, 550 (1951). 

~G. D. Watkins, thesis, Harvard University, 1952 (unpub 
lished); G. D. Watkins and R. V. Pound, Phys. Rev. 89, 658 
(1953). 
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nuclei, the chemistry of preparing a source can be 
performed with the isomer itself, and, unless it is very 
energetic, the recoil from the first y emission would be 
insufficient to break a chemical bond or to displace the 
nucleus from its lattice site. Furthermore, the electronic 
shell should remain unexcited for such nuclei for which 
the y ray is not internally converted. An n-y reaction, 
in a metal, that produces such an isomer could be used 
directly, although the recoil energy in the (n-y) reaction 
could certainly be sufficient to displace the nuclei. 
Annealing or melting and refreezing the metal should 


restore the normal metallic lattice. Such a simple 


remedy may not work for compounds, especially for 


molecular crystals. 

It has already been noted that, even for wo7y 1, no 
term in the correlation is completely destroyed by the 
axially symmetric quadrupole interaction in the poly- 
crystalline source. This means that the mechanism 
described, if the compounds are truly randomly oriented 
powders, cannot explain the results of the Ziirich group 
and of Steffen for several solid compounds where the 
correlation was found to be much smaller than the 
hard core for G2. 

The attenuations measured 
resolving times longer than ry can, of course, be used 
to determine (wo7y)? and, thus, if ty is known, Avg. 
For woty > 1, the functions G, are nearly reduced to the 
hard cores and the accuracy of determination of 
(woty)* is correspondingly poor. For large wory the 
delayed coincidence technique would be much superior 
if sufficiently short resolving time can be obtained. 

The failure of magnetic fields, directed toward a 
counter, to restore the correlations perturbed by quad- 
rupole interactions can be understood in terms of the 
discussion in Sec. VI(B). 


for coincidences with 


B. Single Crystals 


In discussing the intluence of the quadrupole inter- 
action in single crystals, we restrict ourselves for 
simplicity to cases where all the radioactive nuclei 
experience fields of threefold or higher symmetry, iden- 
tical in direction as well as in magnitude. It is evident 
from Eq. (10) and it has been demonstrated experi- 
mentally’ that, if the axis of symmetry of such a crystal 
is parallel to the direction of emission of one of the 
radiations, the correlation is the same as if no quad- 
rupole interaction were present. If the axis of the crystal 
is perpendicular to the plane of the counters, the corre- 
lation can be written 


W=)>., B,e'*%, (36) 


where 

By= (ki) I (ke)a(hki, w)a* (ke, uw) (Lkym'u | Tk, Tm) 
XK (Lkom'w! [Tkolm)[1—iwyry(m?—m") |, (37) 

and, of course, no summation is made over the index uy. 

In Eq. (37), the quantities a(k, w) are defined by 


V.4(0, y) 


a(k, vi ein, 
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The quantity w, is w, detined by Eq. (34) for integral 
I and is (wo/2) of Eq. (35) for half-odd integral /. 

Interference terms with ky #k» exist in Eq. (36). No 
simple relationship can be established between B, and 
the analogous coefficient 6, of the unperturbed corre- 
lation, given by 


bu, =1(RIT(R) e(k, w) 2(274+1)/(2k4+1). (38) 


The situation is more complicated than when the per- 
turbation is entirely caused by a magnetic field since 
then the terms with k, #» vanish. To interpret the 
results of an experiment which intends to determine w, 
or Avg by comparing the experimental values of 6, and 
B,, the coefficients 7 and //%. must be known sepa- 
rately, rather than only through their diagonal product 
/,/1, given by a measurement of the unperturbed cor- 
relation. In general, this requires an accurate knowledge 
of the multipole expansion of both the first and the 
second radiation. The requirement may prove difficult 
to meet when one of them or both are mixtures of dif- 
ferent multipoles. The interference terms disappear, and 


— 
= (Lkm'p| TkIm)*{1- 
b, 2+1 


iwyty(m?—m") |, (39) 


only when I(k;) and II(ky) vanish for ky and ke larger 
than two. This condition is more restrictive than the 
requirement that the expansion of the unperturbed 


correlation contain no harmonics higher than the 
second. The present condition is satisfied only when the 
spin J is smaller than two or when both radiations are 
dipolar. The difficulty of interferences can, of course, 
always be met by taking averages of correlations 
measured with different crystalline orientations. 


C. Rhombic Fields 


We now brietly consider the effects of quadrupole 
interactions of lower than axial symmetry, limiting 
ourselves to sources in the form of crystalline powders. 
The attenuation coefficients G, are given by Eq. (21). 
In order to apply that equation we must know the 
eigenstates and eigenvalues of the general quadrupole 
interaction, as it is given, for instance, by Eq. (15) of 
reference 12. 

Symmetry considerations somewhat reduce the order 
of the secular equations to be solved. The maximum 
order of these equations is / +}, if / isa half-odd integer, 
(1/2)+1 if J is an even integer, and (//2)+ (1/2) if / 
is an odd integer.”! If / is an integer, the +-m degeneracy 
of the axial case is lifted but if / is half-odd, an essential 
so-called Kramers’ degeneracy remains. The two de- 
and 6) are sometimes called 


generate states 0) 


Kramers’ conjugate and satisfy the condition 
(40) 


(bh m)=(—m by). 


* King, Hainer, and Cross, J. Chem. Phys. 1, 27 (1943 
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For any spin, the only nonvanishing matrix elements 
of the quadrupole interaction K are (m K m) and 
(m K | m-+2) if one of the principal axes of the electric 
field is chosen as the s axis." As a consequence, if an 
eigenstate 6) has components along two states | m) 
and |m’), m—m’ is even; if two Kramers’ conjugate 
etates have components along two states m and m’, 
respectively, m—m’ is odd. 

Our main interest in considering fields of lower than 
axial symmetry is to find out whether such interactions 
could lead to very small values of the hard cores and 
thereby explain the very small attenuation coefticients 
G, observed in some crystalline compounds such as 
indium chloride.'°"’ The hard core, having been defined 
as the limit of G, when the strength of the interaction 
tends toward infinity, is given, for integral spin where 
there is no remaining degeneracy, by Eq. (21) taking 


b= b’- 


G, (lim) = (km'p TkIm)(Lkm''a TkIm"’) 


2/+1 


x (m|b)(b) mm") (mb) (bi m’). (41) 


lor half-odd integral spins, terms of the form 


(Lkm'u! TkIm)(Lkm'''p| TkIm"’) 


x (m!b)(b) m"’) (mm b)(b om’) (42) 


would seem to contribute to G; (lim). However, to each 
term of the sum (42) corresponds another term ob- 
tained by replacing m by —m’, and m’ by —m. This 
latter term is equal and opposite to the former because 
of the properties of the Clebsch-Gordan coefficients. 
Equation (41) is therefore valid for all /, integral or 
half-odd integral. 

The values of G,(lim) for a few values of / are given 
below: 

1=1;G,(lim) = 2. It will be remembered that the value 
of the hard core for an axially symmetric field was 3. 
Although the degeneracy is completely lifted G;(lim) 
does not reach the value 1/(2k+1), equal to }. 

[= 3; Go(lim)=!. This is the same as for a field of 
axial symmetry. 

l=2:; Go(lim)=G,(lim)=2/7. This 
written 10/35 or 18/63. For axial symmetry G2(lim) 
and G,(lim) were, respectively, 13/35 and 29/63. 

/=5/2. Here the hard core depends on the amount 
of the asymmetry which can be characterized by the 
coefficient » defined in reference 12 or 22. A cubic equa- 
tion must be solved to find the eigenstates 6) of the 
quadrupole interaction. For small 9, perturbation for- 
b) and G» 


can also” be 


mulas can be used to determine the states 
is found to be 


1373 1 
G. (lim) + n +O(n')~- +0.249’. 
5 21027 5 


2K. Bersohn, J. Chem, Phys 20, 1505 (1952 
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For maximum anisotropy 9 =1, the cubic secular 
equation reduces to a quadratic and a linear equation.” 
Thus, for |» =1, 


G»(lim) = 443/1715-~0.258. 


It is seen that G.flim) is larger than the value } of 
axial symmetry. An asymmetric field therefore cannot 
explain the very low values of anisotropy observed in 
the solid indium compounds. 

The following sum rule can be deduced from Eq. 
(41): 


> (2k+-1)G, (lim) = 27-+1. (43) 


In this formula both odd and even k should be counted. 
However, if / is integral, it follows from the properties 
of the Clebsch-Gordan coefficients that the quantities 
G,(lim) vanish for odd k. For that case the summation 
in Eq. (43) can be limited to even k. 


D. Free Molecules and Atoms 


We now briefly consider the problem when the system 
producing the inhomogeneous electric in the quadrupole 
interaction must itself be treated quantum mechani- 
cally. This is true for free atoms or molecules and would 
apply to gaseous radioactive sources. The reason why, 
in solids or liquids, the pure quadrupole interaction can 
be treated classically as far as the electronic shell is 
concerned, is that, there, the orbital degeneracy of the 
shell is lifted. The shell can still have degrees of freedom 
connected with spin degeneracy in a solid but the electric 
field does not depend on these. Classical treatment is 
not valid in the presence of magnetic hyperfine struc- 
ture. 

The interaction between the nuclear spin / and the 
gradient of the electric field can be represented by the 
usual operator, 


3(1-J)°+-31-J)—1 (7+ 2) (J +1) 
=< ’ 
2) (2J —1)21(21—1) 


where J is the angular momentum of the electronic shell 
of the atom, if the gas is monatomic, or that of the 
electronic shell plus the rotational moment in a gaseous 
molecule. 

lor atoms, where the total angular momentum F is 
a good quantum number, Goertzel’s treatment of the 
correlation and Alder’s formulas (33) and (34) of 
reference 4 remain valid. There is only a trivial change 
in the energy differences Ey— Ep. 

The same statement applies to molecules if F=I+ J 
remains a good quantum number; that is to say, if no 
other nuclear spins in the molecule are coupled to the 
moment J. (The magnetic couplings between the dif- 
ferent nuclear spins themselves are always much smaller 
than the quadrupole interaction and can be disregarded. ) 
If this is not the case, the treatment is more compli- 
cated. The general formulas, Eqs. (15) and (16’), have 
to be used, 
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It is important to point out that these considerations 


are valid only if the collision time in the gas is so much 
longer than the nuclear lifetime vy that the gas mole- 
cules can really be considered as isolated during the 
decay process. Incidentally, this applies to 
Goertzel’s treatment of the atomic hyperfine structure. 

We have seen that observations of correlations per- 
turbed only by quadrupole interactions do not give 
the sign of the quadrupole interaction. The sign of the 
nuclear quadrupole moment is even more important 
than its magnitude for an understanding of nuclear 
structure. If a measurement of perturbed correlation in 
a free atom, where magnetic and quadrupole interaction 
are both present, could ever be so precise as to detect 
the departure from the Landé interval rule due to the 
presence of a quadrupole interaction, the relative sign 
of the magnetic and quadrupole moments (or the ab- 
solute sign of the quadrupole moment if the sign of the 
magnetic moment is known) could be obtained. Such 
an experiment seems hardly feasible in the present stage 
of experimental techniques. A possible suggestion of 
such an experiment is made in Sec. VII. 


also 


V. TIME DEPENDENT ELECTRIC QUADRUPOLE 
INTERACTIONS 


Several experimenters have found that liquid sources, 
usually aqueous solutions, give much more nearly the 
expected theoretical correlations than do solid sources 
of the same chemicals. Steffen has found that molten 
metallic indium, for the y-y scheme following A capture 
in In'!, gives nearly five times the anisotropy of the 
solid metal.'® The improved performance of liquid 
sources has been attributed to rapid disappearance of 
magnetic electronic states previously invoked to explain 
the disturbance in solids, or to the smallness of electric 
fields in liquids. In terms of the effect of the nuclear 
electric quadrupole moment an explanation that can 
reveal the limitations as well as the utility of liquid 
sources can be constructed. 

Liquids possess, instantaneously, certain local con- 
figurations characteristic of their particular composition 
not very dissimilar to local configurations in solids. The 
work of Bernal and Fowler on x-ray diffraction of 
water,” for example, demonstrates that a pseudo- 
crystalline structure exists in the liquid state. On the 
other hand, it is clear that no given configuration, and 
so no preferred direction, can exist for very long at the 
position of any particular constituent of the liquid. The 
local configuration of a given nucleus, and so any 
electric quadrupole interaction resulting from it, is in 
a state of continual change, in a random manner. 
Particularly significant is the resultant continual reorien- 
tation of the direction of the normal axes of the in- 
teraction relative to external coordinates. If many 
uncorrelated directions of the axes occur in the nuclear 
lifetime ty, we can say that the nature of the source 


3 J. D. Bernal and R. H. Fowler, J. Chem, Phys. 1, 515 (1933). 
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imposes no preferred direction at any particular nucleus 
and the direction of the first particle in the cascade 
decay can, then, be taken as an axis of quantization of 
the nuclear spin. 

Under this condition, detection of the first decay 
establishes the probabilities of occupancy of the various 
intermediate substates relative to the axis to the 
counter at the instant of the first decay. Then, as usual, 
the angular correlation function is just the angular dis- 
tribution of the second decay from such a distribution 
over the intermediate substates, if they are not dis- 
turbed before the second decay. However, because of 
the Brownian motion and its accompanying fluctuating 
electric quadrupole interaction, transitions between 
these substates can result. Eventually, the nucleus 
must become likely to be found in any one substate 
with equal probability. Thus, if ry were sufficiently 
long, the second emission would become isotropic and 
the correlation would be completely destroyed. The 
mechanism described is the direct analog of that giving 
rise to thermal equilibrium between spins and_ the 
liquid in nuclear paramagnetism. (The corresponding 
effect is usually far less rapid in solid sources and, in 
them, it would usually be negligible in any of the 
lifetimes ty we are considering.) Although the effect 
of the random fluctuations in direction of the axes of 
the interaction would be to reduce its influence as 
compared to a static one of the same magnitude, unlike 
the static effect, no recovery after a time delay and no 
hard core should exist. 


A. Formal Treatment 


The time dependent angular correlation w(t) in 
liquids can be obtained from the general formulas, 
Eqs. (12) and (13). Choosing as the z axis the direction 
to the first counter makes uw; equal to zero and, ac- 
cordingly, we is also zero because there is no other 
privileged direction associated with the source. Equa- 
tions (12) and (13) become 


w(t)=I1(ky) 11 (ke) TI (Ryko, 00, 1) Ve 9(O) Veo’ (Qs), = (44) 


and 


IIT (kik, 00, t)= (Lkym0' Tk, Im) 


X (Lkom'0! Tkolm’)| (m'! U(t)'m)!*, (45) 


where | (m’| U(t)!m) ? is the probability W(t) that 
if the nucleus were in the state m at ‘=0, it would be 
in the state m’ at the time /. Equations (44) and (45) 
may also be used to describe the behavior of a crystalline 
powder. However, in that case it is more convenient to 
use Eq. (21) where the z axis of quantization is referred 
to the axes of each microcrystal. 

The Hamiltonian K describing the quadrupole inter- 
action of the nuclear spin with its surroundings can be 
most generally written 


K=>, Tou(X)T2"* (1, 1, 12), (46) 
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where the functions 7,“ are tensor operators defined by 
Racah™ and the quantities Y are parameters describing 
the local electric field at the nucleus. In accordance with 
the above model for a liquid, they are randomly fluc- 

tuating functions of time. 
The ensemble average, taken over all the nuclear 
sites at a given time. given by 
G=(f(Of*lt (47) 


T) Dewy 


we call the correlation function of the random function 
f2° If the ensemble is stationary, this quantity is inde- 
pendent of ¢ and can be written G(r). The function G(r) 
can be shown to be a real, positive, even function of r 
decreasing to zero with increasing |7). For 
G(0)=() f *)s. The Fourier transform of G(r), 


se)= f e '“'G(r)dr, 


va 


r=(), 


(48) 


may be termed the spectral density of the random fune- 
tion f. We define somewhat loosely the correlation time 
r, as the time 7 such that for r=7,, G(r) is appreciably 
smaller than G(O). One often assumes 

G(r) =G(O)er!"!/", (49) 


As a consequence of the above assumption of random 
rotation of the axes of the electric field, 


(To#(X)T 2" = d*6(p, p’ ), 


where the constant d? is independent of uw. It then 
follows from the properties of the tensor operators that 


((m| K!m’)(m! Ki m’’)* a, 


= b*6(m’, m’’)(L2m'u! [21 m)?. 


(50) 


With the usual notations, the constant }* is given as 


1 (/+1)(27+3) Vy? 
J UA onl (ME) 
80 J(27—1) az”? A 


(51) 


where 2’ is the direction of largest field gradient in coor- 
dinates moving with the fluctuation. The Hamiltonian 
K induces transitions between different magnetic sub- 
states of the nucleus. According to first-order per- 
turbation theory the probability of transition in a time 
t from a state m to a state m’, for a single spin, is given 
by 
t 2 

W mm: (t) = (1/h*) J K mm: (t’)e~*em~'"'dt’| , (52) 


0 | 


where Wmm is the angular frequency corresponding to 
the energy difference between the two states m and m’ 
in the absence of the perturbing random field. 

In order to display the properties of the random 


%G. Racah, Phys. Rev. 62, 438 (1942) 
*6 See, for example, Ming Chen Wang and G. E 
Revs. Modern Phys. 17, 323 (1945). 


Uhlenbeck, 
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functions Ky,» (tl) we rewrite Eq. (52) as 


W mm: t= (1 w) f at f dt" K mm (U') 


X Kamm (lem tem (Ul " (53) 


Introducing (/—/ r, this can be rewritten as 


W mm? (t) (1 wl f dre twmm'T 


t 


xf K mm (l')K mm (l'— r)dt’ 


T 


tt+r 


xf K mm (LK mm *(U—7)dt’ |. (54) 


If we take the ensemble average of Eq. (54), we get 


t 
(WV am (1) Ay (1 | [ dre tomm'? (/— T)Gmm' (7) 


{ [ dre *™™'"({+-r)Gmm (7) I, (55) 


t 
where 


(K mm (lL) K mm (U— T) Aye 


Creer Co 


Equation (55) is equivalent to 


t 
CW am’(t) w= (1 wef em" (r)dr 
e t 


t 


| COS(Wnm'T)TG mn (r)dr{. (56) 


If / is large compared with the correlation time r,, the 
ratio of the two integrals is approximately //7,, and 
the second can be neglected compared with the first. 
In the first integral, the integration limits can be 
replaced by + and ©. The result is 


CW mam? (t) \ay= (t/h?)J (comm). (57) 


A transition probability per unit time can be defined as 


@) (W sam? (t) ne/ b= (1/8) T mm? (Comm?) (58) 


i mm’ 


Taking G(7) as G(O) exp(— 7. 7,), the result becomes 
2r G,, m (Q) 2r, ( . Ay 

QO « 9) 
he 1 t (Won m Tv. ) h? 1 + (Wane Te )? 


Frequently for nonviscous liquids @y..°Te<1 and 


Omm = (27¢/ ht?) (| Km? |?) (00) 


AND R. 
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In Eq. (56), for ‘<<r,, on the other hand, the quantity 
(r) in both integrals can be replaced by G(0) 
=() Kim)? )w. FOr @mm:=O0, this is precisely the case 
of the crystalline powder (Wmm’ is the distance between 
levels m and m’ in tie absence of the quadrupole inter- 
action) which should obviously correspond to an 
infinitely viscous liquid (long 7,). Equation (56) gives 
then 


(W mm? (t) \e= (1/h?)OC| Kam? |? ewe (61) 


As a consequence, for times much larger than 7, but 
still so small that ( Ainm:|?)tr./W#?<1, the time de- 
pendent correlation w(t) for a liquid can be obtained 
by expanding the suitable formulas of Eqs. (25)—(33) 
as a power series in / and replacing in the first term, 
which is the square, ? by 2/r,. This is equivalent to 
replacing 7y* by rr, in the series expansion of the time 
independent correlation 


L 


w= f exp(-~i ty )w(t)dt/ry, 


and explains why in many cases liquid sources give 
better correlations than solids. 

For the intermediate situation between Eq. (60) and 
Eq. (61), when ¢ is neither large nor small compared 
with 7, but ( Aunm: aft. /A? is still small, the transition 
probability is given by the general formula, Eq. (56). 

Tf (Wome av, given by Onn: of Eq. (60) multiplied by 4, 
is not small compared with unity, it is not correct to 
use that expression for (| (m Um’) )?), in Eq. (46). 
(Wom must then be calculated as follows. If the 
probabilities of occupancy of the different states | m) 
are called P,,(t), these quantities obey the usual dif- 
ferential equations for a relaxation process, 


dP», 
(62) 


| 
>. Oot? 
. I 


dt m 


where Q,,,,, are the transition probabilities per unit 
time defined in Eqs. (59) and (60). In order for the 
system of equations described by Eq. (62) to be valid, 
the condition that Q,,.:»,7-<1 must be satisfied. If it is, 
the passage from the ordinary quantum-mechanical 
equation for the probability amplitudes C,,, 


h d( em : 
=> Kam 


m 


(63) 


‘if 
iwmm 
( my 


to Eqs. (62) can be jusified, formally, using arguments 
analogous to the derivation of Eq. (57) from Eq. (52). 

The function W,,,,.-(0) is now defined as the solution 
P,,-(t) of the system, Eqs. (62), corresponding to the 
initial conditions P,:(O)=6n»°. From Eqs. (50), (51), 
and (60) it is found that 


Omm =a(L2m'p| [2Im)?, (64) 


x 
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where 


he (=) (=) 
a= . 
40 = 1(27—1) h 02” ». 
Remembering that >~,,:(/2m’u! 12/m)*=1, (62) can be 
written: 


(65) 


1 dP, 
+1= >> (J2m'u 12Im)?Pn. 
a dt m’ 


t 


If the substitution P,,(1)=P,,e°*/' is made, 


(1—d/a) Pm= dom (L2m'p 12 myPP py. (67) 


Equation (67) is an eigenvalue linear system of the type 
AX=uX, 


where X is a vector with (2/+1) components. The 
matrix element Amn: is (J2m'u 127m)", and the eigen- 
value is w= (1—X/a). 

Using Racah’s formula for the reduction of a product 
of three Clebsch-Gordan coefficients, it can be shown 
that the (2/+1) eigenvectors V“’ of Eq. (67) are given 
by 

Vink!’ =(LkmO kim), 


eigenvalues uy, are 


w= (27+1)W (1 2k1 17), 


and the 


(68) 


is the Racah function. 
(t) a, is then 


where W 


The function (Wm: easily seen to become 


(km TkIm)(Lkm'0 TkIm') 
27+1 « 


(W mm (t) = 


(2k+1)ee™—*, (69) 


(45), shows that 


and 


Equation (69), introduced in Eq. 
LIT (Ryko, OO) vanishes unless k; = ke 


2/+ 
III (kR, 0)- om, 
2k+1 


where” 


3 ev eV 
Mm=a(1l—-pwy,)= ae )). 
80 


k(k+1)[47 (1+1)—k(R+1)—1] 


XT, (71) 
P(2f—1) 

26 The proceduce used to calculate the inverse time constants 
dx is a generalization of a procedure that can be used to calculate 
in liquids the inverses of the well-known relaxation times 7) and 
7» of nuclear paramagnetism. One, then, is normally concerned 
with the rate of approach to a Boltzmann distribution over the 
substates |m) from a distribution initially uniform, because an 
applied field splits the substates. The procedure used here relates 
to the inverse process of the Pe paragon of nonuniform dis 
tributions. If w, is 2x times the Larmor frequency gnv///h and if 
wt “<1, T)= 7, and the value obtained from Eq. (71) by putting 
k=1 is just (7;) ' or (72)! for nuclei of spin J in a liquid when 
the relaxation results from fluctuating electric quadrupole inter 
actions. An analogous calculation for relaxation by local, con 
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The time-dependent attenuation coefficients are 
G,(t) =€ Net 

and the integrated coefficients are 


c= f e NG, (Ddt/ ry - 
0 1+Aury 


B. Applications of the Results for Liquids 


The foregoing results appear capable of explaining 
for at least some cases the discrepancies remaining 
between the angular correlations expected and those 
observed from liquid sources, As an —_ reported 
briefly previously,”? the y-y correlation of Pd'*, fol- 
lowing the 2.44-Mev 8 emission of Rh'’® shows, from 
the results of Kraushaar and Goldhaber,” relative to a 
0— E2—2—E2-0 decay scheme, a G» of 0.779 and a G, 
of 0.864. The values of the quantity 


[ (eQ)((0? V Oz")? ) h? |ryr, 


required to give these values of Gy and G, are, respec- 
tively, 2.66 and The consistency of these two 
independent determinations of the same quantity seems 
to be strong evidence for attributing the discrepancy 
to this cause. 

Neither ry nor 7, are known for this example. From 
nuclear paramagnetism and from Debye’s studies of 
polar liquids, it seems reasonable to take a value of 
about 10°" sec for the 7, of water molecules themselves 
in dilute aqueous solutions at room temperatures. 
Sufficient information to allow estimates of values for 
r, appropriate to the ions in the solution is not available 
but it might be supposed that the same 10°"! 
for the Pd'* ion or atom. If the lifetime ry is taken as 
less than 5X10 sec, then Avg’ =eQ((@V/d2")* ab /h 
must be larger than 1160 Mc/sec. Any interaction of 
that scale would, in the solid state, cause attenuation 
nearly to the “hard core,” thus explaining Steffen’s 
failure to differences 
sources of differing composition.”® If the nuclear lifetime 
were only 5X 107" sec, a three times larger Avg’ would 
be required to explain the liquid results and the remark 
about solid sources still holds. It should be kept in 
mind that the Ziirich group’s ability to obtain an essen- 
tially unperturbed correlation from Cd" in thick silver 


sec applies 


observe among various solid 


films probably results from the fitting of the parent 


In'" into and retention of the daughter Cd! at a 


interactions, such as an I-J 
can easily be made by using 


tinuously reorienting, magnetic 
interaction in a tumbling molecule, 
1 for 2 in Eq. (46), Eq. (64), and following, and using k=1 for 
relaxation of magnetic moments or k=2, 4, for effects on 
angular correlations. The expression for the paramagnetic relaxa 
tion Ay=(7,) ' derived from Eq. (71) for quadrupole relaxation 
is identical to that found by R. K. Wangsness and FP. Bloch, Phys 
Rev. 89, 728 (1953), using a different approach 

27 R. V. Pound and A. Abragam, Phys. Rev. 90, 903 (1953 

* J. f. Kraushaar and M. Goldhaber, Phys. Rev. 89 
(1953) 

*R.M. Steffen, 
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Phys 86, 632 (1952 
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normal lattice site of the cubic silver lattice. That 
evidence is not to allow the inference that 
other “double stream” metal sources would have similar 
qualities in general, independently of the nature and 
energy of the decay from parent to daughter and of the 
chemistry of the three metal atoms involved. Relevant 
to the difference is the fact that the Cd" nucleus has 
much smaller recoil energy than that of Pd!°®, 

As to the magnitude of Avg’, probably greater than 
1160 Mc/sec, the value of 2500 Mc/sec for Avg for I'?? 
with a single pure p bond may be compared.” The elec- 
tronic state of the Pd'®® is not known but it is unlikely 
that ((0°V/dz")*),,! is as large as that of the p electron 
in iodine. Thus it seems likely that the magnitude of Q 
is at least as large as 0.2K 10°" cm’, 

If the magnitude of the electric quadrupole interac- 
tion is such that 2rAvg'r,>>1, in spite of limitations on 
the realm of validity of the quantitative formulas, the 
behavior of the factors G, as functions of 7, can be 
seen qualitatively on physical grounds. They start 
from unity and decrease toward zero as 7, increases 
from zero since Ay is proportional to 7,. For 7, of the 
order of magnitude of ry, the values of the G, begin to 
rise again and approach the “hard core” values of the 
static quadrupole interaction as 7, becomes large com- 
pared to ry because the liquid is then indistinguishable 
from a crystalline solid except, perhaps, with respect 
to the uniformity of the magnitudes of the interactions. 

Measurement of the attenuation factors G, for liquid 
sources can be seen to allow determination of Avg’ (tw7,)!. 
If ry is known, a determination of 7, would result in 
evaluation of Avg’. Some information on 7, can be 
found from studies of nuclear paramagnetic resonance 
of stable isotopes in similar solutions or liquids because 
of the analogy between the mechanism causing the 
attenuation G, and that producing the line width and 
the thermal equilibrium in paramagnetic resonance. 
This comparison could be safely made only for y-y 
cascades not immediately preceded by a chemical change 
like that accompanying A capture or @ or 8 emission, 
because the chemical behavior must be known to be 
identical for the isotopes compared in the two experi- 
ments. If a stable isotope of known quadrupole moment 
is available for the comparison, a direct elimination of 7, 
and ((@°1'/ds")*)x! can be made to obtain the ratio of 
the magnitudes of the quadrupole moments of the short- 
lived intermediate isomer and of the stable nucleus. 
Unfortunately the scale of effects that make the attenu- 
ation coefticients G, apprec iably less than unity is such 
as to make the paramagnetic resonance very difficult to 
detect unless either ry is quite large or the quadrupole 
moment of the isomer is much larger than that of the 


sufficient 


stable isotope. 

The result to be expected from the application of a 
static magnetic field to liquid sources that show some 
attenuation because of the rapidly fluctuating electric 


“(> H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 


(1949) 
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quadrupole interaction can now easily be seen. The 
description of the behavior of an ensemble of spins in 
the presence of a static applied field is frequently much 
simplified if it is considered relative to a system of 
coordinates that rotates about its z axis, taken parallel 
to the direction of the applied field, with the angular 
velocity of Larmor precession w,=gwH o/h, where gy is 
the nuclear gyromagnetic ratio. With respect to the 
rotating coordinates the field Ho can be ignored and 
any other interactions present must be suitably trans- 
formed. The rapidly fluctuating electric fields that act 
on the nucleus through its quadrupole moment, with 
respect to the rotating coordinates, appear essentially 
unchanged provided that the frequencies characteristic 
of them, measured by 1/7,, are large compared to wz, 
or, thus, w.7,-<1. This restriction is analogous to the 
earlier ON€ WmamTt-<1. For ordinary nuclear magnetic 
moments and fields up to 20 kilogauss this condition is 
satisfied for 7,<10°* sec. This approach shows in a 
simple way that a field applied along the direction to a 
counter can have no influence on the attenuations of the 
correlations, so long w,7.-<1, because the correlation 
is independent of rotation about that direction. For a 
magnetic field applied normal to the plane of the coun- 
ters, the correlation function becomes 


w(6, i= 1 +>, G; (t1)A,P,{cos(@—w_t) |, (74) 


where G,(t) is given in Eq. (72). 

If the coincidence rate at, say, 180° is observed as a 
function of a variable time delay with a small resolving 
time compared to 1/w,, and multiplied by exp(¢/rw), 
the result w(180, ¢) is an oscillating function of time 
with the fundamental frequency 2w,;, just as in the 
absence of a quadrupole interaction, but the various 
harmonics of the fundamental frequency are damped. 
The damping factor of each harmonic & is a linear com- 
bination of terms exp(—,’/) with k’ S&. On the other 
hand, for observation of the coincidence rates without 
time delay and with resolving times greater than ry, 
as in the usual experiments, the interpretation is more 
complicated. 

If, however, only A» is significant a rather simple 
result obtains. In that case w(@, /) can be written 


w(0, t)=14+ 4A e+ 3A ce cos 2(0@—wzt) ]. (75) 


The correlation integrated over all nuclear lifetimes is 
obtained as before as 


2 


wo f wd, the! dt/ry, 


Ay 3A» 


which gives 


W (0) =1+ 
2(1+Asry) 


+ 
4( 1 +-oTr ) 


cos(20)+[ 2w,7y/ (1+ A2rw) ] sin(26) 
1+- [ Qwpry ‘(1+A27y) P 


(76) 
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if the two counters distinguish between the first and 
second radiations. It is interesting to note that, without 
independent knowledge of A» or of Xs, the correlation 
might be considered unperturbed and the quantity 
A»'=Ao/(1+d2tv) would be mistaken for A». In that 
event the effect of the field, measured by the quantity 
[2wz7v/(1+A27¥) ] would be mistaken for the quantity 
2w,;7y. Thus the Larmor frequency would be mistaken 
for w,A»'/ A». For this example, chen, an error identical 
to that in the coefficient A» itself would be made in the 
nuclear magnetic moment so measured. The argument 
also holds if the counters do not distinguish between 
the two decays. 


VI. ANGULAR CORRELATIONS PERTURBED 
BY MAGNETIC FIELDS 

The influence of an applied magnetic field on angular 
correlations has been considered by Goertzel® and by 
Alder.* Alder’s treatment assumed that the coupling 
of the nuclear spin to the applied field is the only per- 
turbation present. Because of the frequent presence of 
quadrupole interactions, often much larger than the 
magnetic coupling, this assumption is fulfilled only 
under special circumstances. For moderately large 
nuclear quadrupole moments the quadrupole coupling 
could be ignored only when it is greatly reduced by 
either cubic symmetry of the crystal structure in solids 
or by Brownian motion in liquids. The influence of 
applied fields in liquid sources has been considered in 


Sec. V(B). 


A. The Quadrupole Coupling Small Compared 
to the Magnetic 


In solids, when the quadrupole interaction is much 
smaller than the coupling of the nuclear magnetic 
moment to the applied field, it can be treated using first 
order perturbation theory, i.e., taking into account the 
small changes, due to the quadrupole coupling, in the 
eigenvalues of the magnetic coupling but neglecting the 
changes in the eigenvectors. 

If the direction of the applied field is chosen as the 
axis of quantization, the correlation can be written 


W = 1(k,) 1 (Re) Vey (G21) Veo#* (Qs) 
x (Lkym'u! Tk Tm) (Tkom'p! TkoTm) 


1 
x » Gh 
. . 9 fo 9 
1—tuw,ty—1(m*—m"™)wgtn COS’ 


where w, is wo of Eq. (34) for integrai spins and w/2 of 
Eq. (35) for half-odd integral spins. In Eq. (77), 6 is the 
angle of the axis of symmetry of the crystalline field 
with respect to the direction of the magnetic field and 
wy, is 2 times the Larmor frequency of the nuclear 
magnetic moment in the applied field. We can rewrite 
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the denominator of Eq. (77) as 


i(m?—m”)w tx Ccos’d 
(78) 


[1 si insrrs] 1- 


1— IW LT N 


and expand W as a power series of wry. In this series 
the interpretation of terms in (wry)? with p>0O is 
complicated because they contain interference terms 
with ki ke, which do not exist either in the unperturbed 
theoretical correlation or, if the substance is a powder, 
in the zero field correlation perturbed by the quadrupole 
interaction only. 

When pw,7y becomes significantly larger than unity, 
we take the second bracket equal to 1, remembering 
that w,<w,, and the correlation perturbed by both the 
magnetic field and the quadrupole interaction is the 
same as if the latter did not exist. As a consequence, if 
the field is perpendicular to the plane of the counters 
and the correlation is expanded as 


W=>d, Be*®, (79) 


the coefficients 4, are given by 

By=b;/(1—ikwitw). (80) 
Here 4, is the corresponding coefficient in the com- 
pletely unperturbed correlation, rather than the one 
which is observed in zero magnetic field where an 
effect by the quadrupole interaction is present. The 
simplified view that it is the coefficients 0,’ in the 
expansion analogous to Eq. (79) for the correlation in 
zero field, rather than the completely unperturbed 
coeflicients &, which are reduced by the factors 
[1—ikw,wy |! leads to a nuclear magnetic moment in 
error by a factor by’/by for (b,—by’)/b, <1. This error 
is reduced to (d,’/6,)) if the counters do not distinguish 
between the two radiations. In Cd'"', if we regard the 
anisotropy of, say, 0.23, as observed by the Zurich 
group,’ in experiments on a single crystal of indium 
metal, as completely unperturbed, a value for the 
magnetic moment obtained by assuming that the un- 
perturbed anisotropy is 0.20,° should be increased by 
about 7 percent. This last statement applies only if the 
value of the magnetic moment has been extracted from 
the measurement of magnetic fields so strong that 
(2w,7x)* is much larger than unity. 


B. The Quadrupole Coupling Large Compared 
to the Magnetic 


When the quadrupole interaction is much larger than 
the applied field, we consider the latter as a pertyrbation 
and choose the axis of the crystal as axis of quantiza 
tion. The correlation can be written with the same 


notation as Eq. (77). 
W=I(k,) 11 (ko) } ky*#(Q,) Vs #*(Q.) 


x (kym'p!| LkyTm) (Lkom'p| [koTm) 


1 
x 


1 —iw,(m?— m") ry — wpm COS6 
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In writing Eq. (81) we have again assumed that the 
small perturbation, in this case the magnetic field, 
changes only the eigenvalues but not the eigenvectors 
of the principal Hamiltonian which is now the quad- 
rupole interaction, and that /, quantized along the axis 
of the crystal, remains a good quantum number, This 
assumption may be questioned since, in the quadrupole 
interaction, the states +m are degenerate and may not 
be the right zero-order states in a perturbation by a 
magnetic field making an angle with the quadrupole 
axis. Since the magnetic coupling gvH-I has only 
matrix elements Am=0, +1, the question only arises 
for the states m=-+-} of half-odd integral spins. It is 
well known that there the right zero-order states are 
two linear combinations, b’), of the +3 states 
with coefficients depending on the angle 6. The more 
general formula, eq. (16), must be used to calculate 
the contribution of these states but it is easy to show 
that, because of the properties of the Clebsch-Gordan 
coefficients, the contribution of the states |b) and |6’) 
to W in Eq. (16) is the same as if the magnetic field did 
not exist. Equation (81) can therefore be used quite 
generally. We can rewrite the denominator of Eq. (81) 


b) and 


as 
; 1wW,TNM COS6 
[1—iw,(m?—m")ry | , 
1—tw,(m?—m"™)ry 


and expand W as a power series of w.ry. If the source 
is a powder and if the quadrupole interaction is so 
strong, or the lifetime so long, that w,ry>>1 and the 
correlation in zero magnetic field is reduced to its 
minimum value or ‘hard core,” Eq. (81) shows that 
the effect of the magnetic field is greatly reduced except 
for the terms m’?=m”, «0, i.e., for m= —m’. The situ- 
ation is different depending on whether the nuclear 
spin J is integral or not. If it is not integral the Clebsch- 
Gordan coefficients (Jk; —m, 2m|IkIm) vanish and the 
hard core is practically unaffected by the applied field. 
On the other hand, for integral spins, these coefficients 
do not vanish and the magnetic field may change the 
angular correlation appreciably. If the magnetic field 
is so strong that wyry, although still much smaller than 
w,Tnv, is much larger than unity, the only terms which 
give an appreciable contribution to Eq. (81) are those 
for which m=m’', except if cosé is so small that 
w,Tx cosd is not much larger than one. If wyry is suf- 
ficiently large, the proportion of microcrystals in a 
powder for which this is true is small and their con- 
tribution to the average correlation W may be neg- 
lected. Then W becomes 


1 
d 1,P, (cosy), 
+1 


where the A, are the coefficients of the completely 
unperturbed correlation. This result is independent of 
the direction of the magnetic field with respect to the 
counters, 
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C. The Quadrupole and the Magnetic Couplings 
of Comparable Strength 


Finally, when the coupling to the applied magnetic 
field and the quadrupole interaction are of comparable 
magnitude, the treatment becomes complicated and the 
general formulas, Eqs. (15) and (16), have to be used. 
These are used after the secular equation, giving the 
eigenvectors and the eigenvalues of the Hamiltonian K, 
the sum of the magnetic and electric couplings, has been 
solved. This must be done numerically except in special 
cases.” As already mentioned in Sec. II, there is no 
need to solve the secular equation if the correlation is 
only little perturbed because of short nuclear lifetime 
or because both the quadrupole and the magnetic 
couplings are small. 

If the source is a crystalline powder, the simplified 
treatment of Sec. III cannot be applied since the per- 
turbing Hamiltonian is different for two microcrystals 
differently oriented with respect to the applied magnetic 
field. The correlation has to be calculated by the 
general formulas, Eqs. (15) and (16) and averaged over 
the orientations of the microcrystals, taking into 
account the angular dependence of the energy levels Ey, 
themselves. Until the results of a specific experiment 
can be discussed there seems little to be gained by 
going beyond these general considerations in this com- 
plicated case. 


D. Static, Anisotropic Magnetic Hyperfine 
Structure 


The perturbation by an atomic magnetic hyperfine 
structure has been discussed by Goertzel’ and Alder‘. 
Goertzel showed that an applied magnetic field directed 
toward one of the counters, and sufficiently strong to 
decouple the nuclear and electronic spins could restore 
the full correlation otherwise perturbed by the hyperfine 
structure. Both Goertzel and Alder have considered 
only the isotropic hyperfine structure described by the 
coupling aI-J which exists in free atoms. In solids, 
however, this description is inadequate in general. In 
the iron group of paramagnetic elements, where the 
hyperfine structure has been most extensively studied 
experimentally* and theoretically,” this coupling can 
be represented by the expression 


K=I-T-S, 


where T is a symmetrical tensor and S the spin of the 
electronic shell. Reduced to its principal axes, Eq. (82) 
can be written 


K= 4/,S,4- B1,S,+C1,S,,. 


A correlation perturbed by such a Hamiltonian can be 
described by the general formulas, Eqs. (15) and (16), 
after determination of the eigenstates and eigenvalues 
31 B, Bleaney, Physica 17, 175 (1951). 
8% A. Abragam and M,. H. L. Pryce, Proc. Roy. Soc. (London) 
A205, 135 (1951). 


(82) 


(83) 
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of K. If no external field is applied and if the substance 
is a powder, the somewhat simpler formulas, Eqs. (17) 
and (22) can be used. 

We consider in some detail the simple example of a 
crystalline powder where one of the coefficients A, B, 
and C in Eq. (83), say A, is so much larger than the 
other two that K can be approximately taken as 1/,5S,. 
This case is physically significant. It occurs both in 
copper and cobalt Tutton salts where A is several times 
larger than B and C, and is the basis of Bleaney’s 
method for aligning nuclear spins at low temperatures.” 

Formula (22) is then simplified, since both /, and S, 
are good quantum numbers, and leads, for S=}, to 
the following expression for the attenuation coefficients. 


1 
Gi ee 
2k+1 u=-4 


iwAry/ 2h}. (84) 


If Ary/h is large compared with 1, 


G, (lim) = 1/(2k+1). (85) 


The magnetic hyperfine structure is usually several 
times larger than the quadrupole interaction, and we 
can, as a first approximation, disregard the latter. An 
interesting feature of this example is that, even in the 
absence of quadrupole interaction, an external magnetic 
field, however strong, applied toward one of the counters 
cannot restore the correlation perturbed by K. This can 
be shown as follows. 

Let us consider one microcrystal. We call 0z the direc- 
tion of the magnetic field, which is also the direction 
toward the counter, and Oz’ the axis of the microcrystal, 
making with Oz the angle @. The total Hamiltonian K 
can be written 

K= g8,.H1S,4+-Al,Sy, 


K = ¢8)/S,4+-Al,(S, cosd+S, sin@). (86) 


Here g and » are, respectively, the gyromagnetic ratio 
of the paramagnetic ion and the Bohr magneton. (We 
neglect the direct coupling of the applied field with the 
nuclear moment.) If the Zeeman interaction gBo/1S, is 
much larger than the hyperfine coupling A/,.S,, which 
is the condition required for the decoupling, we can in 
Eq. (86) treat the second part of K as a perturbation 
and replace there S, and S, by their expectation values. 
The expectation value of S, in an eigenstate of S, is 
zero. For this particular microcrystal there is an effec- 
tive Hamiltonian which is 


K.p= ALS, cosé. (87) 


If Ary/h is so much larger than unity that the coef- 
ficients G, given by Eq. (84) are practically reduced 
to their limiting values 1/(2k+1), the Hamiltonian 
AS,], cos of Eq. (87) will have practically the same 
effect as A/,S, except for the small proportion of micro- 
crystals for which cos#<1. 


% B. Bleaney, Phil. Mag. 42, 441 (1951 
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Because the energy levels of Ky depend on the 
orientation of the microcrystal, Eq. (22) cannot be 
used as it was in the absence of the applied field. How- 
ever, because of the linear dependence of these energy 
levels on the magnetic numbers /,=m, and because of 
the orthogonality properties of the Clebsch-Gordan 
coefficients, the correlation W averaged over all micro- 
crystals can still be represented by Eq. (17), where the 
attenuation coeflicients G, are defined by 


1 k 
ee 
2k+ luk I 


The attenuation coefficients G, in Eq. (88) are larger 
than those given by Eq. (84), but still smaller than 
unity and, when A becomes very large, they decrease 
toward 1/(2k+1), although more slowly than in Eq. 
(84). 

If we introduce B=h/Ary, we find 


V.4(0, w) | 7d 
(88) 
(ipAry cosd)/ 2h 


189 
B'— 248° (48°+-1) arctan(1/2,) 


3p 


+— (1+) arctan(1/p). (89) 
+ 


This can be compared to 


halo i 32° | 


+ -+-— 
1+48? 1416? 


in the absence of the decoupling field. 

As an order of magnitude, in copper Tutton salts 
A~0.01 cm~. If ry=10-7, B~1/200 and Gy» is prac- 
tically } even in the presence of the applied field. 

E. The Influence of Electronic Paramagnetic 

Relaxation 


The discussion of the attenuations caused by mag- 
netic hyperfine structure interactions in Sec. VI(D) 
supposed that entirely stationary electronic states, at 
least over times comparable to ry, exist. There must 
always be present some coupling of those states to the 
thermal vibrations of the lattice which, for most ions 
that show spin-only paramagnetism, is a result of spin- 
orbit coupling. A relaxation time for the electron 
moment can be defined and this can, in some cases, be 
so short as to require a different approach to be taken 
to the treatment of the effect on angular correlations. 
In electronic paramagnetic resonance it is necessary to 
work at temperatures as low as 4°K, in some cases, in 
order to obtain lifetimes of the electronic states suffi- 
ciently long to allow detection of the resonance lines. 

The methods applied to the discussion of the electric 
quadrupole effect in liquid sources, Sec. V, can be used 
in some circumstances to analyze this effect. The effect 
of the spin-lattice coupling would mainly be to cause 
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continual random changes in the orientation of the 
electronic spin angular momentum §S. The result of 
this would be equivalent to a continuously reorienting 
classical magnetic field at the nucleus and the resulting 
time dependent behavior of the nuclear spin can be 
calculated in a manner analogous to the calculations of 
Sec. V. If the interaction energy is hwsI-S and 
wsts<1, where rg is the relaxation time of the electron 
spin, the effect on the angular correlation is expressible 
by attenuation coefficients 


G; (1+A,’r) - 


where, here, the d,’ are calculated as in Sec. V, but in 
Kq. (46) 7\* is used and corresponding changes are 
made in the expressions leading to Eq. (71). Expressions 
for the A,’ are then 


ye’ =a'[1— (27+-1)W (1RI/TI) | (91) 


a’ = 2 rw el (I+1)S(S+1). (92) 


It is apparent that the attenuation considered here can 
be arbitrarily complete for sufficiently large values of 
the quantities A;’ry. 

Because rs, in general, shortens as the temperature 
increases, the correlation largely destroyed by such an 
effect would improve as the temperature is raised. The 
quantitative formula is not valid for ts~7y or for 
wsTsy not much smaller than unity but, nevertheless, if 
ts becomes greater than vy, as it must at sufficiently 
low temperatures, the effect goes into that of the iso- 
tropic static hyperfine structure interaction for which 
a “hard core’ remains no matter how strong the inter- 
action. There is, thus, for a large ws, a maximum dis- 
turbance somewhere between a very small 7s and one 
longer than ry. 

A sufficiently strong magnetic field applied along the 
direction to the first counter can completely restore the 
correlation. The condition for that is for g3o/1/h, the 
angular Larmor frequency of the electron in the field //, 
to be made sufficiently large compared to the larger of 
ws and 1/rs. In effect, the spectral density of the 
fluctuating component of local magnetic field in the 
plane normal to the direction to the counter must be 
reduced and this results only if the above condition is 
satisfied. The g factor of the electron is such that a field 
of 10 kilogauss would be sufficient to partially -estore 
the correlation unless 7s were shorter than 5X 10°” sec. 
At room temperatures shorter relaxation times than 
this do occur for some ions. 


VII. RESONANCE METHODS 


If angular correlations are to be used to measure 
nuclear moments of the intermediate state the improve- 
ment over the observation of the effect of static fields 
obtained by inducing resonant transitions by an rf 
field, analogous to that gained by Rabi in molecular 
beams, might be considered. Several difficulties present 
themselves as discussed for a couple of examples below. 
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A. Nuclear Magnetic Resonance 


It has already been stated that in a double decay 
cascade the first radiation can be considered as creating 
in the intermediate state of the nucleus unequally 
populated magnetic states quantized along the direction 
of emission of this radiation. The existence of an angular 
correlation between the two radiations, ie., of an 
anisotropy in the direction of emission of the second 
radiation with respect to the first, is precisely due to 
these inequalities of population. 

If resonant transitions between the magnetic sub- 
states can be induced by an applied rf field, their effect 
will be to decrease these inequalities of population and 
therefore to decrease the anisotropy of the angular 
correlation, thus providing a means of detecting the 
resonance. If there is no static quadrupole interaction 
or magnetic hyperfine structure, a uniform magnetic 
field H applied along the direction to the first counter 
splits the magnetic substates without affecting the cor- 
relation and the resonance frequency for an rf field in 
the plane normal to // is the Larmor frequency w,/ 2x 
of the intermediate nucleus in the static field. 

In order for a resonance experiment to provide an 
accurate measurement of the nuclear magnetic moment, 
the following conditions must be realized. 

(a) The natural width of the magnetic levels due to 
the finite lifetime of the intermediate state of the 
nucleus must be much smaller than the spacings 
between these levels. The ratio of the spacing between 
two adjacent levels to the line width is w,7y which, 
thus, should be much larger than unity. This is equiva- 
lent to saying that the uniform field, if applied per- 
pendicular to the plane of the counters, should destroy 
the correlation completely. As an example, for Cd"! 
where ry~10~ and g,~0.3 nuclear magneton, wptv—~2 
in a field of 15.000 gauss, which makes this type of 
experiment for this particular nucleus relatively unre- 
warding. 

(b) The amplitude of the rf field should be sufficiently 
large for the resonant transitions to have an appreciable 
probability during the nuclear lifetime. This requires 
that wj7y~™1 where «, is 27 times the Larmor frequency 
of the nucleus in a constant field equal to the amplitude 
of the rf field. It is equivalent to say that such a constant 
field, if applied perpendicular to the plane of the 
counters, should have a detectable effect on the corre- 
lation. This rules out this experiment for Cd'", since rf 
fields so large would be extremely difficult to produce. 
More conventional resonance experiments seldom utilize 
rf fields larger than about 10 gauss. 

(c) The lifetime of the nucleus should be shorter than 
the relaxation time of the nuclear spin in the source. 
Since, in order for the resonant experiment to be feasible, 


rather long nuclear lifetimes are required, this may be 
a limitation in liquid sources. with strong quadrupole 
relaxation, but probably is not a limitation in solid 
sources. In the latter a crystal structure of cubic sym- 
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metry is required in order to avoid perturbation by the 
static quadrupole interaction. 

To sum up, it can be said that a resonance experiment 
is probably feasible for a nucleus for which the product 
g,Ty is as large as for a free proton with a lifetime of 
one microsecond. No such nucleus is known at present. 

The time-dependent correlation w(t) in the presence 
of the rf field is given by the general formulas of Eq. 
(12) and Eq. (13). If the ¢ axis is parallel to the direction 
of the applied magnetic field w;=y2.=0. In Eq. (13), 
(m!) Ut) m"’)(m'"| Um’) becomes | (m’’| Um) |?, which 
is the well-known Majorana function P(/, m’’, m, 0), 
expressing the probability of finding the spin in the 
state m” at time ¢ if it was in the state m at /=0. The 
integrals 


f e NP (t)dt/ty 
0 


have been calculated and tabulated by 
Brossel for several values of the spin.*® 

In principle, the resonance method could also apply 
to the quadrupole interaction in a single crystal with 
its axis parallel to the applied field, or to a crystalline 


Bitter and 


powder. 


B. Resonance in Magnetic Atoms 


If the atom containing the radioactive nucleus has a 
magnetic moment and therefore a hyperfine structure, 
AI-J, a somewhat different resonance experiment 
might be attempted. 

If a strong magnetic field parallel to one of the 
counters restores the correlation perturbed by the 
hyperfine structure interaction as already discussed, 
the correlation could again be disturbed by an rf field. 
The energy levels of the system are given by A = gi)//J, 
+AJ,/,, and transitions AJ,=0, AJ,=+1 can be 
induced between the levels J,=M, /,=m and J,=M, 
1,=m+1, whose separation is 1M. The point of these 
remarks is that AM, which measures the hyperfine 
structure of the atom, can be orders of magnitude larger 
than the Zeeman splittings of the nuclear moment in 
an applied field, thus relaxing the limitation (a) of the 
resonance method. The limitation (b), however, remains 
unchanged and especially difficult to meet because the 
frequency is high. 

Perhaps a better method is to induce transitions 
between different total 
moment I’, where F=I+-J, in zero applied field. Alder 
has shown that, even if (Epy—Ep-)ry/h is very large, 
which is precisely the condition (a), the correlation does 


eigenstates of the atomic 


not disappear completely but leaves a “hard core.” A 
resonant rf field could produce a detectable change in 


Bloch and J. I 


eT. L 
Rabi, Revs. Modern Phys. 17, 237 (1945 
8 F, Bitter and J. Brossel, Technical Report No. 176, Research 


Rabi, Phys. Rev. 51, 652 (1937); F. 


Laboratory of Electronics, Massachusetts Institute of Technology, 


1950 (unpublished). 
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this hard core. The important point here is that in these 
transitions the rf field flips the electronic moment but 
since the electronic moment is coupled to the nuclear 
spin both thp and the angular correlation is altered. 
Since the coupling of the rf tield to the electronic spin 
is thousands of times larger than its coupling to the 
nuclear spin, the probability of a transition during the 
time ry is considerably increased and condition (b) 
can be met. 

The measurement of the hyperfine structure in a 
stable isotope of known nuclear moment by conven- 
tional methods would, by comparison, give the magnetic 
moment of the radioactive nucleus. 

As remarked in Sec. IV(D), by 
partures from Landé’s interval rule in the energy dif- 
ferences Ep— Fy, the sign and magnitude of the quad 
rupole interaction could be measured if J> 5. 


measuring the de- 


These considerations apply most directly to free 
atoms such as those in a gaseous source. It is clear that 
a condition that should be met by the source is that 
collisions between atoms or against the walls, which 
result in changes in F, must not occur, on the average, in 
times shorter than, or of the order of, 74 


VIII. CONCLUSION 


It has been shown that static electric quadrupole 
interations in polycrystalline sources can reduce the 
angular correlation. For both axially symmetric and 
rhombic fields, no matter how strong the interaction, 
there remains some anisotropy. 

In liquid sources, the electric quadrupole moment 
interacts with a randomly fluctuating field and the 
resulting attenuations are expressed as G,= (1+Aytw) 7, 
where the A, are given in Eq. (71). Here the correlation, 
although usually less disturbed than in solid sources, 
can be completely destroyed for sufficiently long ry. A 
similar effect is possible if the electronic shell is magnetic 
with a short lifetime of a given magnetic substate. The 
application of magnetic fields in the first of these cases 
should have little effect if directed toward either counter. 
In the second, unless the relaxation time 7s is very 
short, it should be possible to reduce the disturbance 
by application of such a field. 

The explanation of the observation by the Ziirich 
group and by Stefen of correlations from the -¥ 


' in solid com 


cascade from the Cd'"' daughter of In"! 
pounds of indium remains unclear. It would appear 
that a purely static interaction in the intermediate 
state could not be the sole effect unless the crystallites 
of the source were preferentially oriented, which seems 
unlikely. Instead, the existence of a magnetic shell, 
following the K capture, in compounds is a possibility. 
In that event, the most likely mechanism for the dis 
turbance would be that associated with relaxation of 
the electron spin. Even more speculative would be the 
suggestion that the recoil energy accompanying A cap 
a complex or molecule in 


ture excites vibrations of 
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which the Cd!" is contained. The vibrations might, in 
turn, cause reorientations of the spin in times shorter 
than ry. Such vibrations, on the other hand, should be 
very lived and this, too, seems an_ unlikely 
mechanism. 

It should be emphasized that for y-y cascades fol- 
lowing almost instantaneously after A capture, the 
electronic configuration during the lifetime of the inter- 


short 


mediate state of the nucleus is less clearly defined than 
it would be for a y-y cascade from a long-lived isomer, 
such as 48-min Cd'"'. In such a case, the radiation from 
the isomer could be observed in a normal chemical 
environment. For all other correlations than pure y-y 
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and y-conversion electron, the surroundings of the 
nucleus in its intermediate state are not well known and 
it is difficult to draw quantitative conclusions from 
observed perturbations of the correlation. 
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Nuclear Spin Relaxation by Translational Diffusion* 
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The general theory of Bloembergen, Purcell, and Pound of nuclear spin relaxation has been extended to a 
more quantitative study of relaxation by translational diffusion. It has been found necessary to treat the 
problem by the theory of random walk. In the case of isotropic diffusion two cases have been studied: one 
in which the flight distance has a probability distribution, and the other in which it is constant. The problem 
of random walk to nearest neighbor sites in a lattice is also treated and quantitative results are obtained for 


a face-centered cubic lattice. 


I. INTRODUCTION 


LOEMBERGEN, Purcell, and Pound have given 

a general solution to the problem of nuclear spin 
relaxation.'? An important and prevalent mechanism 
has been shown to be the coupling of spin orientation 
with nuclear thermal motion via the dipolar magnetic 
interaction of the nuclear moments. This influence and 
the corresponding relaxation are particularly strong 
whenever the nuclei perform random diffusive motions 
such as occur in liquids of appropriate viscosity. Such 
diffusive motions may occur also in the solid phase par- 
ticularly in the case of solid solutions; for example, 
hydrogen in palladium, but also in the case of self- 
diffusion. Bloembergen® has applied his theory to 
diffusive motions. His treatment of translational dif- 
fusion is, however, admittedly crude and must be 
regarded as only semiquantitative. It is the purpose of 
this paper to present a more quantitative theory and 
in particular to emphasize the possibility of examining 
certain microscopic details of the diffusion process 
which cannot be ascertained from a study of gross dif- 
fusion phenomena alone. In Bloembergen’s treatment 
only the diffusion constant D enters as a parameter. 


* Supported by the joint program of the U. S. Office of Naval 
Research and U. S. Atomic Energy Commission, by the Radio 
Corporation of America, and by the Rutgers Research Council. 

! Bloembergen, Purcell, and Pound, Phys. Rev. 73, 679 (1948) 

2N. Bloembergen, thesis, Leiden, 1948 (Martinus Nijhoff, The 

Hague) 


Thus his theory gives no basis for a closer study of the 
diffusion mechanism than can be obtained by conven- 
tional measurements of macroscopic diffusion. Nuclear 
spin relaxation is however essentially microscopic in 
character. The magnetic field of one nucleus at the 
position of another depends on the inverse cube of the 
distance and the influence of nearest neighbors is thus 
relatively strong. It is apparent from this that one needs 
to consider the individual motions of neighboring spins, 
that is to say, the process of random flights of which, as 
is well known, the phenomenon of diffusion is only the 
limiting macroscopic approximation. Thus it may be 
expected that certain details of random flights such as 
(r’), the mean squared flight distance, and 7, the mean 
time between flights, will enter into the description of 
relaxation in other ways than merely in the familiar 
combination : 
D=(r*)/6r. (1) 
This is indeed the case and leads at least in principle 
to the possibility of independent measurement of these 
parameters in certain cases. 


II. APPLICATION OF THE THEORY OF RANDOM 
FLIGHTS 

We start from the general formula derived by 

Bloembergen!? for the relaxation time 7): 


T l oe dy WTI +- 1 [S2(2wo)+ 2S; (wo) |. (2) 
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Here S, and S» are the spectral densities of the random 
time functions: 


Fy=> FO, 
F,=)>) ; F;° (0, 


(3a) 
(3b) 


where 


(4a) 
(4b) 


FF; (0) =sind, ; cos6, j;e'?* 

F ,;® (()=sin’6, 6794/1 ,;°, 
and (r,;, 4:;, ¢ij) are the spherical coordinates of spin 
j relative to spin 7 and are to be regarded as random 
functions of the time. 

The functions S; and S,; may be more specifically 
defined as follows. Let &,(¢) and &2(t) be correlation 
functions given by 

k(Q=V (Fu OF iO C+ Av(t’)y 
keo(t)= QO (Fi (U)F 5 *(U+0) ce’); 


where an asterisk denotes the complex conjugate. 
Then 


(Sa) 
(5b) 


Suale)= f eR, o(t)dt. (6) 


—2 


In evaluating the spectral density functions, we 
replace the time averages in (5) by ensemble averages. 
To do this we first introduce probability functions as 
follows: 

(a) Let P(r, ro, Odr be the probability that, if spin 7 
is located at zero time at ro relative to spin 7, at time ¢ 
spin 7 will lie within the volume element dr located at 
r relative to the new position of spin 7. 

(b) Let N-'f(to)dro be the probability that at zero 
time, spin 7 is located in dr at rp relative to spin 7. 
V designates the number of spins in the system; thus 
f (to) is the initial spin density. 

We may now write for the correlation functions the 
ensemble averages, 


ky (t) f fre 10, t)F i; (ro) Fi * (nr) f(ro)drodr, (7) 


with a similar expression for k.(¢). The sum over 7 in 
(5) has been replaced by multiplication by .V. 

The solution of the problem thus depends on the 
construction of the probability functions. Of these 
f(t) is an initial datum depending on the circumstances 
of the particular problem. Thus for a uniform spin 
density /(1) is a constant, while for lattice diffusion 
f(t) may be expressed as a sum over delta functions 
centered at the lattice points. The function P(r, fo, ¢) 
can be found from the theory of random flights as 
follows. 

We shall assume that every position of a spin is 
statistically equivalent in the sense that at each position 
the same probability exists that after one flight from 
this position, the new spin position will be at rin dr 
relative to the previous position. We designate this 
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probability by Pi(r)dr and the corresponding prob 
ability after » tlights by P?,(r)dr. The theory of random 
flights then gives? 


P.(fh= (1 sr) f Ane exp(—ir-o)do, (8) 


where the integration is over the whole of space. 

The function A() occurring in (8) is defined by 
inverting the three-dimensional Fourier transform (8) 
in the case n=1: 


A(g)= f Pa(r) explig- de. (9) 


The probability P(r, )dr that a spin initially at the 
origin will at time ¢ be located in dr at ris 


P(r, )=Lon Pa(r)wa(d), 


where w,(¢) is the probability that n flights take place 
in time ¢. For w,(t) we assume the Poisson distribution 


(11) 


(10) 


wy(t)= (1/n!)(t/r)"e~"", 
where 7 is the mean time between flights. 
The sum in (10) includes of course n=O where 
evidently 
Po(r)=6(r), (12) 
6(r) being the three-dimensional delta function. 
Substituting (8) and (11) in (10) we get 


P(r, = (1, se) f exp{ —ir-o— (t/r)[1—A (0) }do. 
(13) 
Finally P(r, ro, ¢) is found by 
(a) forming the product 
P(r,, OP(r, 


ry, drdr,, (14) 


where r, and r, are the position vectors of spins t and 7 
relative to a common origin; 
(b) transforming to relative-centroidal coordinates, 


R=}(r,+r,); 


r=rj;—f, 
and (c) integrating (14) over all centroidal positions R. 
If, as is usually the case, A(o)=A(— @) the result is 
easily found to be 


P(r, ro, t= (1 an) f expt to: (r—o)— (2t/r) 


XL1—A(o) de, (15) 
or 
Pir (16) 


P(r, fo, t) Ty, 2t). 


If the condition A(o)=A( 
must replace A(o) in (15) by }[A(o)+A( 
(16) no longer holds. 


o) does not hold, one 
o) | and 


* See, for example, S. Chandrasekhar, Revs. Modern Phys. 15, 
1 (1943 
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Substitution in Iq. (7) of P(r, ro, 2) as given by (15), 
together with an appropriate f(r), completes the 
formal solution of the problem. In the following sections 
we shall investigate the results of particular assump- 
tions as to the forms of P,(r) and A(o). 

It might be thought that a useful approximation could 
be obtained by taking P(r, ¢) as that solution of the 
diffusion equation, 

(17) 


0P/dt= DV’ P, 


with the initial form P(r, 0)=6(r). This solution is, as 


is well known, 


P(r, t) (18) 


(4rD1)—) exp(—r/4D1). 


However, the conditions under which this approxi- 
mation is justified are so stringent that it is unlikely 
to correspond, except under exceptional circumstances, 
to any physical reality. Equation (18) is of course the 
limiting case of the random flight theory in which the 
mean squared flight path (7?) is small and the mean time 
r between flights is short. It can in fact be obtained 
from the above theory under these assumptions, as 
will now be shown. In the case of isotropic diffusion we 
may expand (9) in powers of p: 


» (ip)" 
1(o)=>- [ff rcorr a cose sin6déd ¢, 
net) n! « « 


A(o) 1)"(r2")p2"/(2n+-1)! (19) 


1— §(r*)p?+O(9), (20) 


where 


x 


r? inf Py (r)r"'dr 


is the nth moment of the distribution P(r). 

If the series (19) is substituted in (13), it is clear 
that if (7?) is sutliciently small and ¢/7 sufficiently 
large, the integral will be cut off by the term in p? in 
(19) before higher powers of p become effective. We 
then obtain precisely (18) with D=(r’)/6r. In the 
following section it will appear that the physical con- 
and 7 are so severe that 


(21) 


ditions thus imposed on (r 
this approximation has little physical interest. Thus it 
is necessary to assume specific forms for P;(r) and 
In Sec. IIT we treat the 
case of isotropic diffusion and in Sec. IV the case of 
random flights to nearest neighbor positions in a lattice. 


examine their ¢ onsequences 


Ill. ISOTROPIC DIFFUSION 


The case of isotropic diffusion is defined by the con- 
ditions: (1) A(o) depends on the magnitude of @ only 
and (2) f(1t)=n (uniform spin density). If these con- 
ditions hold, we may perform all integrations in the 
calculation of the correlation functions and_ their 
spectral densities save that over p which must await 
a S} yecific choice for the form of A (o). As an illustration 


FrORREY 


we shall carry out these calculations for k,(t) and S;(w). 
Substituting (4a) and (15) in (7) we obtain 


n sin) Cos@y-sin# cosé 
nom fff ia 
dr pt ror? 


2t 
xexp| — io: (r 


ro) - 


- 
7 


[1—A(o) |} drdrodo. 


We now introduce expansions of exp(—ip-r) and 
exp(io-1to) by means of the formula: 


D 


exp (ipr cosh) = (w/2pr)! ° (2n+-1)i"J ny 4 (pr) Pn(cos®), 


n=) 


(23) 


where J,, and P, are the usual Bessel and Legendre 
functions. For P,,(cos@) in (23) we use the addition 
formula for the Legendre polynomials: 


n (n—m)! 
P,, (cos) P,(cosa)+ >. 


m=| (j1-+4-mM) 


P,, (cos®) 


x P,.™(cos#)P,™ (cosa) cosm(g—B), (24) 
where (6, g) and (a, 8) are the polar-azimuthal angular 
coordinates of two directions separated by the angle ®. 
The integrals over r and rp have the limits @ and « 
where a may be physically interpreted as approximately 
the closest possible distance of approach of two nuclei. 
Making use of the orthonormal properties of the 
Legendre functions, we obtain after some reduction 


£ 


San | 2t dp 
f "7 {1 (6) J JF ae) =e 


k(t) (25) 


- 
7 


15a’ v) 
f 


A similar calculation for ko(t) gives 


S1(w) 2f COSwt ky (t)dt. 


Substituting (25) in (27) and integrating first with 
respect to /, we get 


Sanur ‘“ 
f Jy (ap) 
15a’ 0 | 1 


1 ~ A (p) dp 
Si(w) 
A (p) P + (wr/2)* p 


and 
(29) 


So(w)=451(w). 

Before proceeding to discuss the consequences of 

possible assumptions as to the form of A(o), we first 

consider three limiting cases to which all possible 
choices of A(o) must conform. 

We shall first consider the limiting cases (a) wr>1 

and (b) wr<1. Since in practice we may assume that r 
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varies with temperature according to 


E/kT 


T= TE , (30) 


where £ is an activation energy, these limiting cases 
give respectively the low-temperature and high-tem- 
perature asymptotes for 7; in between which 7; will 
have a minimum. 

(a) (wr>1). By Eq. (9) 


A(o) <f expio-r Py(rjdr=1. 


Thus 1—A(o) never becomes larger than the order of 
unity, and we may neglect the factor [1—A(@) } in 
the denominator of (28), obtaining 


Ip 


32rn 
S) { Ww) 


f J? (ap)[1—A (p) ] 
7 wy 


15a°w*r Jy p 


Thus, 
T & or =o re F/T, 


(b) (wr<1). Here we simply put wr=O0 in the de- 
nominator of the integrand in (28) and obtain 


Saur * J(ap)dp 
Si(w) = ; f e 
15a> Jo [1—A(p) |p 


By Eq. (20) the integral in (33) always converges and so 


(34) 


(33) 


T,«1/r= (1/70)e7*/*". 


(c) We now consider the special case for which the 
mean flight path is long: (7?)>>a*. The function 1— A (p) 
which enters in the integrand of (28) in two places has 
the following general behavior. By Eq. (20) it vanishes 
at p=0; at large p it approaches unity by Eq. (9). It 
may increase monotonously or may oscillate about its 
asymptotic value. In any case, the rapidity with which 
it approaches unity is essentially determined by the 
magnitude of the mean squared flight path (7°). Thus, 
if (r?)>>a®, the value of /?;(r) is everywhere small and 
by Eq. (9) 1—-1(p) approaches unity quickly for small 
values of ap. Thus it may be replaced by unity in the 
integrand of (28). 

We then obtain 


Swi 
Si(w) ae 
45a 


and, for the relaxation time, 
1 && 


yh? l (14-1) 
T; 15 a’ 


n 
2 1+??? 

It will be recognized that (35) and (36) have the 
well-known forms appropriate to an exponentially 
decaying correlation function with a ‘correlation time” 


T= 7/2. 
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The minimum 7, obtained from (36) when wr=v2 

is given by 
fe 


(16vlm/ 45)y*h?l (1+ 1)n/ a%w. (37) 


It may be shown that the approximation made here 
by putting A(p)=0 is equivalent to the neglect of all 
but the first term in the series of Eq. (19). 

(d) We now consider the consequences of assuming 


special forms for P;(r) and A(o). We first take 


Pi (r)= (44Drr)™ expl—r/(Dr)'], (38) 


which Corres} vonds to 


A(o)=[14+Drp? }". (39) 


Equation (39) is the mathematically simplest form for 
A which satisties all the conditions that can be imposed 
for an acceptable form. It leads to a closed form solu- 
tion for 7; expressible in terms of elementary functions. 
We first show that the following physical conditions 
lead to (39). Let us suppose that a spin can exist in 
one of two states: (a) bound in a potential well, or (6) a 
thermally excited state in which the nucleus may move 
rapidly about in a random diffusive type of motion. We 
suppose that the motion in the excited state is so rapid 
that its details contribute only to very high frequencies 
in the Fourier spectrum S(w) and have no effect on the 
relaxation. it is possible that this type of motion may 
approximate the motion of protons in highly rifted 
metallic lattices such as in hydrogenated palladium or 
other metallic hydrides. It will not be necessary to 
specify the excited state precisely, but we shall assume 
that the motion in this state can be deseribed by the 
solution of the diffusion equation (17) given by Inq. (18). 
That is, we shall suppose that after a spin has vacated a 
trapping site and before capture by another, the prob- 
ability after time / that it will be at rin dr relative to 
the site it has vacated is 


(4rD't) exp(—r/4D'bdr, (40) 
where D’ is a diffusion coefficient appropriate to the 
excited state. We shall later see how D’ is related to 
the overall diffusion constant D. We now multiply 
(40) by e-""'-dt/r’, which we take to be the probability 
that the nucleus will become trapped again after a time 
tin dt. Thus 7’ is the mean life time in the excited state 
and will be small compared with r—7’, the mean life 
of the trapped state. Integrating the resulting expression 
over ¢ we obtain the probability ?) (dr that a single 
jump (i.e., a single life in the excited state) will find 
the nucleus a distance r in dr from its starting place. 
Hence: 


L 


P,(r) (4nD't)) exp(—r°/4D't—t/1')dt/7’. (41) 


ee 


This integral is easily evaluated* and we get Eq. (38) 


4 See, for example, W. Magnus and F, Oberhettinger, Formulas 
and Theorems for the Special Functions of Mathematical Physics 
Chelsea Publishing Company, New York, 1949), p. 128. 
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lables of the functions fla, x) LEq 


r)[Eq. (56) ] 


TasLe I 


la 


ha gh, 2 


0.0455 
0.1996 
0.3915 
0.5445 
0.609) 
0.6128 (max) 
0.6122 
0.5983 
0.5756 
0.5489 
0.4849 
0.4135 
0.3585 


0.0130 
0.0688 
0.1451 
0.2286 
0.2920 


0.0770 
0.1531 
0.2425 
0.3336 


0.0266 
0.0552 
0.0890 
0.1265 


0.3112 
0.3215 
0.3231 
0.3182 
0.2942 
0.2582 
0.2290 


0.1085 0.4160 
0.4784 
0.5240 
0.5490 
0.5566 
0.5568 (max) 
0.5534 
0.5392 
0 5185 
0.4931 
0.4655 
0.3813 
0.3070 
0.2475 
0.2022 
0.1667 
0.1391 
0.1180 
0.0909 


0.2046 
0.2353 
0.2596 
0.2753 


0.3075 
0.2649 
0.2281 
0.1998 
0.1757 
0.1269 
0.0936 


0.1989 
0.1728 
0.1493 
0.1318 
0.1161 
0.0821 
0.0608 


0.2866 
0.2902 
0.2884 
0.2823 
0.2730 
0.2354 
0.1954 
0.1604 
0.1323 
0.1097 
0.0918 
0.0782 
0.0669 


with D’r’ in place of Dr. Now clearly D’r'= (r)/6= Dr, 
and so we get Eq. (39). 

We shall now adopt Eq. (39) and examine its con- 
sequences. Substituting (39) in (28) we get 


(164n/15a*) Re(J), (42) 


S1(w) 
where 


(43) 


z 14-Drp’ dp 
J i -JP(ap)—. 


» 2Dp?—tw(1+ Drp*) p 
If now we define 
B?=iw/D(2—twr), 


we can put (43) in the form: 
dp 


T ‘ 1 p” 1 
J= f I(: +- ) = pr ° 
J—iwr So Drf*/ p°—B? Dre’ p 


. (45) 


Making use of the integral formula,° 
® 


f J (ap) (p?—B”) lodp = (ir/2)J, (ap) Hy" ‘(aB), (46) 


0 


we obtain 


J =i/3a+ {9/[w(2—iwr) |) J, (aB)Hy (aB), (47) 


where 8 is the root of (44) with positive imaginary 
5G. N. Watson, 7'reatise on the Theory of Bessel Functions 


Cambridge University Press, Cambridge, 1944), second edition, 
p. 428, Eq. (4) 
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part. Substituting (47) in (42), we get 


l6n’n [Jx(aB) My ' (ap) | 
S1(w) wed ° 


L5a%w 2—twr 


If we put 
aB=u+iv, 


where u and v are real, we obtain from Eq. (44): 


u (wa?/2D)! WT i 
( )- : | 7 
v (4+-w’r?)! (4+-w*7")? 


If we define parameters x, g, and a by 
a=(r*)/12a, x= (wa*/D)}, 
wt/2 ax? 


( 


_— e i > 
[1 + (wr/2)? |! (1+ 2x1)! 


we can write Eq. (50) as 


(") [| 
v 2L a 
If now we substitute (49) in (48), and use the ex- 


pressions of the half-integral Bessel and Hankel func- 
tions in terms of elementary functions, 


(1/mz)[14+1/22+ (14+i/2)?e?* ] 


(53) 


Jy (2) Hy (2) 


we get 
(54) 


S1(w) = (San, 15a*w) f(a, %)}, 


where 
f(a, x) = (2/x*) {of 1—1/ (w?+-0’) J 
+[v(1+1/(u?+0"))+2 Je 
tul 1—1/(1?+-v*) Je?" sin2u}. 


cos2u 
(55) 

The function f(a,x) is tabulated in Table I as a 
function of x for a= 4's, ((r°)= a?) and a=}, ((r)=6a"). 

From (58), (29), and (2) we get for 7): 

Ty = try*h?l ([+1) (n/a*w) g(a, x), (56) 
where ¢(a, x)= f(a, x)+ f(a, V2). 

The function g(a, x) is tabulated as a function of x 
for a= }, 7's in Table I. In this table are also given the 
maximum values of g(a, x) from which the minimum 
values of 7; may be obtained. 

The asymptotic forms of g(a, «) for large and small 
x are of interest. First, if aa’=w7r/2>1 (limiting case 
of low temperature or high frequency), « and v reduce 


approximately to u=0, v= 1/(2a)!, and 
f(a, x)= (4/3w7)F (2), (57) 


where 


F (v) = (3/20*)[v?— 14+ (v+1)*e?*]. (58) 


For the relaxation time, we obtain in this case: 


T,7'= (89 /5)y*h?l ([+1) (n/a*w*r) 
x F{(6a?/(r*)) 4]. 


(wr>1): 


(59) 
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F(v) as given by (58) descends monotonously from 
unity at v=0. For small 2, 


F (v)~1— 302+ 40*§— (6 35)0'+ + -- (60) 


In order to obtain the limiting case for wr<1, one 
may expand the Bessel and Hankel functions in (48) 
in powers of a8 and then proceed to the limit wr0. 


In this way it is found that 


Ty = (4/5)y*h?l (1+1) 
X (n/a) (1+ 12a?/5(r?)). (61) 


(wrX1): 


If in Eq. (SO) one neglects wr in comparison with 
unity, one obtains u=v=.x/2 and, substituting these 
values in (55), one gets 


) 2 Ee 2 
fla, ~~ —- |(-= sinx 
x £ x? 
4. 2 


+[1+ +— 


reg 


| cosx | (62) 


x 


which no longer depends explicitly on a. If (62) is sub- 
stituted in (56) one obtains precisely the same result 
that follows on taking for P(r, ¢) the expression (18). 
A detailed analysis shows that (62) is valid only if in 
addition to wr<1 one assumes (r?)<6a". Thus (62) and 
inferentially (18) have only a very limited range of 
validity. Equation (62) has a maximum giving a mini- 
mum 7), but of course does not behave correctly at 
the low temperature limit. 
(e) As a final example we mention the case in which 
a nucleus walks randomly in direction, but makes 
jumps of equal magnitude / in distance. In this case we 
may take for P;(r): 
P(r) =6(r—1) /4a?. (63) 
The corresponding A (0) is given by 
A (o)= (sinlp)/lp, (64) 
and by Eq. (28) 
Si (w) = (Sanz 15k*1)G(k, 5w7), 


where k=a/l and 


r 1—sinx/a dx 
G(k, y)= f JP (kx) _—, 
0 (1—sinx/x)?+y x 


We shall defer a detailed study of this case to the 
following section, in which it will be shown it has par- 
ticular relevance in the case of lattice diffusion. 


(060) 


IV. LATTICE DIFFUSION 


We now attempt to apply Eq. (7) with P(r, ro, 2) given 
by (15) to the case of random walk in a space lattice. 
We consider specifically the case in which a spin-bearing 
nucleus jumps between nearest-neighbor lattice sites. 


oP'EN 
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For f(t) we may take 


f(to)=c dX b(to— t%), (67) 


where c is the ratio of the number of nuclei to the 
number of lattice sites. The sum is over all lattice sites. 


Also, 


P(r) = (1/2)>> 6(r—r,), (68) 


t=| 


where the sum is over the z nearest neighbors of a 
lattice site. From (9) we tind 
z 


A(o@)= (1/2))> exp(éo-r,). 
i=l 


(09) 


It is not possible to carry out explicitly all the inte- 
grations to find &(¢) or S(w) in the general case. We 
can, however, find &(0) which normalizes the spectral 
density function according to the transform of (6): 


(70) 


k(t)= (1, 2m) f e ™'S(w)dw, 


so that 


k(O)=(1 an) f S(w)dw. (71) 


—® 


Putting ‘=0 in (15) and substituting in (7), we get 


k(0) = (ce 8°) | f frcor ors sin Tk) 


exp —o-(r 


( mS f [roe 


X expl, 
=¢ > «| F (0s) |?. (72) 


ry) |drdrodo, 


1p (r— r,) \drdo, 


Making use of (4a) and (4b) we find, after averaging 
over all crystal orientations, 


ky (O) = (2 15)>d-or, ky (O)= 4k, (0) (73) 


’ 


There is one extreme case in which an explicit result 
for S(w) may be obtained, namely the case wr>1, i.e., 
the low-temperature asymptote. 


lor S(w) we have, in general, 


1 . 
cry J fecor oes tto-(t%—r) | 
k Snr? 


1—A(o) 


x: ‘drip. 
L1—A (o) P+ (wr/2)? 


S(w) 


(74) 


If |1—A(o) |? in the denominator is negligible com- 
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pared with (w7r/2)’, we get 
4c 1 


7 : [ fro \*(r) expl+io-(m—r) | 


wt &k Sr? 


S (a) 


1 : 
¥ explo: Tr, drdo 
Z i=l 


x] 1 


he . 
p 


wT I 


1 z 
F(r,)(?—-F (n> F* (n+ 48,) 
. ar 


As an example we compute .S;(w). Substituting from 
Kq. (4a) we get 


hs sin), “< osh, 


—~ 
oj 


he : | sin’, cos’6#, = 1 
S1(w) } 
) } r,6 


2 


vw, 


sin8,; cos8, 


etek #) 


(76) 
r,? 

In this expression r,=%-+-1,; 9), ¢; are the polar and 
azimuthal angles of r,;, and the sum over 7 is over all 
nearest neighbors of the lattice site at m. In this sum 
all terms for which r,=0 have to be excluded of course. 
This expression must now be averaged over all lattice 
orientations. We average each term in the sum over k, 
independently. For each term we transform to Eulerian 
angular coordinates 6, 8, ~ where 0=&, B= @+7/2 
and y is the azimuthal angle of r; about m. Averaging 
over the angle W we find 


{sin9; cos8 je '*7 day 


[1 


3(P/r?) sin’a, | sin& cose 


where a; is the angle between r; and r;. 
Thus we obtain, after the average over y, 


) 
sin‘) | . (78) 


2/19, 


Vk 


--2(° 


3P 
( 


since (sin? Cos’™, )ay 


1; sin’0y, COS" | 
S,(w) » 78 


wT k rye 


Vy 2 
<’, 


Finally averaging over 4,, 
we get 

ray 
Si(w) 


1 Sw T 


This sum which converges fairly rapidly can be 
applied to find S;(w) for various lattice structures. For 
a face-centered cubic lattice we obtain 


S1(w) = 98.2456 (8¢/15w?r), (SO) 


T 
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where 6 is the edge of a unit cell. A similar calculation 
gives So(w)=4.5;(w). 

Since it is not possible to integrate (74) in the general 
case, we have sought to obtain an approximate formula 
which will give S(w) with sufficient accuracy over the 
whole range of wr. 

To this end we turn to the case, considered in Sec. 
III (e), of isotropic diffusion for which the single jump 
distance has always the value /. There are good reasons 
for believing that Eq. (65) properly normalized will 
meet these requirements. For the case of random walk 
in a lattice the jumps are to nearest neighbors which in 
many cases (e.g., f. c.c. lattice) are symmetrically dis- 
posed on a sphere. The use of Sec. III (e) approximates 
this situation by allowing a jump to any point on the 
sphere. Furthermore, the fact that in the lattice case 
we eventually would average the result over all lattice 
orientations, lends support to the isotropic approxima- 
tion in which this averaging may be considered to have 
already been performed in a different, if less precise, 
Way. 

Normalization of (65) involves a proper choice of 
the parameter k, which amounts to a proper choice of 
the lower limits of integration for r and ro in Eq. (22). 
Fortunately, the proper normalization to apply to the 
lattice case can be obtained from Eqs. (71) and (73). 
From Eqs. (65) and (66) we obtain 


(27) f Si(w)dw = 8rn/45 R93. 


L 


(81) 


Substituting for n, n=cnyb~*, where no is the number 
of lattice sites in a unit cell, and by Eq. (71) equating 
the right member of (81) to &, (0) as given by (73a), we 
obtain 


k§ = (4/3)angbT-9/D 5 4-6. (82) 


For a face-centered cubic lattice >, 7-®= 115.375b-° 
no=4, and b=v2/, and inserting these values in (82) 
we find 

k=0.74335. (83) 

The assumption that Eq. (65) gives a good approxi- 
mation to the lattice diffusion problem may be tested 
by comparing its low temperature (wr>1) asymptote 
with the exact result of Eq. (80) for a f. c.c. lattice. 
For large y we may neglect the term in 1—sinx/x in 
the denominator of the integrand of Eq. (66), and find 


»f J? (kx) (1—sinx/x)dx/x. 


This integration can be performed exactly, with the 


(4/w*"1 


G(k, y) 


result 


(1/a?r?)(1—1/12k2) (k>3). (84) 


G(k, v) 
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Substituting (84) in (65), using & as given by (83), 
and putting n=4cb~*, /=6/v2, we obtain from (65) 


(85) 


Si (w) = 98.85b-*(8c/15w*r), 


which agrees with (80) to 0.6 percent. We may therefore 
have some confidence in the use of (65) as an adequate 
approximation to the lattice diffusion problem. The 
function G(k, y) as given by Eq. (66) has been calcu- 
lated by numerical methods with & as given by (83) and 
is tabulated as a function of y in Table IT. 

Substituting (65) and S:(w)=45;(w) in Eq. (2), we 
get (with y= $wr) 


Ty = (89 /5)y*h?l (1+1) (n/k*l’w)(k, y), (86) 


where 


V(k, y)=yG(k, v)+2yG(k, 2y). (87) 


In Table Il we have also tabulated W(k, y) as a 
function of y for k given by (83). 

Finally we state the limiting form of (86) for wr<1 
(high temperature asymptote). For small y, (hk, y) 
~3yG(k, 0). By numerical integration G(&, 0)=0.6151 
(f. c.c. lattice) so that Eq. (86) reduces to 


Ty = 11.292y'h?7 ([4+-1)nz7/P. (88) 


(wr<1): 


V. APPLICATION 


In applying the results obtained above to nuclear 
spin relaxation times as determined from nuclear 
resonance data, one must be sure that the relaxation is 
entirely the result of the diffusion process. It is rarely 
possible to be perfectly sure of this, but one can be more 
confident about it in the neighborhood of the minimum 
in 7\(T1m) than well up on the asymptotes of the 
T,-temperature curve. One needs therefore a way of 
analyzing data in terms of the above theory in the 
neighborhood of the minimum 7’). It is convenient for 
this purpose to express the above results in terms of 
universal curves. One way of doing this is to express 
T/T, as a function of 7/7», where 7,, is the value of 
rat 7,;=7\,. From experimental values of 7),,/7 one 
can then obtain from these curves the corresponding 
values of 7/Tm. Plots of log(7/7m) thus obtained against 
the reciprocal of the absolute temperature should result 
in straight lines whose slopes give the activation energy, 
provided a relationship of the type of Eq. (30) holds. 
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Tables of the functions G(&, y) [Eq. (66) ] and ¥(4, y) 
[Eq. (87) ] (k= 0.74335). 


TaBLe IT 


Gh 


0.61505 0 
O.53804 0.03887 
0.50844 0.07181 
0.46388 0.12632 
0.42913 0.16936 
0.39905 0.20325 
0.37357 0.22959 
0.34997 0.24906 
0.32832 0.26458 
0.30831 0.27535 
0.28971 0.28262 
0.27239 0.28732 
0.25021 0.28981 
0.24111 0.29060 
0,29000( max) 
0.29003 
0.28840 
0.28287 
0.27528 
0.26662 
0.24802 
0.22958 
0.21242 
0.19687 
0.18282 
0.16742 
0.15406 
0.13236 
0.11570 
0.10249 
0.08327 
0.06999 
0.06030 
0.04253 
0.02138 
0.01427 
0.01070 


0.22700 
0.21381 
0.19004 
0.16916 
0.15113 
0.12161 
0.09909 
0.08178 
0.06835 
0.05775 
0.04749 
0.03963 
0.02867 
0.02161 
0.01683 
0.01100 
0.00772 
0.00571 
0.00283 
0.000712 
0.000317 
0.000178 


Graphs of 7),,/71 versus +/7» can easily be constructed 
with the aid of the above tables. 


VI. CONCLUSION 


It is hoped that the results derived here will be of 
some aid in analyzing data on nuclear spin relaxation 
when the dominant mechanism is of the translational 
diffusion type. We have not attempted to treat certain 
special diffusive processes such as ring-type diffusion 
involving the correlated motion of several nuclei. For 
rotational diffusion, the Bloembergen treatment is 
satisfactory. 

The author wishes to acknowledge the help of Mr. 
J. Olds, Mr. S. Hussieni, and Mr. EF. Apgar in com- 
putational work. 
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Phe differential cross section for Compton scattering of a circularly polarized photon by an electron with 


given initial spin orientation can be written as a sum of the common Klein-Nishina formula for no polariza 


tion and a term sensitive to polarization. The total cross section is ¢=oy+o, 


\ measurement of the trans 


mission of 2.62-Meyv gamma rays through iron magnetized along the transmission direction relative to that 


through unmagnetized iron gives the absolute value of a, for this energy, if the number v, of polarized 


electrons per iron atom at saturation is known 
theoretical value 0.093 


For v, 
Alternatively, the theoretical 0; and the measurements would yield v,= 


0.089+-0.007. This agrees with the 
1.97+0.15. 


2.06, a; rr? 


The application of the method of this experiment to measurement of gyromagnetic ratios for ferromagnets 


IS Suggested, as 


I. INTRODUCTION 
| ee analysis of circularly polarized photons by 


Compton scattering from polarized electrons has 
been mentioned a number of times.' The differentia] 
cross section for the process (see Appendix A) may be 
written as the sum of two terms. One term is the common 
Klein-Nishina formula for unpolarized incident quanta 
and unpolarized electrons and the other term takes 
account of polarization. The total cross section is 
ao =o y+0;, where ao is independent of polarization and 
a, depends on polarization. 

The term o; is measured in this experiment by the 
Compton scattering of gamma rays by polarized elec- 
trons. An apparatus that measures 0; must act, so to 
speak, like a “quarter-wave plate for gamma rays.” 


Il. EXPERIMENTAL METHOD 


Let gamma rays from a radioactive source pass 
through a ferromagnet magnetized along the axis defined 
by the incident gamma rays in one case and unmag- 
netized in the other. It can be shown (see Appendix B) 
that the ratio of the difference between the transmis- 
sions through the magnetized and unmagnetized ferro- 
magnet to the transmission through the unmagnetized 


ferromagnet is given by 
[T(v)—T (0) /T(0)=3(NLv0;)°. (1) 


Here .V is the number of atoms per unit volume, ZL is 
the axial length of the ferromagnet, v is the number 
of axially polarized electrons per atom, and go, is the 
part of the total Compton cross section dependent on 
polarization. The experimental determination of the 
ratio expressed by (1) leads to the evaluation of 0; and 
a test of the theory. The 2.62-Mev gamma ray of ThC”’ 
(see Fig. 3) is used in this experiment. 


* Work done in the Sarah Mellon Scaife Radiation Laboratory 
and assisted by the U. S. Office of Ordnance Research. 

t Based on Ph.D. thesis by SBG. 

t Now at Westinghouse Atomic Power Division, Pittsburgh, Pa. 

! Biedenharn, Rose, and Arfken, Phys. Rev. 83, 683 (1951); 
O. Halpern, Phys. Rev. 82, 753 (1951); F. P. Clay and F. L. 
Hereford, Phys. Rev. 85, 675 (1952) 

2S. P. Lloyd, Phys. Rev. 88, 906 (1952). 


Is its applic ation to the analysis of circularly polarized radiation 


III. DESCRIPTION OF APPARATUS 
A. Magnet Design 


An electromagnet 12 inches long (approximately 8 
mean free paths at 2.62 Mev) was designed. Tapered 
ends of the Armco-iron core (1}-in. diameter) fit snugly 
in mild-steel end plates which are secured to a length 
of cold-rolled seamless steel tubing (5-in. o.d. by 4-in. 
i.d.) by screws at each end. The end plates and tubing, 
which complete the magnetic circuit, have a reluctance 
only a few percent of that of the core. 

A water-cooled, copper coil form was fabricated to 
fill the annulus. Primary and secondary windings of 
copper wire fill the coil form. Current through the 
series-connected primary windings magnetizes the core; 
or, by switching connections to “‘anti-series” (alternate 
windings bucking), the same coil current induces neg- 
ligible magnetization in the core. The secondary was 
wound so as to permit a survey of the state of mag- 
netization of the core in ten steps along the axis. 


B. Arrangement of Equipment 
Equipment is arranged as shown in Fig. 1. The 
thorium source is contained in a lead housing, opened 
adjacent to the core of the magnet. The magnet is 
enclosed in a loosely fitting magnetic shield. A lead 
shield with a 1-inch collimation hole at the exit end of 
the core surrounds a 14-inch diameter by 1-inch thick 
Nal(Tl) crystal. Mineral oil couples the crystal to a 
light pipe of lucite 46-in. long; the other end of the 
lucite is similarly coupled to a type 5819 photomultiplier 
tube. Cylindrical magnetic shields of mumetal and steel 
surround the photomultiplier tube. Signals from the 
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MAGNETIC SHIELDS 
AROUND 5819 
Fic. 1, Arrangement of equipment for final experiments. The 
cathode follower feeds a linear amplifier and then two discrimi- 
nator scalers 
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photomultiplier tube go through a cathode follower and 
linear amplifier before being fed to two discriminator 


scalers. 
IV. PRELIMINARY EXPERIMENTS 


extensive preliminary experiments were made in 
order to obviate certain possible difficulties in the 
interpretation of final results. These experiments were 
concerned with the stability of electronic equipment, 
the linearity of the pulse-height energy response for the 
Nal (Tl) crystal and its associated electronic equipment, 
the spectrum of the thorium source used and'the portion 
of the spectrum admitted to the discriminator scalers 
for any discriminator settings, the distribution of mag- 
netization in the iron core, the coil current required to 
saturate the core, and the demonstration that the 
magnet does not perturb the operation of the detector 
prohibitively. In addition, it was established that the 
“saturation current” induces negligible magnetization 
in the core when the primary windings are connected in 


anti-series. 

The investigation of the spectrum of the thorium 
source employed the Hofstadter and McIntyre method® 
for Compton scattering of collimated gamma rays from 
a trans-stilbene crystal into a second (rans-stilbene 
crystal at approximately 90°. Results show that the 


thorium source emits gamma rays of the same energies 
and in approximately the same intensities as found by 
other investigators* for typical thorium sources. 


V. FINAL EXPERIMENTS 


A. Fraction of Counts Caused by Transmission 
through Magnet Core 


For equipment and source arranged as in Fig. 1, not 
all the counts obtained in the scalers are caused by 
gamma rays which pass through the core of the magnet. 
Some of the counts arise from scattering around the core 
as well as cosmic-ray and other background activities. 
To minimize cosmic-ray effects, one of the discrimi- 
nators was operated at a setting just above the 2.62-Mev 
photoline. Counts observed on this discriminator scaler 
were subtracted from those on the other discriminator 
scaler to give “net counts.”’ 

To determine what fraction of the net 
caused by gamma rays passing through the magnet core, 
a substitute core was used. This core has the same 
over-all dimensions as the iron core but consists of a 
two inch length of iron joined to a ten inch length of 
lead. Substitution of this composite core for the iron 
core, with the iron portion adjacent to the source, 
permits determination of the fraction f of the net 
counts caused by gamma rays passing through the iron 
core, as a function of discriminator setting. This fraction 
is thus a function of net counting rate. 


> R. Hofstadter and J. A. McIntyre, Phys. Rev. 78, 619 (1950). 
*}. E. Dayton (private communication) ; G. D. Latyshev, Revs. 
Modern Phys. 19, 132 (1947). 


counts is 


Expressed in terms of net counting rate, Eq. 
can now be written 


(1/f)(AC/C) = 3 (NL v0)’. (2) 
Here C is the net counting rate for the core unmag- 
netized, and AC is the difference in net counting rates 
for the magnetized and unmagnetized core 


B. Experimental Procedure 


Since the primary windings can be connected in 
series or anti-series and can carry current in either of 
two directions, there are four possible ways in which 
the ‘saturation current” may flow through the primary 
windings. These are designated anti-series left AZ, 
series left S/, anti-series right AR, and series right SR. 
Net counts, 500 sec were obtained for 
switched to AL, SL, AR, and SR in succession. Before 
the AL and AR “runs” the magnet was carefully 
degaussed so that AL and AR give an unmagnetized 
core, SL and SR a magnetized core. 

The same current flowed in the magnet primary 
windings during counting runs for both the magnetized 
and unmagnetized conditions. This was done in order 
to minimize thermal expansion effects which might 
arise if the magnet-core temperature differed between 
the magnetized and unmagnetized runs. Instruments 
showed the magnet-core temperature changed neg- 
ligibly. 

The AL, SL, AR, and SR runs were repeated in 
that order many times and the net counts per 10 runs 


magnet coils 


for each comprises a ‘‘sequence.”’ 
C. Experimental Result 


Two experiments were done as follows. 

Twenty-eight sequences (280 runs for each magnet 
condition) were made with the discriminator set to 
give a net counting rate of approximately 7 counts/sec; 
and twenty-two sequences were made with the dis- 
criminator set to give a net counting rate of approxi- 
mately 10 counts/sec. The uncertainties in the total 
net counts for the AL and AR runs consistently over- 
lapped, as did the uncertainties for the SZ and SR runs. 
The net counts obtained for the core magnetized minus 
net counts for the core unmagnetized are tabulated in 
Table I for each sequence of the two experiments. The 
totals in the table give values of AC, and the values of 
(1/f)(AC/C) for the two experiments are 0.0047 
+0,00135 and 0.0069+-0.00121. (The value of f is in 
the neighborhood of 0.8 for these runs.) Each uncer- 
tainty is based on the observed rms deviation per run 
and exceeds the standard deviation associated with 
counting by less than 10 percent. For the two experi- 
ments the mean of (1/f)(AC/C) is 0.0059-+0.00090. 

This gives o; from (2) if NV, L, and vy are known. The 
number V of atoms/unit volume is obtained from 
atomic constants and the measured density of the iron 
core. The effective length L of the core is determined 





972 S. B. GUNST 
Tas_e I. Net counts with iron magnetized minus net counts 
with iron unmagnetized for each sequence (20-ksec running time). 
The net counting rates during the experiments were approximately 
those shown in the column headings. Totals give values of AC. 


53 
324 
151 
126 

52 
411 

1227 
222 

KS 
612 
567 
211 
256 12 210 
105 


7630 


from the preliminary experiment (with uncertainty 
~one percent). 

The number v of polarized electrons/atom is deter- 
mined measurements on the 
secondary windings of the magnet give 2.20 Bohr 
magnetons/atom at the “saturation current.” If the 
figure for saturated iron is taken as 2.22 Bohr mag- 
netons/atom,® v is the product of 2.20/2.22 and the 
number v, of polarized electrons/atom at saturation. 
Argyres and Kittel® give 2.06 for v,. 

The result for o; is (2.224-0.18)& 107-8 cm’. 


as follows. Fluxmeter 


D. Comparison with Theory 


The theoretical value of o;/mro? at 2.62 Mev is 0.093, 
while the experimental result is 0.089+-0.007. 
The experimental o; is actually the effective value 
for that portion of the thorium spectrum transmitted 
For 100 gamma rays at 2.62 Mev, we 
estimate three at ~2.2 ~1.8 Mev are 
counted. From the theoretical behavior of o, over these 
energies (see Fig. 3), the influence of the lower-energy 
components on the experimental a, should be ~0.2 


and counted. 


and one at 


percent and is neglected 


VI. CONCLUSIONS 


The total Compton cross section for scattering of a 
circularly polarized photon by a polarized electron has 
been investigated at 2.62 Mev and the polarization 
sensitive part o; is found to agree with theory to 8 
percent standard deviation. 

The experiment demonstrates the use of a ferromag- 
netic absorber as a polarizer or analyzer for circularly- 
polarized radiation. 

If the theoretical value for o; is accepted, the method 


5], F. Bates, Modern Magnetism (Cambridge University 
Press, Cambridge, 1951), third edition, p. 317; R. M. Bozorth, 
Ferromagnetism (D. Van Nostrand Company, Inc., New York, 
1951), p. 867 

®P. Argyres and C. Kittel, Acta Metallurgica 1, 241 (1953). 


AND 4. 


PAGE 


of this experiment could be applied to the determination 
of gyromagnetic ratios for ferromagnets. This would 
serve as an independent check of the results obtained 
by microwave resonance techniques. 

In particular, this experiment would give the number 
v, of polarized electrons per iron atom at saturation as 
1.97-+-0.15. Increased precision might be obtained by 
using a very strong source of gamma rays. Energies 
higher than 2.6 Mev are preferable as curve o;/o9 in 
lig. 3 indicates. The source need not be monochromatic ; 
any spectrum from 2 to 7 Mev should be usable since 
a, is fairly flat over these energies. 
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APPENDIX A: UNDERLYING THEORY 


Let a circularly polarized photon ko, incident along 
the 3 axis, be Compton scattered into the 2,3 plane 
(outgoing photon k at an angle 6 with the 3 axis) by a 
free electron at rest whose spin direction is given by 
polar angle y (wifh the 3 axis) and azimuthal angle ¢ 
(with the 1,3 plane). The cross section? is 


ge” 4. ie | ky k ky k 
= 7° —| + sin’6 |-F ( = ) cos6 cosy 
dw 2 ky? k Ro k Ro 


k 
+ (1 - ) sin9 sing siny ; (A.1) 
r0 


where ro=e’/mc*?, and dw=dd¢d (cos). The upper sign 
refers to an incident lc.p. (left circularly polarized) 
photon. 

For Y=0, integration over ¢ gives 


da /dQ= doo /dQ+-do;/dQ, 


(A.2) 


where go is the common Klein-Nishina expression for 
unpolarized photons and electrons, a; is the part of the 


7 The expression (A.1) was calculated by P. Stehle. The simple 
case, sinY=0, follows from W. Heitler, Quantum Theory of Radi- 
ation (Oxford University Press, Cambridge, 1944), second edition, 
Eq. (18) f.f., p. 149. It has been pointed out to us by Professor 
O. Halpern that the above cross section is contained in a paper by 
W. Franz, Ann. Physik 33, 698 (1938). 





COMPTON 


Compton cross section sensitive to circular polarization 
and spin, and the upper sign refers to an l.c.p. photon 
as before. The ratio (do,/dQ)/(doo/dQ) is sketched in 
Fig. 2 for several values of ko/mce’. 

Integration over the sphere yields the total Compton 
cross section, 

o=a0-40}. (A.3) 

Here, 

I+y7 
——— In(1+2y), 

2y’ 


a, 1+4y+57 
2nry’ —-y(1+2y)? 


where y= ko/mc*. Figure 3 shows o; and o;/o9. For ko 
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Fic. 2. The fractional change in the differential Compton 
cross section which obtains because electrons are polarized along 
the axis of the incident circularly polarized photon plotted as a 
function of the angle through which the photon is scattered 


greater than 1.25mc*, the forward “lobe” in da,/dQ 
predominates in the total cross section. 


APPENDIX B: TRANSMISSION THROUGH A 
FERROMAGNET 


Let a ferromagnetic absorber of .V atoms per unit 
volume and uniform magnetization along the 3 axis 
have v polarized electrons per average atom. Circularly 
polarized photons of a certain sense, propagating along 
the 3 axis, can undergo Compton scattering with the 


SCATTERING 


k,/me? 


Fic. 3. The polarization-sensitive part 0; of the total Compton 
cross section is in units of 2xr,?. The part independent of polari 
zation is oo 


5(Z+¥v)Ndx, electrons according to one sign in (A.3) 
and with the }(Z—v)Ndx, electrons according to the 
opposite sign. 

The probability that a photon having no circular 
polarization will survive (in good geometry) a length L 
of the ferromagnet is 


T(v)=} exp{— NL[ (oo+01)} (2+) 
+ (a9—01)}(Z—v) +02 ]} 
+} exp{— NL[ (ao—01)} (274+ ¥) 
+ (ao+01)}(Z—v)+0 }} 


cosh(.V Lvo,) expl— VL(Za0+-e2) |, (B.1) 


where oo and o; are the terms defined in (A.3) and o» 
represents all processes in addition to Compton scat- 
tering. Spin-polarization effects in o2 are taken to be 
nil; for example, photoeffect involving the polarized 
electrons has a very small cross section compared to o, 
at energies of interest in this experiment. 

The ratio of magnetized transmission to unmag- 
netized transmission is 


T (v)/T(0O)=cosh(.V Lva;,). (B.2) 
Ideally, (Vivo,) may be measured in the shortest 
time if VL(Zoo+o2)=4. 


The transmission ratio R of Lec.p. relative to r.c.p. 
photons is, by (B.1), 


R=exp(2\ Lvo,), (B.3) 


where the magnetization is in the direction of trans- 
mission. 
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Positive Pi-Meson Interactions in Beryllium* 
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A 10-in. diameter magnet cloud chamber containing a }-in. Be plate has been operated in both the 40-Mev 
and 50-Mey w*-meson beams of the Rochester 130-in. cyclotron. Meson interactions in Be were obtained 
for three bands of energy: 15 to 30 Mev, 25 to 40 Mev, and 35 to 50 Mev. The eveats recorded as nuclear 
interactions were: stars, stops, and scatterings of greater than 30 degrees. From a survey of some 22 700 
g/cm? of Be traversed, a total of 159 such events were found. Analysis of the data from each energy band 
indicates the absorption cross section to be energy dependent. The ratio of corrected stars to corrected 


scatterings was found to be roughly 2:1. 


INTRODUCTION 


CLOUD-CHAMBER study of mt-meson inter- 

actions in the element beryllium has been made. 
A 10-in, diameter diaphragm type cloud chamber, with 
an illuminated depth of about 2 in. and containing a 
beryllium plate 1.24 g/cm? thick, was exposed to the 
40-Mev and 50-Mey r*-meson beams of the University 
of Rochester’s 130-in. cyclotron in a series of three runs. 
Each run sampled a different range of incident meson 
energies: 15 to 30 Mev for run A, 25 to 40 Mev for 
run 8, and 35 to 50 Mev for run C. The incident 
meson energy distributions are shown in Fig. 1. The 
low mean energy of run A was obtained by degrading 
the energy of the 40-Mev meson beam with a 3-in. 
thick piece of polyethylene placed in front of the 
chamber. The chamber was operated in a pulsed mag- 
netic field of from 12 to 15 kilogauss for runs B and C 
and in a steady field of about 8 kilogauss for run A. 
The pulsed field was provided by two air core coils. 
The steady field was provided by these coils in con- 
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Fic. 1. Incident meson kinetic energy distribution 
* This work was performed under the auspices of the U. S. 
Atomic Energy Commission 
t At present at Princeton University, Princeton, New Jersey. 


junction with an iron yoke. It is estimated that the 
magnetic field was known to within 5 percent. To 
reduce background radiation to a tolerable level, the 
cyclotron beam was pulsed in conjunction with the 
fast expansion of the chamber. The chamber was 
expanded and stereoptically photographed at regular 
intervals of time. 


EXPERIMENTAL PROCEDURE 


About 2000 useful photographs were obtained during 
run A, and approximately 1000 useful photographs were 
taken in each of runs B and C. These photographs were 
reprojected and scanned for the flux of mesons and for 
meson stars, stops, and scatterings of greater than 20 
degrees projected angle. Pi-mu decays were generally 
noted and used to check geometrical measurements and 
momentum estimates. These checks were always satis- 
factory. In run B a systematic survey was made for 
m-y decays for purposes of estimating flux contami- 
nation. 

Mesons and electrons were readily distinguished from 
protons on the basis of curvature and relative ionization. 
These criteria did not serve to distinguish w+ mesons 
from ut mesons or high-energy positrons. The flux 
contamination of w* and e* was taken to be 10 percent. 
This estimate was based on considerations of: (a) the 
number of pi-mu decays observed in run B, (b) the 
energy loss of flux particles in passing through the 
beryllium plate for the low-energy run A, (c) a rough 
calculation of the expected number of w+ mesons from 
pi-mu decays in the incident beam outside the chamber, 
and (d) scintillation counter data.! 

Radii of curvature and projected angles were meas- 
ured by means of arcs of different radii scribed on 
transparent sheets of cellulose acetate. The energy 
resolution obtained by this method is indicated by the- 
width of the histogram blocks in Fig. 1. True angles 
were computed from knowledge of projected angles and 
the dip of the tracks involved. An angular error of 


is placed on all true angles, except in cases of 


2.5" 
steeply dipping tracks the angular error is estimated to 
be as high as +10°. 


'C, Angell and J. Perry (private communication). 
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TABLE I. Summary of data. The energy interval is defined for the 1/e points of energy distribution at the center of the Be plate. 
Uncorrected data are in parentheses 


Stars 


Total No 


ot events 


g/cm? 


Energy range 
M traversed 


Mev rp 
“f 


26.5-16 
Run A 12 170 
35.5-26 
Run B 6399 


46-34 


Run C 


From samples of the incident flux, the energy and 
depth distributions of the incident flux were determined. 
Subsequently a low-energy cutoff was assigned for each 
run (see Fig. 1) and events caused by mesons of energy 
below the appropriate cutoff were rejected. Some 
events were also rejected on the basis of their depth in 
the chamber. The need for depth correction of events 
is most clearly illustrated by consideration of the stop 
events. A meson passing through the beryllium plate 
near the edge of the illumination may easily be confused 
with a meson that stops in the plate. Consequently, 
only those stops falling within a specified central portion 
of the flux depth distribution were considered valid. 
This fraction of the valid stops was then corrected with 
the help of the flux depth distribution, to obtain the 
total number of valid stops. 


RESULTS AND DISCUSSION 


The results of this experiment are presented in 
Table I. 

In view of the small cross section expected for charge 
exchange scattering in light elements,’ the stop events 
have been considered to be stars or scattering events 
hidden by the beryllium plate. Approximately one third 
of the stops were assigned to the scattering events on 
the basis of a determination of the average solid angle 
available to detectable elastic scattering events. 


Absorption Data 


The absorption cross sections measured are presented 
in Fig. 2. The energy dependence of the absorption 
cross section is consistent with similar data at somewhat 
higher energies for carbon,** nuclear emulsions,®:® and 
for aluminum.’ 

Brueckner, Serber, and Watson? relate the r+-meson 
absorption cross section in complex nuclei to the meson 


2 A. Roberts and J. Tinlot, Phys. Rev. 90, 951 (1953). 

§3L. Lederman (private communication). 

4 Isaacs, Sachs, and Steinberger, Phys. Rev. 85, 803 (1952). 

5 Bernardini, Booth, and Lederman, Phys. Rev. 83, 1075 
(1951). 

6G. Bernardini and F. Levy, Phys. Rev. 84, 610 (1951). 

7 James F. Tracy, Phys. Rev. 91, 960 (1953). 

8 Brueckner, Serber, and Watson, Phys. Rev. 84, 258 (1951). 
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absorption cross section in deuterium by the following 
relation: 


o[ r++nucleus—star ]=I'-o[4t-+-d—2p ]. 
(A—Z) 


This experiment yields a value of I between 3.2.9 gt!" 
at 39 Mev and 5.6_; ;*? at 20 Mev. In this calculation 
the experimental values for of{++d—>2p] found by 
Durbin, Loar, and Steinberger? have been used. The 
significance of the energy dependence of I, if it is real, 
is not clear. One possible qualitative explanation is that 
mesic absorption may also proceed via nuclear sub- 
structures more complex than the deuteron substructure 
and that the probability of absorption by the more 
complex substructures does not fall off as rapidly with 
decreasing meson energy as does the probability of 
absorption by the deuteron structure. In fact, for the 
absorption of slow m~ mesons in nuclear emulsions, the 
weight of evidence favors absorption via a multinucleon 
substructure." More will be said concerning the 
absorption mechanisms in the following section on the 
analysis of star fragments. 

The absolute value of T found in this work may be 
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Fic. 2. Absorption 
and scattering cross 
sections, x* on Be vs 
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® Durbin, Loar, and Steinberger, Phys. Rev, 84, 581 (1951). 
 T). Perkins, Phil. Mag. 40, 601 (1949). 

"W. Cheston and L. Goldfarb, Phys. Rev. 78, 683 (1950). 
2 FL. Adelman, Phys. Rev. 85, 249 (1952). 
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compared to the value of '~3.3 found by Byfield et al." 
in carbon at 62 Mev and to the value of '~10 found 
by Bernardini ef al.® in nuclear emulsions at 50 Mev. 
Finally, following the optical model," the absorption 
data is presented in Fig. 3 in terms of the mean free 
path for r* absorption in nuclear matter.'®> For com- 
parison the wt absorption data of other workers?:*.'6 


are also presented. 


Scattering Data 


All observed scattering events were elastic. This 
result is consistent with the results from plate data® 
and cloud-chamber data for carbon* which indicate 
that the inelastic scattering of pi mesons has a threshold 
energy between 50 and 70 Mev. The scattering cross 
section found (Fig. 2) is about half the absorption 
cross section. The total number of scattering events 
was too low to warrant more than the rough angular 
distribution presented in Fig. 4. In this plot the stops 
assigned to the scattering events have been equally 
divided between the angular intervals 60°-90° and 
90°-120°. A study of the meson scattering between 5° 
and 15° projected angle was also made. The results 
were entirely consistent with multiple scattering in the 
beryllium plate. 


Analysis of Star Fragments 


The analysis of the star fragments can throw light 
on the important mechanisms for mesic absorption in 
beryllium. The two absorption mechanisms considered 
are :*""!7 (a) absorption by a pair of nucleons (++ ‘“d” 

»>2p or rt-+-2n—>n-+ p) and (b) absorption by a nuclear 
substructure of several nucleons, e.g., r++ He*—>He'*+ p. 
If a 30-Mev + meson is absorbed by a deuteron struc- 
ture, the resulting star fragments will have energies of 
85 Mev or less. In contrast mesic absorption by a 


3 Byfield, Kessler, and Lederman, Phys. Rev. 86, 17 (1952). 

“ Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949) 

'® Admittedly the applicability of the optical model is question 
able since A for mesons of such low energy is of the same order of 
magnitude as the diameter of the Be nucleus. 

16 A. M. Shapiro, Phys. Rev. 84, 1063 (1951). 

17S. Tamor, Phys. Rev. 77, 412 (1950). 
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multinucleon structure may lead to the emission of a 
single proton having a kinetic energy of 140 Mev or 
more. 

All of the ionizing star fragments were assumed to be 
protons with one exception. In this case the single 
visible star fragment appeared to be doubly charged. 
Fighty-six percent of the visible star fragments had 
energies exceeding 30 Mev and 21 percent probably had 
energies of more than 100 Mev. We consider that the 
appreciable number of star fragments of energy greater 
than 100 Mev constitute clear evidence for a multi- 
nucleon absorption mechanism. 

Of the 2-prong stars, about 65 percent exhibited a 
correlation angle between prongs of 140° or greater. 
About 10 percent (2 or 3 stars) of the 2-prong stars 
exhibited an angle of 170°-180° between their prongs. 
This prong correlation may be considered evidence for 
the absorption of the x* meson by a deuteron structure 
in the beryllium nucleus. It is estimated'® that about 
30 percent of the time the two protons arising from 
such a “deuteron” absorption should escape from the 
beryllium nucleus without undergoing any nuclear 
interactions en route. If one accepts 140° between 
prongs as “good” correlation, then at most about two 
thirds of the visible stars can be accounted for on the 
basis of a deuteron absorption. 

In 19 cases of 2-prong stars it was possible to measure 
the energy of both prongs. In Fig. 5 the sum of the 
kinetic energy of the two prongs is plotted against the 
true angle between the prongs. For comparison the 
energy-angle correlation has been computed for a 30- 
Mev z* meson absorbed by a deuteron structure. This 
relation is shown by the dotted curve in Fig. 5 where 
it has been further assumed that: (a) the nucleons are 
at rest in the nucleus, (b) collisions between the initial 
fast protons and other nucleons can be treated as if the 
nucleons were free, and (c) only one of the ejected 
protons undergoes a nuclear collision within the nucleus. 
At most 9 of the 19 stars exhibit this energy-angle 
correlation. This corresponds to 47 percent of the 
2-prong stars plotted or 16 percent of all visible stars. 
On this basis, not more than 54 percent of the visible 
stars are results of a “deuteron” absorption. These 
estimates may be compared with the estimate of 
Byfield, Kessler, and Lederman” that about 60 percent 
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Fic. 4. Scattering angular distribution, r* on Be. 
Combined data from all runs. 


'§ This estimate is based on the assumption that the meson is 
absorbed at random in the nucleus and that the subsequent 
s have a mean free path i lei atter of 3.3107 #¢ 
protons have a mean tree path in nuclear matter of 3.. cm 
(see reference 14). 
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of the stars produced in carbon by 62-Mev 2+ mesons 
may be attributed to a deuteron absorption. Mesic 
absorption by a ‘‘dineutron”’ substructure cannot easily 
be distinguished in these experiments. On an a priori 
basis, however, this process is less probable than ab- 
sorption by a deuteron substructure and cannot account 
for the remainder of the stars. 

The three 2-prong stars (Fig. 5) for which the corre- 
lation angle is about 90° are thought to be the result of 
multinucleon absorption. These three stars may be 
thought to result from the collision of the single fast 
proton emitted by the multinucleon substructure with 
another proton in the nucleus, both protons then 
appearing as star fragments. 

Finally, one can examine the angular distribution of 
the star prongs for a clue as to the validity of the two 
absorption models. The angular distribution of protons 
from the reaction m++d-—2p has been measured by 
Durbin, Loar, and Steinberger'’ who tind the differential 
cross sections at 0° and 90° in the center-of-mass system 
to be in the ratio of about 3:1. On this basis one expects 
some forward and backward peaking of the star prong 
angular distribution. It is not clear what angular 
distribution to expect on the basis of the multinucleon 
absorption model. 

The angular distribution of star prongs having ener- 
gies greater than 50 Mev was analyzed on the basis of 


TABLE II. Computed and average experimental ratios 


Computed experimental 


two ratios, namely: R= f/(1—/), where / is the fraction 
of star prongs found in the interval 0°-45° and 135° 
180°, and F/B equal to the ratio of prongs in the 
angular interval 0°-60° to those in the interval 120° 
180°. In determining these ratios, star prongs of 
unknown energy were considered to have a kinetic 
energy of more than 50 Mev, and two-thirds of the 
stops were added into the figure (1—/). The experi- 
mental ratios may be compared (Table I1) with those 
expected for the following center-of-mass angular distri- 
butions: 


P,(0)=1/2, P.(0)= (6/10) cos?(0@)+3/10. 


The greatest asymmetry in the laboratory system 
would be predicted for the smallest number of inter- 
acting particles, e.g., two nucleons. The corresponding 


1% Durbin, Loar, and Steinberger, Phys. Rev. 83, 646 (1951). 
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ratios R and F/B are computed on this basis, for the 
case of a 30-Mev meson energy (Table II). P2(0) 
simulates the angular distribution’ of protons for the 
reaction r*+d—>2p. The computed and average experi- 
mental ratios are presented in Table II. 

The angular distribution of the star prongs appears 
to have some forward peaking but cannot be said to be 
inconsistent with isotropy. The disagreement between 
the experimental and calculated values of the ratio F/B 
for the P» distribution is more severe, however, and 
constitutes further evidence that the deuteron absorp- 
tion cannot be the only absorption mechanism 


CONCLUSIONS 


The principle conclusions drawn from this work are: 
(a) the absorption cross section, gaps, decreases with 
decreasing meson kinetic energy to 59+9 millibarns at 
20 Mev; (b) Gavs/Oseatte™2:1; (c) at most 60 percent of 
the absorptions may occur via a deuteron structure, 
but the fraction of absorptions attributable to a nucleon 
pair absorption mechanism is somewhat higher; and 
(d) definite evidence exists for mesic absorption by a 
multinucleon structure in beryllium. 
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Electrons of energies 125 and 150 Mev are deflected from the 
Stanford linear accelerator and brought to a focused spot of 
dimensions 3 mmX15 mm at a distance of 9 feet from a double 
magnet deflecting system. The focus is placed at the center of a 
brass-scattering chamber of diameter 20 inches. Thin foils are 
inserted in the chamber and elastically-scattered electrons from 
these foils pass through thin aluminum windows into the vacuum 
chamber of a double focusing analyzing magnet of the inhomo- 
geneous field type. The energy resolution of the magnet has been 


I. INTRODUCTION 


N a recent publication’ it was suggested that the 

gold nucleus does not have a sharp boundary. In 
this paper it is proposed to amplify this statement and 
to present data on other nuclei which tend to bear out 
this conclusion. 

Guth? first pointed out that the finite size of the 
nucleus should produce large deviations from the ex- 
pected scattering resulting from a point charge when- 
ever the electron wavelength is of the order of nuclear 
dimensions. In principle, such deviations might be 
wholly or partially ascribed to departures from the 
Coulomb law of electric interaction at very small dis- 
tances. In the following discussions it will be assumed 
that the Coulombian interaction holds at small dis- 
tances and that the departures, if any, from point 
charge scattering are assignable to the finite dimensions 
of the nuclear charge distribution. 

Other authors have subsequently considered the 
problem of the finite size of nuclei in relation to scatter- 
ing experiments.*-* Parzen, Smith, and Schiff have 
dealt with energies of the order of 100 Mev and higher, 
while the other authors have been concerned mainly 
with lower energies. Parzen has made an exact calcula- 
tion at a high energy (100 Mev). Unfortunately, a 

* This work was initiated and aided at all stages by a grant 
from the Research Corporation. It was supported by the joint 
program of the U. S. Office of Naval Research and the U. S. 
Atomic Energy Commission. In the latter stages of the work, 
support has been received from the Office of Scientific Research, 
Air Research, and Development Command. 

t This material was presented in part at the April 29, 30 
May 1, 1953 Meeting of the American Physical Society in Wash 
ington, D. C. 

t Portions of the theoretical interpretation were revised in proof, 

1 Hofstadter, Fechter, and McIntyre, Phys. Rev. 91, 422 
(1953). 

2 FE. Guth, Wiener Anzeiger Akad. Wissenschaften No. 24, 299 
(1934). 

3G. Parzen, Phys. Rev. 80, 261 (1950); 80, 355 (1950). 

4L. R. B. Elton, Proce. Phys. Soc. (London) A63, 1115 (1950); 
65, 481 (1952); Phys. Rev. 79, 412 (1950). 

6H. Feshbach, Phys. Rev. 84, 1206 (1951); 88, 295 (1952) 

61. K. Acheson, Phys. Rev. 82, 488 (1951). 

7 J. H. Smith, Ph.D. thesis, Cornell University, 1951 (unpub 
lished). 

§L. I. Schiff, following paper, Phys. Rev. 93, 988 (1953). 


about 1.5 percent in these experiments. This resolution is enough 
to separate clearly hydrogen or deuterium elastic peaks from 
carbon peaks in the same scattering target. The energy loss in 
the foils is readily measurable. In the case of light nuclei, e.g., 
H, D, Be, C, the shift of the peak of the elastic curve as a function 
of scattering angle indicates the recoil of the struck nucleus. 
Relative angular distributions are measured for Be, Ta, Au, 
and Pb. It is possible to interpret these data in terms of a variable 
charge density within the nucleus. 


numerical error crept into Parzen’s work and his pub- 
lished scattering curve cannot be considered reliable.’ 
For nuclei having a uniform or spherical shell distribu- 
tion of charge all Born approximation calculations pre- 
dict maxima and minima in the angular distribution. 
These features are essentially diffraction phenomena 
and are similar to the observations in electron diffrac- 
tion studies of atoms. The first Born approximation? +7 
for these models produces the first of a set of zeros in 
the angular intensity pattern at those angles where 


ga=3.5, 
q= (4m/A) sin(@/ 2), 


in which A is the wavelength of the incident electrons 
and ‘‘a” is the rms value of the nuclear radius, calcu- 
lated with the charge as the weighting factor. Yennie 
el al.” have shown that for a uniform model the exact 
calculation provides a result in which the first diffrac- 
tion minimum is practically washed out and the second 
and third less pronounced than in the Born approxima- 
tion but approximately in the same angular positions. 
Experimental indications of a deviation from point 
charge scattering have been found by Lyman, Han- 
son, and Scott!! at an electron energy of 15.7 Mev. 
A= X/2r is, in this case, of the order of 1.25 10~” cm 
and, if one uses a conventional radius for gold (R=8.1 
X10-% cm, a=6.3X%10~" cm), ga is found to be close 
to or less than unity. Thus, no maxima or minima are 
to be expected in the experiment of Lyman et al., 
although marked deviations in the angular distribution 
were expected and, in fact, found. The experimental 
data proved to be consistent with a uniformly charged 
model of the nucleus in which 


R=nA}, (3) 


where 79 was 1.45 10-" cm. In gold a twenty percent 
Le) d 


smaller radius gave a very slightly improved fit of the 


9G. Parzen (private communication). The error was first found 
by Elizabeth Baranger (private communication) 

1 Yennie, Wilson, and Ravenhall have recently recalculated 
the exact scattering at high energies (private communication). 

1! Lyman, Hanson, and Scott, Phys. Rev. 84, 626 (1951). 
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data. Lyman ef al. have noted that the smaller radius 
in gold might indicate a more dense packing of protons 
in the interior of the nucleus. A suggestion of this type 
had been made previously by Born and Yang.” 

The experiments to be described below were intended 
to search for possible clear-cut signs of nuclear finite 
dimensions and by this means to find nuclear radii aad 
charge distributions. 


II. APPARATUS 


Only the main features of the experimental equip- 
ment will be described at this time. Figure 1 shows the 
principal experimental arrangement. A monoenergetic 
group of electrons is deflected by a system of two mag- 
nets from the main beam of the Stanford linear ac- 
celerator."’ The first magnet bends and disperses the 
beam and the second magnet bends in a reverse direc- 
tion and refocuses the spread-out beam. A slit at 
position S determines the width of the accepted energy 
band, in this case about 3 percent. The initial width 
of the beam entering the first magnet is determined by 
the collimator C, in this case a }-inch cylindrical hole 
in a uranium block 1.0-inch long. A well focused beam 
emerges from the second magnet and closes to a small 
spot 9 feet from the second magnet. The position of the 
spot is accurately given by simple first-order calculation 
of trajectories. The size of the spot is approximately 
1-mm high and 3-mm wide for a ;’g-inch collimator and 
3 mm X15 mm for a }-inch collimator. The beam has 
extremely little divergence because of the 9.0-foot focal 
distance and small slit S used (0.75). As many as 
2X 108 electrons per pulse have been measured in the 
focused beam, sixty pulses occurring per second, each 
lasting about 0.5 microsecond. The beam is quite free 
of any gamma rays produced at the collimator and slit 
because of the double deflection. The beam stopper B 
prevents gamma rays produced at C from traveling 
down the accelerator tube and producing unwanted 
background in the experimental area. 

The focused beam is directed towards a scattering 
target, usually a thin foil of any one of various materials. 
The scattering target is placed at the center of a brass 
scattering chamber of diameter twenty inches and 
twelve inches high. The scattering chamber is built in 
the form of a large bell-jar which can be detached 
readily from the main base plate. The whole deflection 
system and scattering chamber are evacuated to high 
vacuum. The base of the scattering chamber contains 
electrical lead-in connections and provisions for mount- 
ing and internally moving one or more scintillation 
counters on a large ring gear whose position is con- 
trollable remotely. A thin aluminum window (0.006 in.) 
stretches around the chamber from about —150° to 
150° over a vertical distance of three inches. Scattered 
electrons from the target emerge from the chamber 


 M. Born and L. M. Yang, Nature 166, 399 (1950). 
'83 Among those mainly responsible for this system are Dr. J. A. 
McIntyre and Dr. W. K. H. Panofsky. 
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Fic. 1. The experimental arrangement of the 
electron-scattering system. 


through the aluminum window and pass through about 
one inch of air before reaching the entrance port of the 
vacuum chamber of the analyzing magnet M. The 
C-shaped vacuum chamber lies between the shaped pole 
pieces of the inhomogeneous field magnet. The entrance 
and exit ports of the vacuum chamber are fitted with 
3-mil aluminum windows. The magnet M is similar to 
the design of Snyder ef al.,"" weighs about two and a 
half tons and has a mean radius of curvature of 16 
inches. It is located on the movable platform of a 
modified twin 40-mm anti-aircraft gun mount kindly 
lent us by the U. S. Navy, with the cooperation of the 
U. S. Office of Naval Research.'® The magnet is of the 
double focusing variety and employs an inhomogeneous 
field of index n=}. Fields up to 12 or 13 kilogauss have 
been obtained and maintained over long periods of 
time without excessive heating. The field is usually 
maintained constant by manual regulation of the 
current. 

A rotatable foil-holder that can be remotely con- 
trolled is now being installed in the scattering chamber. 
The experiments to be described were carried out with 
a substitute foil-holder which could be rotated and 
raised or lowered. The raising or lowering operation 
was remote, but the rotation was not. The holder could 
accommodate two foils at a time. 

After the scattered electrons are analyzed in the 
magnet they leave the vacuum chamber and are col- 
limated by a }-in. cylindrical hole in a lead block 2} 
inches long. Behind this collimator a conical Cerenkov 
counter, four inches long, detects the electrons admitted 
by the collimator. The Cerenkov counter is made of 
highly polished lucite and is one inch at the narrow 
input end and 1.5 in. at the output end where the 
lucite is coupled via heavy silicone oil to a 6292 Dumont 


“Snyder, Rubin, Fowler, and Lauritsen, Rev. Sci. Instr. 21, 
852 (1950); C. W. Li, Ph.D. thesis, California Institute of Tech 
nology, 1951 (unpublished). 

‘6 The gun mount was modified and machined most capably by 
the machine shop of the Mare Island Shipyard of the U.S. Navy. 
We are very grateful to the officers and civilians of the yard for 
the excellent job done. The U. S. Office of Naval Research very 
kindly helped us make the necessary arrangements with the 
shipyard. 
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Fic, 2. An elastic-scattering curve in gold taken at 125 Mev, at a scattering angle of 35°, and with a 2-mil foil set at 45 
with respect to the beam. The shaded portion of the peak shows the fraction of electrons counted in an individual peak 


setting. The abscissa is proportional to electron energy. 


Photomultiplier. The pulses from the photomultiplier 
are amplified in an Elmore model 501 amplifier and fed 
to a gated scaler (gate 12 microseconds long) and also 
to an oscilloscope viewed by a monitor photomultiplier 
which has been made to act as a counter.'® Both counters 
are gated by the main trigger signal of the linear 
accelerator. The biases against which both counters 
operate are adjusted so that the two agree on number 
of counts. Good plateaus in counting rates are thus 
obtained. An effort is made to count not more than one 
count a second so that pileup and loss of counts may 
be avoided. A large lead shield surrounds the Cerenkov 
counter and photomultiplier and has greatly helped in 
avoiding background troubles. 

The main beam passing through the scattering target 
is monitored by a helium-tilled ionization chamber de- 
signed by W. C. Barber of this laboratory. Dr. Barber 
has kindly calibrated and tested the chamber with 
25-Mev electrons and has verified that it does not 
saturate under beam intensities up to 2X 10° electrons 
per pulse, where a pulse lasts about 0.3 microsecond, 
and where the beam is about 2 cm? or larger on entering 
the chamber. Under the conditions of the experiments 
here reported the ion chamber does not saturate. The 
output of the chamber is brought to a charge integrator 
of a conventional type. 

The deflecting magnets are presently stabilized by an 
electronic regulator to better than one part in a 
thousand. The analyzing magnet is manually con- 
trolled by an operator who reads the voltage across a 
shunt in series with the current. A Rubicon poten- 
tiometer is used to read the shunt voltage. With careful 


16 R A. McIntyre, Rev. Sci. Instr. 21, 52 
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control the analyzing magnet current may be main- 
tained constant between limits of +0.1 percent during a 
run of 10 minutes duration. 

The magnet has been calibrated by using the known 
energy of the Am™'! q@ particles and by measurement of 
the magnetic field at the center of the magnet. 

The angular position of the magnet on the gun mount 
stand is controlled remotely and measured by a com- 
bination of high and low speed selsyn indicators. The 
error in determining position is less than 0.1°. 


III. EXPERIMENTAL PROCEDURE 


Because of the temporary nature of the target holder 
the scattering foils were not rotated during the angular 
runs. This procedure has the advantage that one always 
uses the same region of the scattering foil provided that 
the beam spot does not shift during a run. When setting 
the analyzing magnet from one side of zero to the other, 
it is of course necessary to rotate the target foil and 
this was done. Also when points beyond 90° were 
examined, the foil was rotated to a new fixed position. 
A typical setting of the foil for a run between 35° and 
90° was with foil plane at 45° with respect to the beam. 
The lineup of the beam was carefully carried out at 
the beginning of each run by a photographic method. 

At a given angular position of the analyzing magnet 
an “elastic curve” can be obtained by measuring the 
total number of counts per unit integrated beam for 
various settings of the magnetic field. The magnetic 
field settings are assumed to be proportional to the 
magnet currents and the former are also proportional 
to the electronic momenta. For these high energies, the 
currents are therefore also proportional to the electronic 
energies. Typical elastic curves so obtained are shown in 
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Figs. 2, 3, 4, and 5. The abscissa on these curves is pro- 
portional to the magnet current, and in all cases except 
lig. 2 the zero of abscissa is far off to the left of the 
ordinate axis. The curve of magnetic field against 
magnet current shows little saturation in the region 
here investigated'* (about 100 amperes). 

The elastic curves show typical bremsstrahlung tails 
on the low-energy side and sharper cutoffs en the high- 
energy side, as expected. Figure 2 shows the appearance 
of an elastic curve for gold and indicates also the frac- 
tion of electrons collected in individual peak settings. 
Figure 3 shows a typical displacement between the peak 
of the main beam and that of the transmitted beam at 
zero degrees, the difference being the result of the energy 
loss in the gold foil (2-mils thick). Figures 3 and 4 show 
that the elastic curves have the same appearance at 
angular settings of 0°, 35°, and 70° and presumably, 
therefore, at other angles. Figure 5 and Figs. 1 and 2 of 
our earlier communication! show that the elastic curves 
of hydrogen and deuterium in polyethylene as well as 
beryllium shift with the angular position. This shift has 
been explained! by the recoil of the struck nucleus 
(H, D, Be, C). With improved resolution this recoil 
shift will permit scattering measurements to be made 
on unseparated isotopes in the same foil and also with 
the elements of compounds. In the case of Ta, Au, and 
Pb the recoil shift is too small to be observed at the 
present time. In those cases in which the elastic curves 
have the same appearance at all angles, it is sufficient 
to measure the total elastic yield at a given angle by 
an average of two measurements taken at positions on 
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Fic. 3. Elastic-scattering curves for a 2-mil gold foil at 125 Mev. 
The foil was placed at 45° with respect to the beam. The abscissa 
is proportional to electron energy. Some of the curves were ob 
served with a CsBr(Tl) detector by a dc method and have higher 
residual backgrounds (directly and indirectly the result of neu 
trons) than the normal Cerenkov detector curves 
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Fic. 4. Elastic-scattering curves in tantalum at 150 Mev. The 
data at 35° and 70° are essentially identical when normalized to 
the same peak value. The foil was 2.6 mils thick and was placed 
at 30° with respect to the direction of the beam 


either side of the peak, for example, at abscissas 326 
and 330 in Fig. 4 for tantalum. All angular distributions 
have been measured in this way. Measurements in light 
elements, for example, Be or C, must be taken at the 
positions of the shifted peaks. Figure 6 shows how the 
Be elastic curves shift with angular position. In fact, 
in Be the elastic curve changes in appearance as well 
as shifts with change in angular position. The peculiar 
curve in Be at 90° requires further investigation. It is 
possible that inelastic scattering may be observed in 
such light elements at large angles. 

The shift of the peak in Be is the result not only of 
the recoil energy but also of the energy loss of the in- 
coming and outgoing electrons in the target foil. At a 
scattering angle of 45°, and a target setting of 45° with 
respect to the beam, the average energy loss in the 
50-mil beryllium target is 0.49 Mev, and the recoil 
shift is 0.46 Mev. At 70° the corresponding figures are 
0.51 Mev and 1.04 Mev, and at 90° they are 0.58 Mev 
and 1.58 Mev. The expected shifts relative to 35° are 
therefore 0.60 Mev for 70° and 1.21 Mev for 90°. The 
observed relative shifts are 0.60+-0.20 Mev and 1.20 
+(.20 Mev and are in good agreement with the calcu 
lations. Similarly, good agreement has been obtained 
for the hydrogen and deuterium shifts. In fact the H, D 
shifts relative to carbon or some other standard may 
be used to measure the energy of the incident beam. 
With the present resolution and the accompanying ex- 
perimental error in measuring the shifts, the calculated 
beam energy is of the order of 140+20 Mev while the 
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Fic. 5. An elastic curve at 125 Mev, showing the deuterium and 
carbon peaks observed in deuterated polyethylene at a scattering 
angle of 65°. 


value obtained by calibration with alpha particles gives 
a value of 125+5 Mev. Obviously, the method can be 
refined. 

A further check on the internal consistency of the 
scattering data is obtained by comparison of the ratio 
of the areas under the carbon and hydrogen or deu- 
terium peaks in Fig. 1 of this paper and also in Fig. 2 
of reference 1. The ratio in Fig. 5 is o¢/op=14+5 and 
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Fic. 6. Elastic curves in Be at 125 Mev at 35°, 70°, and 90°, 
observed with a 50-mil scattering target. The elastic peak shifts 
to lower energies at larger angles of scattering and also broadens 
as it shifts. 
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for Fig. 2 of reference 1 the ratio ¢c/on=20+5, where 
dc, OH, Op, are the respective cross sections. The accu- 
racy of these measurements is not high because of the 
carbon bremsstrahlung background which must be sub- 
tracted from the H or D peaks. An average of the two 
results gives 17 which is close to the ratio, Z-?/2(Zu, p)* 
=18, of the scattering from carbon and hydrogen or 
deuterium in polyethylene. Again, with better resolution 
this measurement of relative areas can be greatly im- 
proved, and, in fact, this method suggests itself for meas- 
uring the hydrogen and deuterium scattering cross 
sections relative to carbon as a standard. 

To check the over-all behavior of the scattering meas- 
urements, two tests have been made: (1) the scattering 
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Fic. 7. The angular distribution of electrons scattered from 
a Be target, 50 mils thick, at 25 Mev. The target plane was at 
45° with respect to the beam. The Mott curve for a point charge 
is shown. Arbitrary normalization is made at 35°. 


of Be has been examined in the angular range 35°-90° 
at 25+2 Mev, and (2) the scattering from a gold foil 
of }-mil thickness has been studied in the same angular 
range at 25 Mev. In case (1), because of the relatively 
low energy, the Be nucleus may be approximated by < 
point charge and the exact calculations of Feshbach® 
and Parzen’ for a point charge may be compared with 
the experimental data. In case (2) the observed angular 
distribution may be compared with the data of Lyman 
et al. at 15.7 Mev. 

Figure 7 shows the Be data at 25 Mev using a 50-mil 
foil. The data are in excellent agreement with the 
accurate calculations and also with the Mott formula, 
which for low Z’s is very close to the accurate formulas. 

Figure 8 shows the data for gold found at 25 Mev 
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with a 4-mil foil. The observed curve is seen to lie 
above the Mott curve, just as in the work of Lyman 
et al. Our data show slightly less rise relative to the 
Mott curve as compared with the data of Lyman et al., 
but this is to be expected, to some extent, because of 
the higher energy and therefore the shorter wave- 
length relative to nuclear size. On the whole, the agree- 
ment is better than might have been anticipated, since 
our windows were not designed for energies as low as 
25 Mev. It is gratifying that the results for Be and Au 
at 25 Mev are so well in accord with expectation. 

To check whether some systematic error might be 
prejudicing results on one side of zero preferentially the 
data for tantalum at 150 Mev have been observed on 
both sides of zero. Figure 9 shows the data and shows 
there is nothing special on either side. The data agree 
very well, and, in fact, the only point seriously off is at 
80° on the left side wheré there was a steel supporting 
post blocking out part of the solid angle seen by the 
magnet chamber. 

It is also pleasing that the background counting rate 
has been virtually absent. Without the target in place 
we have never observed a background count at angles 
between 35° and 120°. If some of the concrete shields 
and lead around the Cerenkov counter are removed it 
is easily possible however to obtain background counts. 
These are usually small pulses in the photomultiplier 
and it is anticipated that with further study even these 
can be removed by applying a higher bias. 

IV. CORRECTIONS TO DATA 

The corrections usually applied to the raw scattering 
data have been excellently summarized by Lyman et al."! 
Many of these corrections are not needed in the present 
work, because the data to be presented are entirely of a 
relative kind. A precise absolute calibration of the 
scattering data has not been attempted up to the present 
time, although work is now under way to obtain abso- 
lute cross sections in gold. 

Since we shall be concerned only with relative data, 
there is probably no need to take into account such 
small corrections as the radiative type of Schwinger!’ 
which were calculated with Born approximation and 
depend very little on angle. 

In order to avoid a variable loss of counts due to 
pileup, we have made an attempt to count approxi- 
mately at the same rate at all angles so that a dead- 
time correction, if present, will be the same for all 
positions. Actually the dead time correction is neg- 
ligible. 

The largest corrections for multiple scattering are 
encountered in the case of the gold foils. For most 
measurements a foil 2 mils thick was used. In one run, 
to get more intensity at angles larger than 120° a four- 
mil foil was used. For the 2-mil foil the multiple 
scattering correction amounts to —0.3 percent at 35°, 
to —0.1 percent at 90°, and to —0.1 percent at 140°, 


'7 J. Schwinger, Phys. Rev. 75, 898 (1949 
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Fic. 8. The angular distribution of scattered electrons from a 
gold foil, }-mil thick, at 25 Mev. The foil plane was at 45° with 
respect to the beam. The Mott curve for a point charge is shown. 
Arbitrary normalization is made at 35°. 


10,000r , ; , 1 


TANTALUM 
150 Mev 





© BLACK CIRCLE, RIGHT SIDE OF ZERO 


NUMBER OF COUNTS IN ARBITRARY 


M BLACK CROSS, LEFT SIDE OF ZERO 


4 THEORETICAL CURVE FOR EXPONEN— 
TIAL CHARGE DISTRIBUTION 
' } + y 
| “OBSCURED 
| gy POST 


. 








30 © 0 @ 
SCATTERING ANGLE 

Fic. 9. The angular distribution of scattered electrons from a 
tantalum foil, 2.6-mil thick, at 150 Mev. The foil plane was at 
30° relative to the beam direction. Curves on the left and right 
of zero are shown. A theoretical curve based on an exponential 
charge distribution is shown as well as the Feshbach point charge 
curve. All curves are normalized arbitrarily at 35°. 
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SCATTERING ANGLE 
Fic. 10. The angular distribution of scattered electrons from a 
beryllium foil, 50-mils thick, at 125 Mev. The experimental curve 
has been corrected empirically for the broadening observed in the 
elastic curves at larger scattering angles. (See Fig. 6.) The dashed 
curve is the corrected curve. A theoretical curve based on the 
first Born approximation for an exponential charge distribution 
is shown. Also shown is the point charge calculation of Feshbach. 

Arbitrary normalization of all curves is made at 35°. 


Thus, multiple scattering corrections in the target foil 
are unnecessary for the accuracy involved in this work. 
The multiple scattering in the aluminum windows is 
of the order of 0.4° and can be neglected since it is 4 
times as small as the rms scattering angle in the gold 
foil. The beryllium 50-mil foil has an rms scattering 
angle of 0.6° which is negligible also. 

The errors resulting from double (large-angle) scat- 
tering are estimated to be 0.15 percent at 90° for two 
mils of gold at 125 Mev and 0.01 percent at 150° under 
the same conditions. For 50 mils of Be at 125 Mev the 
errors are 1.5 percent at 150° and 0.04 percent at 90°. 
Hence, all double scattering corrections are ignored 
since they are very small effects. 

The geometrical corrections for the aperture can be 
estimated from the effective aperture which is approxi- 
mately 0.8 square inch at twelve inches. A calculation 
similar to that of Lyman et al. leads to corrections of a 
few tenths of a percent, which are thus negligible for 
our purposes. 

The angular resolution of our scattering results de- 
pends on the size of the beam spot on the target foil 
and on the effective aperture of the entrance port of 
the analyzing magnet. Each of these contributions is 
about the same at the present time and each contributes 
about 2°, fairly independently of angles between 35° 
and 140°, for a target foil setting of 45°. Hence, our 


FECHTER, 


AND McINTYRE 

angular acceptance width is about +4°, ora total of 8°. 
Structure in the scattering curves within such small 
angular ranges would not be resolved in our experi- 
ments. On the other hand, such fine structure is not 
expected. 

Radiative straggling and electron-electron straggling 
affect the shape of the elastic-scattering peaks. Since in 
all the cases we have studied, with the exception of Be, 
the elastic profile is the same at all angles, no relative 
corrections for these effects need to be made. As a 
matter of fact, the same argument applies to the 
Schwinger correction. 

With the exception of Be, all corrections are extremely 
small and will be ignored. In the case of Be (Fig. 6) the 
elastic profile changes as a function of angle, because 
of the combination of the recoil effect and the energy 
loss straggling in the target. Both effects are appreciable 
for Be. The correction has been taken into account 
empirically by measuring the areas under the elastic 
curves taken at various angles. At 90° the area is 
approximately 1.5 times the area at 35° when both 
curves are normalized to the same peak values. Hence, 
a correction of 50 percent is applied to the counting 
rate at 90°. At 35° the correction is zero, anda smooth 
curve has been drawn in Fig. 10 (the dashed line) to 
represent the corrected data at intermediate angles. 
Since the cross section varies rather violently with 
angle, the largest correction of 50 percent produces 
only a mild effect. 


V. RESULTS 


The relative angular distributions have been meas- 
ured in Be, Au, and Pb at 125 Mev and in Ta at 150 
Mev. In addition, as mentioned previously, check runs 
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Fic. 11. The angular distribution of electrons scattered from a 
2-mil gold foil at 125 Mev. The point charge calculation of Fesh- 
bach is indicated. Theoretical points based on the first Born 
approximation for exponential charge distributions are shown. 
Values of a=2.0, 2.2, 2.36, 2.8 10° 3 cm are chosen to demon- 
strate the sensitivity of the angular distribution to change of 
radius. All curves are normalized arbitrarily at 35°. 
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were made on Be and Au at 25 Mev. The experimental 
curves are shown in Figs. 9, 10, 11, 12. The limits of 
errors indicated in the figures are entirely of statistical 
origin. In all cases except gold, the background counting 
rates were zero so that the present data represent the 
actual numbers taken in a run. In only one case, namely 
Au beyond 120°, was a small background observed in 
one of the counters. The other counter showed no back- 
ground. The small background makes the data beyond 
120° slightly less reliable than the other data. 

Near 100° on the right side of zero it has not been 
possible to obtain data because of the presence of a 
steel post which is used as a support for the upper half 
of the scattering chamber. There is a similar post near 
80° on the left-hand side of zero. In future experiments 
it will be possible to move the posts to other positions 
while taking data near these two angles. 

In occasional runs we have noticed that after long 
periods of time the data do not check exactly. For 
example, after a couple of hours of running a point at 
70° may change by 30 percent or so. Invariably the 
neighboring points will be down by the same factor. 
Thus, a slow drift in some part of the counting system 
or magnetic field appears at irregular times. The ex- 
planation of this effect is being sought. However, we do 
not feel that this effect is significant because the rela- 
tive counting rates agree with those first obtained to 
better than 30 percent. 


VI. ANALYSIS OF THE DATA 


The experimental distributions lie far below the point 
charge calculations of Feshbach® which are shown typ- 
ically in Fig. 11. Within the resolution of the experi- 
mental data (points were taken every 5 degrees apart) 
there is no pronounced evidence of diffraction minima 
or maxima. These curves are in striking contrast to the 
beautiful curves of Cohen and Neidigh'® which show 
diffraction peaks in the scattering of 22-Mev protons. 

The absence of pronounced diffraction peaks suggests 
that, from the viewpoint of the Born approximation, 
heavy nuclei do not have sharp boundaries. The accu- 
rate calculations of Yennie ef al.'° contirm this sugges- 
tion in a qualitative way but not quantitatively. We 
shall sketch briefly some qualitative considerations pro- 
vided by the Born approximation, merely in order to 
obtain a feeling for the meaning of the experimental 
results. In the discussion below we have used the 
exact calculations of Feshbach for the point charge and 
have multiplied the point charge curve by the appropri- 
ate form factors obtained from the first Born approxi- 
mation®* for various assumed charge-density distri- 


butions. 


16 B. L. Cohen and R. V. Neidigh, Phys. Rev. (to be published). 
We wish to thank Dr. A. M. Weinberg and Dr. B. L. Cohen for 
informing us of these results. See also J. W. Burkig and B. T. 
Wright, Phys. Rev. 82, 451 (1951). 
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Fic. 12. The angular distribution of electrons scattered from a 
4-mil lead foil at 125 Mev. A theoretical curve based on the first 
Born approximation for an exponential charge distribution is 
shown. Arbitrary normalization is made at 35°. 


Among the types of charge-density (p) distributions 
tried" were the following: 


(A) exponential 


ria 


p= poe ; 

(B) ‘thalf-uniform and half-Gaussian”’ 
p=pi, Orc; p=p: expl —}(r—c)?/d?], 
(C) gaussian 

p= po exp (— }r?/1) ; 
(D) uniform 
p=p;, O<rSc; p=0, r>dc. (7) 


The po, pi, p2, and py; are all constants with the dimen- 
sions of charge density. For these charge distributions 
the root-mean-square radii, calculated with the charge 
as the weighting factor are, respectively : 


(A) 
(B) rig=2.31e for d=c, (9) 
(10) 


(11) 


r-=3A6a, (&) 


(C) 


') == 1 132K, 


(D) 


7, 0.775c. 
In the following, we discuss the data obtained for the 
various elements. 

'’ See also L. I. Schiff (reference 8) for other charge distributions 


and relevant remarks. A slightly different approach from ours 
has been used in Schiff’s paper 
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The “best fit” with the experimental data was ob- 
tained for the exponential charge distribution with 
a=2.3+0.3% 10-% cm and r,=7.95X 10-8 cm. The ex- 
perimental data and the exponential fit are shown in 
Fig. 11. The half-uniform and half-Gaussian model 
provides a “best fit”? which is somewhat inferior to the 
exponential fit and requires c=2.46X10~" cm and 
1y=5.7K10-" cm. This angular distribution is a poor 
fit at angles greater than 110° where it drops off too 
rapidly. The pure Gaussian model (C) is also not as 
good as the exponential but gives a best fit for r¢= 2.48 
*10-" cm with r,=4.3 10" cm. As in the last case 
the pure Gaussian drops off too rapidly beyond 115°. 
These rms radii are to be compared with the usual rms 
value of about 6.3&10~-" cm for gold and are of the 
correct order of magnitude. 

The Born approximation is clearly quite poor for a 
uniform distribution of charge because of its true zeros. 
Therefore, no attempt will be made to use the Born 
approximation for this model. On the other hand, the 
exact calculations of Yennie et al.,"° carried out both 
for a uniform charge distribution and an exponential 
charge distribution, show that the exponential fits 
better because of the absence of diffraction structure, 
which does occur for the uniform distribution. In either 
event, the most important conclusion is that the exact 
theoretical curves reflect the very steep falloff of cross 
section with angle shown by the experiments. The large 
departures from a point charge are, therefore, satis- 
factorily demonstrated in theory, as well as experiment. 
The rather extreme exponential model, when treated 
exactly, appears to fit the experimental data (35°-120°) 
quite well, but it is by no means ruled out that other 
less violent models with, e.g. Gaussian tails, might not 
do equally well. To see the qualitative effect of a small 
rounding off of the edge of a uniform charge distribu- 
tion, a uniform model and Gaussian tail with parameter 
d=0.2c in Eq. (5) has been tried in Born approximation 
but does not remove the zeros. This model simply 
moves the zeros out a little towards larger angles. A 
uniform model with a small exponential tail has a 
similar behavior, as shown by Smith.” 


Lead 


The lead foil used in the experiments was an isotopic 
mixture in the natural proportions and was 4-mils 
thick. The experimental curve for 125 Mev is given in 
ig. 12. It may be seen that the points are fitted quite 
well by a theoretical Born curve based on an exponential] 
model. The theoretical curve is hardly distinguishable 
from the experimental curve. The radius obtained from 
the best exponential fit is r-= 8.17 10~" cm or a= 2.36 
X10-" cm. This value is slightly larger than the radius 
for gold in the ratio 1.03. 
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Tantalum 


The experimental curve for 2.6 mils of tantalum at 
150 Mev is given in Fig. 9. By fitting with an exponen- 
tial charge distribution corresponding to a= 2.80+0.3 
X 10~" cm or r,= 9.7 X 10- cm, an excellent reproduc- 
tion of the data is obtained. Again, as in lead, the theo- 
retical Born points are scarcely distinguishable from the 
experimental ones. While the tantalum should have a 
radius slightly smaller than lead or gold according to 
the rule expressed by Eq. (3), the scattering data indi- 
cate a larger radius. Relative to lead the rms radius is 
1.18 times as large. This result may possibly have some 
connection with the extremely large quadrupole mo- 
ment of Ta. 


Beryllium 


Beryllium has been studied at 125 Mev. The results 
obtained with a 50-mil scattering target are shown in 
Fig. 10. The curve which has been empirically corrected 
for the change in elastic profile as a function of angle 
is shown as a dashed line in the figure. The point charge 
curve of Feshbach is shown in open circles. In the case of 
beryllium the Born approximation should be quite valid. 
The triangles represent the point charge curve as modi- 
fied by the “best fit” form factor corresponding to an 
exponential charge distribution with r,= 2.2 10~% cm 
or a=6.36X 10- cm. This radius is quite a bit smaller 
than the radii measured for heavy nuclei and is in 
good agreement with what might be expected from 
Eq. (3). In the case of such a small nucleus as Be, the 
form factor can be chosen quite arbitrarily to corre- 
spond either to the exponential, Gaussian, or uniform 
model, since all give essentially the same behavior. For 
example, the best fit for a uniformly charged model 
gives r,=1.90X10-" cm and for a Gaussian model 
¥9= 1.96X 10—* cm. 


VII. CONCLUSIONS 


With the angular resolution attained in these experi- 
ments, the absence of diffraction maxima and minima 
in the observed scattering of 125- and 150-Mev elec- 
trons from Ta, Au, and Pb suggests tentatively the 
concept that these nuclei have charge distributions 
tapering off gradually from near the center to the out- 
side. This conclusion is not definite at this time because 
both theory and experiment are in preliminary stages. 

The differences between the nuclear diffraction pat- 
terns observed in the scattering of 22-Mev protons!’ and 
the electron scattering results reported here may perhaps 
reflect the facts that nuclei interact with protons through 
short-range forces (also to a lesser extent through 
Coulomb forces) and are not transparent to protons of 
22-Mev energy, while nuclei interact with electrons 
through long-range Coulomb forces and are transparent 
to electrons. Hence, the elastically-scattered protons 
interact effectively only with the outer edges of the 
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nucleus giving the impression of a sharp boundary. 
Electrons interact with the entire nuclear volume. 

It might be wondered whether the peaked charge 
distribution suggested here could influence arguments 
concerning saturation of nuclear forces. A simple elec- 
trostatic calculation was carried out for the exponential 
charge distribution with a= 2.3 10~" cm for gold. The 
result obtained indicates that the Coulomb energy is 
changed by not more than a factor of two relative to 
that of the uniform distribution. Hence, on this score 
there will be no serious change regarding nuclear 
saturation. 

It is recognized that the charge distribution in heavy 
nuclei tentatively suggested by this work differs rather 
seriously from the uniform model generally proposed. 
For this reason we are attempting to improve the accu- 
racy of the experiments by increasing the angular reso- 
lution, energy resolution and stability of all parts of 
the apparatus. 
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Experiments on the elastic scattering of fast electrons by several elements, reported by Hofstadter, 
Fechter, and McIntyre in the preceding paper, are interpreted with the help of the first Born approximation. 
This interpretation of the experiments implies nuclear charge distributions that are peaked at the center 
and taper off smoothly. The root-mean-square radii of the charge distributions, and the nuclear Coulomb 
energies, are, however, in approximate agreement with those computed from the usual uniform charge dis 
tribution. The effects of radiation loss and nuclear excitation are discussed qualitatively, and the effect of 
a nuclear electric quadrupole moment is considered more quantitatively. It is concluded that these effects 
probably cannot account for the discrepancy between the observed scattering cross section which decreases 
monotonically with increasing angle and the diffraction minima and maxima expected on the basis of the 
Born approximation from a uniform charge distribution with a sharp or moderately rounded edge. Exact 
calculations of the elastic scattering from various charge distributions are now under way. 


1, INTRODUCTION 

HE preceding paper by Hofstadter, Fechter, and 

McIntyre! reports experimental results on the 
elastic scattering of fast electrons by several elements. 
The energy resolution of the incident and scattered 
electrons is such that the measured differential cross 
sections include both elastic events and inelastic events 
in which the energy loss to radiation or nuclear excita- 
tion is less than about 1 Mev, after allowance is made 
for the recoil energy of the struck nucleus. The observed 
monotonic decrease of the scattering cross section with 
increasing angle is in striking contrast with the diffrac- 
tion minima and maxima calculated by means of the 
Born approximation? when the nuclear charge is as- 
sumed to be roughly uniformly distributed over a 
sphere of approximate radius 1.4X10~A! cm. While 
the first Born approximation is not reliable for heavy 
elements such as tantalum, gold, and lead, it should 
give a qualitative indication of the general character 
of the scattering for various assumed forms of the 
nuclear charge distribution. This view is confirmed by 
exact scattering calculations now in progress,** which 
show that the principal effect of the improvements on 
the Born approximation in the case of a uniformly 
charged nucleus is the filling in of the zeros in the cross 
section to convert the minima and maxima into wiggles. 
This effect was noted earlier by M. Goldhaber and 
A. W. Sunyar [Phys. Rev. 83, 906 (1951) ] 

All of the calculations in this paper are based on the 
first Born approximation. This enables us to make a 

* Supported in part by the Office of Scientific Research, Air 
Research and Development Command. 

t Sections 1, 2, and 7 revised in proof. ; 

1 Hofstadter, Fechter, and McIntyre, preceding paper [Phys. 
Rev. 92, 978 (1953) }. See also Phys. Rev. 91, 422 (1953). 

2 £. Guth, Anz. Akad. Wiss. Wien. Math.-naturw. KI. 24, 299-307 
(1934); M. E. Rose, Phys. Rev. 73, 279 (1948) ; J. H. Smith, Ph.D. 
Thesis, Cornell University, February, 1951 (unpublished) ; Thie, 
Mullin, and Guth, Phys. Rev. 87, 962 (1952). Magnetic inter- 
actions may be ignored for the low nucleon energies involved here. 

38 Yennie, Ravenhall, and Wilson, private communication. 
Earlier calculations by G. Parzen, Phys. Rev. 80, 355 (1950) 
have been found to contain an error (private communications from 
E. Baranger and G. Parzen). 


rapid survey of the qualitative effect of the form of the 
nuclear charge distribution on the elastic scattering, 
and also to estimate the relative importance of inelas- 
tic processes and of the nuclear distortion implied 
by the existence of electric quadrupole moments. The 
results obtained cannot be taken literally for the heavy 
elements, but are expected to be more reliable for 
lighter elements and quite good for beryllium and deu- 
terium. 


2. USE OF THE FIRST BORN APPROXIMATION 


For an electron of energy E that is scattered by a 
nucleus that is represented by wave functions ¥;, the 
differential scattering cross section per unit solid angle 
af 
is 


a (0) =[ (4e*E? cos?4) /(heqg)* 


|2 


Zz 


k=1 


where fq is the momentum transfer from the electron 
to the nucleus that makes a transition from state i 
to state f, and R, is the coordinate of a proton in the 
nucleus; it is assumed that £ is large in comparison 
with the rest energy of the electron, and that the scat- 
tering angle @ is not close to x. For elastic scattering, 
q= (2E/hc) sin}, and Eq. (1) can be written in one of 
the forms 


Z |? 
> |W; {%et9 dr} 
k=! 


(e* cos’}0/4E sin*}8) | 
| 


9 


= (74 cos*}0/4F* snt)| [eRe dre » @& 


where p(R) is the nuclear charge distribution, nor- 
malized to unit volume integral. 

In the case of inelastic scattering with small energy 
loss, Eq. (1) must be summed over all final states f 
that have excitation energies less than about 1 Mev. 


' 
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If we use the independent-particle model to estimate 
the ratio of inelastic to elastic scattering cross sections, 
only one term in the summation of Eq. (1) can enter 
for a particular final state (this assumes unsymmetrized 
nuclear wave functions, but the result is not greatly 
different if they are symmetrized). Also, su « matrix 
element will be somewhat smaller in the inelastic than 
in the elastic case, due to the partial interference be- 
tween initial and final proton wave functions. Finally, 
not all of the protons in the nucleus can be excited if 
the final state must lie within 1 Mev of the ground 
state. If one considers all of these factors, one arrives 
at an estimate of between 0.01 and 0.1 for the ratio of 
inelastic to elastic scattering at a particular angle, in a 
heavy nucleus. On the other hand, _ recent 
experimental*» and theoretical’* work shows that 
quadrupole transition probabilities are ten to a hundred 
times larger than estimated above on the basis of the 
independent-particle model, for low-lying excited (col- 
lective rotational) states of heavy nuclei. This makes 
the inelastic cross section for favorable excited states 
comparable with the elastic cross section, and tends to 
smooth out oscillations in the computed form factor 
(see Sec. 3). Doubly magic Pb**, which constitutes 
more than half of normal lead, is exceptional in that 
its first excited state lies more than 2.5 Mev above its 
ground state. Such an energy loss can be resolved by 
the experiments, so that it is unlikely that inelastic 
processes can account for the observed smoothness of 
the lead-scattering curve. 

It is very difficult to estimate the effect of radiation 
on the observed scattering. The existing theory‘ is only 
useful for light elements and breaks down completely 
for large angle scattering from an element as heavy as 
gold. It does, however, indicate that the radiative cor- 
rection does not depend strongly on energy loss and 
scattering angle. Experiments to date! show that most 
scattering events are only slightly inelastic, and it 
seems likely that this represents radiation loss rather 
than nuclear excitation. 

The effect of the nuclear quadrupole is discussed 
more quantitatively in Sec. 6. 


3. ELASTIC SCATTERING FROM HEAVY ELEMENTS 
USING BORN APPROXIMATION 


We define the nuclear charge form factor as the in- 
tegral which appears in the right side of Eq. (2): 


Pa@)= [oR Rd rp. (3) 


If p(R) is real and spherically symmetric, /'(q) is also 
real and spherically symmetric. In this case, Eq. (3) 

s T. Huus and C. Zupancit, Kgl. Danske Videnskab. Selsk., 
Mat.-fys. Medd. 28, 1 (1953); C. L. McClelland and C. Goodman, 
Phys. Rev. 91, 760 (1953). 

se A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selsk., 
Mat.-fys. Medd. 27, 16 (1953). 

4 J. Schwinger, Phys. Rev. 75, 898 (1949). 
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can be written 


F(q)=(4r af p(R) sin(gR)RdR, 
and conversely 
p(R) = (2r*R) f F(q) sin(gR)qdq. (5) 


0 


According to Eq. (2), F(qg) can be determined from the 
experimental observations: 


F(q)=+[4E sin'}00 (0) /Z°e* cos*}0 }}, 
qg= (2E/hc) sink0; (6) 


here only the sign is indeterminate, and it can be in- 
ferred from the sign of p(R) and the behavior of F(q) 
near its zeros, if any. Thus, if accurate experiments 
were available over the entire range of g (0 to ~), p(R) 
could be determined uniquely from Eqs. (5) and (6), 
within of course the limits of the first Born approxi- 
mation, 

In practice, somewhat inaccurate experiments are 
available over a finite range of gy. Also, no absolute 
values of (6) have been measured as yet. The procedure 
followed in this paper consists in assuming a variety of 
forms for the charge density p(R) and the corresponding 
form factor F(q), and plotting the experimental values 
of G(q)= (sin?}0/cos}0)o1(@) against g in such a way 
that an easily recognizable curve will result if /(q) has 
the assumed form. This procedure makes consistent 
use of the first Born approximation. An alternative 
method, used by Hofstadter, Fechter, and McIntyre, 
consists in defining the experimental form factor G(q) 
as the square root of the ratio of the observed scattering 
to the exactly computed point-charge scattering rather 
than to the first Born approximation point-charge 
scattering. The optimum procedure probably lies some- 
where between these two, since the first Born approxi- 
mation is somewhat better for a finite nucleus than for 
a point nucleus, where the electrostatic potential is 
stronger. It is gratifying that the numerical results ob 
tained here and in reference 1 are in such good 
agreement. 

Suppose, for example, that it is desired to see how 
well the observations can be fitted with the assumption 
that the charge density is uniform over a sphere of 
radius Ry. In this case, 


p(R)=po, R<R,: p(R)=0, R>R); 
F(q) =4mpoRo|(singRy— qRy cosqgRy)/(qRo)* |. (7) 


If then F'(q) is plotted against g on one sheet of log-log 
graph paper, and G(q) is plotted against g on another 
sheet of log-log paper, superposition of the two will at 
once show the measure of agreement between kq. 
(7) and the experimental observations. Vertical trans- 
lation of the two sheets with respect to each other 
changes the absolute magnitude of the scattering, and 
horizontal translation changes the nuclear radius Ry. 
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A trial] shows that the observations on gold do not 
fit unless it is assumed that the first minimum in the 
cross section expected theoretically is filled in by ex- 
perimental inaccuracy, inelastic processes (Sec. 2), 
quadrupole moment effect (Sec. 6), or by higher order 
corrections to the Born approximation (Sec. 1). Even 
assuming that such a fill-in occurs, the rest of the experi- 
mental curve can only be fitted with a radius of about 
4.7% 10-" cm, which is substantially smaller than that 
given by the usual expression 1.4% 10-"A4 cm. Similar 
poor fits are obtained with the other elements. 

The same technique was used to attempt a fit of the 
experiments with charge distributions that are uniform 
over most of the radius of the nucleus and rounded at 
the edge. If the usual radius is assumed, these predict 
diffraction minima and maxima that are not observed, 
as in the case of the sharp-edged uniform distribution. 
On the other hand, if the radius is assumed small 
enough to push the first diffraction minimum out to 
larger angles than are covered by the observations, the 
theoretically predicted small angle portion of the curve 
is too flat to agree with experiment. With sufficient 
rounding, the latter difficulty disappears; for example, 
the observations on gold can be fitted well with a charge 
distribution proportional to [1+(R/a)*}', where a 
=3.3K10°"% cm, but not with a charge distribution 
proportional to [1+ (R/a)*}". 

With charge distributions for which F(q) has a 
simpler analytic form, a comparison with experiment 
can sometimes be achieved by plotting suitable func- 
tions of G and q against each other so that a straight 
line results when the experiments agree with the as- 
sumed form for /'(qg). Four such forms are as follows: 


(R/a)? ] : 
F (gq) ='poa* exp[.— (ga/2)?]. (8) 


p(R)=poe"/*;  F(q) = 8mpoa*/(1+-q?a?)?. (9) 


p(R) = pol 1 + (R/a) le P. 
F (q) = 32mpoa*/(1+-q?a")’. 


p(R) = po exp — 


(10) 


p(R) = pyat/(a?+- R*)?;  F(q)= 2° poa®e%. (11) 


To fit Eq. (8), we plot G against ¢* on semilog graph 
paper ; to fit Eq. (9), we plot G-} against gq? on ordinary 
paper; to fit Eq. (10), we plot G-! against ¢? on ordi- 
nary paper; and to fit Eq. (11), we plot G against q 
on semilog paper. In each case, a straight line results 
if the fit is perfect, and the corresponding value of a is 
easily obtained. 

A preliminary plot of G against g or g* on semilog 
paper shows that the experimental data for tantalum 
at 150 Mev and for gold and lead at 125 Mev can be 
superposed within the experimental errors for the sepa- 
rate elements by vertical translation (adjustment of the 
absolute magnitude of the scattering at some angle, 
which has not been measured). This is not surprising, 
since the values of A! for these three elements spread 
over a range of less than 5 percent. When all three ele- 
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ments are plotted together, it is found that a Gaussian 
charge distribution, Eq. (8), does not give a very good 
straight line. If a straight line is fitted to the whole 
curve, the value of a can lie between 3.1 and 3.6 (all 
lengths are expressed in units of 10~ cm). The small- 
angle data are best fitted by a=3.7, and the large-angle 
data by a=2.9. If a Gaussian charge distribution is 
peaked enough (small enough a) at small R to fit the 
large-angle data, it falls off too rapidly at large R to 
give enough small-angle scattering; conversely, if it is 
spread out enough (large enough a) at large R to fit 
the small-angle data, it is too flat at small R to give 
enough large-angle scattering. The root-mean-square 
radius of the charge distribution for the Gaussian form 
is R,= (3)4a=1.224a, so that R, lies between 3.6 and 
4.5 in this case. 

The exponential charge distribution, Eq. (9), yields 
a fairly good straight line with a= 2.0 (see Fig. 1), It is 
difficult to gauge the extreme values of a that are con- 
sistent with the experiments, because of the compres- 
sion of the data that occurs in going from o(@) to G-4. 
However, it is probably safe to say that a must lie be- 
tween 1.6 and 2.9 on the basis of the present data. In 
this case, R,=(12)!a=3.46a, so that R, lies between 
5.5 and 10.0, with the best fit occurring at 6.9. The 
modified exponential charge distribution, Eq. (10), 
which has zero slope at the origin, also yields a straight 
line with a=1.3, and extreme values of 1.1 and 1.6. 
Here, R,=(18)!a=4.24a, so that R, lies between 4.7 
and 6.8, with the best fit occurring at 5.5. Finally, the 

































































ped 


4 GOLD 125 Mev 





e LEAD 125 Mev 
@ TANTALUM 150 M@v 


peters 
| | | 





Dee! dats ae ee 


| 
| 
| 








q? 


Fic. 1. Plot of G4 against g* (g in units of 10% cm~), where G 
is the experimental form factor and hg is the momentum transfer. 
A straight line implies that the nuclear charge density has the 
form p(R)=poe~*/*. The line corresponds to a= 2.0X10-* cm. 
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Fic. 2, Nuclear charge densities p computed from Eqs. (8), 
(9), (10), and (11) with optimum values of a. The last three are 
in good agreement between R=2 and R=6 (in units of 10™ cm), 
but the first only agrees between R=2 and R=4. 


charge distribution, Eq. (11), can be fitted well with 
a=3.9+0.5; because of its long tail, this distribution 
is rather unrealistic, and indeed R, is infinite in this case. 

The variety of shapes of charge distributions that 
fit the experiments about equally well suggests that 
only certain features of p(R) are significant in this 
respect. This is confirmed when the above four charge 
densities are plotted against R on semilog graph paper, 
each with the optimum value of a. If the curves are 
translated vertically with respect to each other, it is 
found that Eqs. (9), (10), and (11) can be made to 
superpose within 15 percent over the region from R= 2 
to R=6 (see Fig. 2). The Gaussian distribution, Eq. 
(8), with a=3.3 can, however, only be fitted with the 
other three between R=2 and R=4. This suggests 
that the range of g covered in the experiments, from 
qg=0.37 to g=1.1 (in units of 10" cm~') is only suffi- 
cient to determine the shape of the nuclear charge dis- 
tribution between R=2 and R=6. Very roughly and 
qualitatively, we can say that experiments with mo- 
mentum transfers between fig; and hg: explore the 
shape of the charge distribution at distances between 
R= 2.2/q2 and R,=2.2/q; from the center of the nu- 
cleus, provided that there is no anomalous behavior of 
p(R) elsewhere. 


4. ELASTIC SCATTERING FROM BERYLLIUM 


The more limited experimental data on beryllium! at 
125 Mev can be fitted well with any of the four charge 
distributions, Eqs. (8) through (11). The results are 
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as follows: 
Eq. (8): 
Eq. (9): 
Eq. (10): 
Eq. (11): 
As with the heavier elements, Eqs. (10), (9), and (11) 


yield increasing values of a, and Eq. (9) gives a larger 
R, than Eq. (10). 


a=1.8 +0.1, = 2.2+0.1; 
a=0.74+0.03, =2.7+0.1; 
=(0.55+0.01, 2=2.3+0.04; 


a=0.91+0.04, sO, 


5. ELASTIC SCATTERING FROM DEUTERIUM 


When Eq. (2) is applied to deuterium, it must be 
remembered that the ground state wave function is a 
mixture of 4S; and *D, and is threefold degenerate. We 
write it® 

Ym = (4a) (ut+-8-hwSy2)xm, m=O, +1, 


Sio=3r *(o,- 4) (oor) — (o;-es), 


(12) 


where Xm is a triplet spin function. The normalization 
is such that 


f (2+ w*)dr= 1. 


Because of the degeneracy, the squared matrix ele- 
ment on the left side of Eq. (2) must be replaced by 


(13) 


(14) 


FLL | fm *eh Yd) . 
mm’ | | 


The factor 4 in the exponent arises because the proton 
coordinate is half the relative coordinate that appears 
in Eq. (12). Equation (14) may be reduced to 


| f (8 + julbar de 
0 
Hf (2uw—2-w*) jo(hqr)dr |, 
- 0 


32°? cosz 


(15) 


where 


jo(s)=2-' sinz, jo(z)= (32-*—2"") sinz- 


are spherical Bessel functions. 

For use in connection with the next section, the ex- 
pression for the quadrupole moment of the deuteron 
is quoted here® 


z 


O= (200) f (2uw— 2 
0 


6. EFFECT OF NUCLEAR ELECTRIC 
QUADRUPOLE MOMENT 


hw?) rdr. (16) 


A nucleus that electric quadrupole 
moment is somewhat distorted from spherical shape, 


and we might expect that even if the charge distribution 


possesses an 


6 W. Rarita and J. Schwinger, Phys. Rev. 59, 436 (1941) 
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had a sharp edge, this edge would be effectively fuzzed 
out because the observations average the scattering 
produced by nuclei with all possible orientations. 

In dealing with elastic scattering from a heavy nu- 
cleus, it is sufficient for a discussion of quadrupole 
moment effects to assume a charge distribution 


p(R) = po(R)+-p2(R) P2(cosh), (17) 
where @ is the angle between the vector R and the 
nuclear axis, and P2(u)=}(3u?—1) is a Legendre poly- 
nomial. The electric quadrupole moment measured 
with respect to an axis fixed in space that makes an 
angle 0’ with the nuclear axis is 


Zz 


O(0') =Z(8r 5) Paco’ f po(R)RdR. 


0 


(18) 


Equation (18) is classical, and from it we want to 
obtain an expression for the quadrupole moment Q, 
which can be related to the quantum analog of Eq. (18)° 


3m’ — 1(1+1) 
{) 


2. (19) 
I(27—1) 


()(m) 


where / is the total angular momentum of the nucleus, 
and m is its component along the axis fixed in space. 
We could simply equate the maximum value Q(0) of 
Eq. (18) to the maximum value Q(/) of Eq. (19). 
However, a better comparison in the case of the deu- 
teron (see below) is obtained if we equate the mean 
square computed from Eq. (18) by integrating over 
6’, to the mean square computed from Eq. (19) by 
summing over m. The result is 


’ 


QO=A,Z(8r sf P.(R)R'dR, 


where A,=(1/10)', Ago=(1/5)!, As 
= (5/14)), As=(5/12)!, Aqo=(7/15)8, «++ Ay 

In calculating the scattering, we make use of the 
fact that the period of rotation of the nucleus is large 
in comparison with the transit time of a fast electron 
across the nucleus. Thus, the form factor calculated 
from Eq. (3) refers to a particular orientation of the 
nucleus with respect to q. The scattering, which is 
proportional to /°, must then be averaged over all 
orientations of the nucleus. It is easily shown that 


(F?(q) y= 16m? 


po! R) Jo! RORAR | 


0 


° 


+ (167? sl f po(R) jogR RAR , 


which agrees with Eq. (4) if po=0. 


6]. M. Blatt and V. F. Weisskopf, Theoretical Nuclear Physics 
(John Wiley and Sons, Inc., New York, 1952), p. 28 
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It is interesting to compare Eqs. (17), (20), and (21) 
with the corresponding Eqs. (13), (16), and (15) for 
the deuteron (Sec. 5), when it is remembered that p(R) 
is normalized to unit volume integral. We note that 
R=4r; then if 4p )R°dR is identified with (u?+w*)dr, 
and (162?/5)!p.R°dR is identified with (2uw—2~'w*)dr, 
the normalization of p(R) in Eq. (17) agrees with Eq. 
(13), (21) agrees with (15), and (20) agrees with (16). 

We can now see under what circumstances the second 
term on the right side of Eq. (21) can fill in the first 
diffraction minimum of the first term, that is predicted 
by a sharp-edged uniform charge distribution. We 
assume that po(R)=po, a constant, out to R= Ro, and 
is zero for larger values of R. We also assume, as is 
justified if the quadrupole moment or the eccentricity 
is not too large, that p.(R)=Bé6(R—R,). Then B can 
be expressed in terms of Q from Eq. (20): 


O=A,Z2(8r/5) BR. 


It is convenient to define the nuclear eccentricity’ 
n=50/4R,?Z, in which case Eq. (21) can be written 


(F?(q) w= 9(singRo— gRo cosgR)?/ (qRo)® 
+4n?72"(qRo) 5A 7’, (22) 


when it is remembered that 4apoRo'/3= 1. 

The first term on the right side of Eq. (22) vanishes 
when gRyp=4.5, and has its second maximum at qRy=6, 
where it is equal to 7.0X10~*. At the zero point of the 
first term, the second term is equal to 0.038(n/A71)?. 
We can say that the zero predicted when the quadru- 
pole moment is neglected would be difficult to observe 
as a minimum if the second term had there a value com- 
parable with the value of the first term at its second 
maximum, that is, if 0.038(n/4A7)°==7.0X10, or if 
(n/A,)=0.43. For Ta'*', n=0.14 (one of the largest 
values known) and /=7/2, so that (n/A,)=0.205. 
For Au'’?, /=3/2, and the quadrupole moment has not 
been measured ; however, it would have to be extremely 
large to be effective in the present connection, and this 
seems unlikely from other considerations. Three- 
quarters of normal lead consists of the isotopes Pb*’* 
(1=0) and Pb”? (J=}$), neither of which can have a 
quadrupole moment. It seems probable, therefore, that 
a nuclear electric quadrupole moment cannot account 
for the smoothness of the observed scattering curves. 


7. CONCLUDING REMARKS 


The picture of the nuclear charge distribution arrived 
at on the basis of the Born approximation is radically 
different from that which has been commonly accepted 
until now.® However, such centrally peaked, smoothly 
tapering charge distributions are not necessarily incon- 
sistent with information obtained from other types of 

7 Reference 6, p. 26. 

8 A slight indication of a central charge concentration was ob- 


tained from the scattering of 15.7-Mev electrons, by Lyman, 
Hanson, and Scott [Phys. Rev. 84, 626 (1951) ]. 
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experiments. As an example, any experiment that meas- 
ures the average value of the difference between the 
actual electrostatic potential and that of an equal point 
charge, measures in effect the root-mean-square radius 
R, of the charge distribution. For a uniform charge 
distribution of radius Ry, R,= (3/5)1Ry=0.775Ry. This 
gives R, values ranging from 6.14 for tantalum to 6.42 
for lead, if the usual expression Ro=1.4A! is used; for 
beryllium, R,= 2.25. It is apparent from Sec. 3 that the 
heavy elements are consistent with this if either Eq. 
(9) or Eq. (10) is used. In the case of beryllium (Sec. 4), 
the values found from Eqs. (8) and (10) are consistent 
with that obtained from the A! rule, and Eq. (9) yields 
a somewhat larger value; for such a light nucleus, the 
A‘ rule probably underestimates the radius. 

The nuclear Coulomb energy may be calculated for 
each of the charge distributions considered here. It is 
characterized by a length, which is equal to the ratio 
of the square of the total charge to the Coulomb energy. 
This length is (5/3)R» for a uniform charge distribution 
of radius Ry, (2x)'a for the Gaussian distribution (8), 
(32/5)a for the exponential distribution (9), (512/63)a 
for the distribution (10), and (w/2)a for the distribution 
(11). With the optimum values for a, the distributions 
(9) and (10) are 5 and 14 percent, respectively, higher 
than the Coulomb energy calculated with Ro=1.4A}, 
while the other two distributions give about twice as 
large a Coulomb energy. Thus, as with the root-mean- 
square radius, the more likely charge distributions (9) 
and (10) are in satisfactory agreement with earlier 
results. 

It is important also to realize that electron scattering 
and nucleon scattering measure quite different prop- 
erties of a nucleus. We have assumed here that electron 
scattering is determined by the electric charge density, 
which is equivalent to assuming that there is no appre- 
ciable non-electric interaction of electrons and nuclear 
matter. Since lower energy scattering experiments are 
in good agreement with this assumption,’ any anoma- 


*See reference 8, and Buechner, Van de Graaff, Sperduto, 
Burrill, and Feshbach, Phys. Rev. 72, 678 (1947). 
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lous interaction would have to be strongly momentum- 
dependent in order to be significant in the present situa- 
tion, and we suppose that such an interaction does not 
exist. According to present ideas, the electric charge 
density is proportional to the density of protons, since 
meson charges are expected to average to zero. Nucleon 
scattering, on the other hand, is determined by the 
nucleonic potential, which is believed to depend on the 
nucleon density but need not be proportional to it. 
Indeed, it is quite possible that this potential is pro- 
portional to the density only for quite low densities, 
and that for higher densities the potential increases 
less rapidly than linearly."’ In this case, the potential 
that is effective in nucleon scattering will be more 
nearly uniform and have a sharper boundary than the 
electric charge density, and hence make the nucleus 
appear more like a uniform sphere. This might explain 
the agreement between the usual Ry and the nuclear 
radius measured from fast neutron scattering and 
alpha-particle decay, and also the very striking diffrac- 
tion patterns recently observed in the seattering of 
22-Mev protons by various elements." 

It is, of course, possible that exact calculations 
will fit the experimental observations on electron scat- 
tering with charge distributions that are less peaked 
at the center and fall off more sharply at the edge of 
the nucleus. Such calculations are now under way here, 
and will be reported in the near future by D. R. Yennie, 
DD. G. Ravenhall, and R. N. Wilson. 

It is a pleasure to acknowledge numerous discussions 
with Professor R. Hofstadter on the experimental in- 
formation and his treatment of it. The writer is also 
indebted to Professors R. F. Christy, E. Guth, W. E. 
Lamb, E. Teller, and C. H. Townes for helpful conver- 
sations, and to Mr. K. G. Dedrick for aid with one 
aspect of the calculations. 


“L. I. Schiff, Phys. Rev. 84, 1 (1951); B. J. Malenka, Phys. 
Rev. 86, 68 (1952); W. E. Thirring, Z. Naturforsch. 7a, 63, 279 
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Magnetic Moments of Neutron and Proton 
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After a discussion of the importance of results recently found by Sachs, some weaknesses of his theory 
are pointed out, and a contribution to the nucleon magnetic moment from the state with two-pion cloud in 
an S-state is calculated. A proposal of Sugawara to include admixtures of states with a one-pion cloud around 


a spin-} (“baryon’’) core is criticized, and the contribution of such states to the nucleon magnetic moments 
is calculated. Jt is discussed what value might be taken for the magnetic moment of such “baryon” core. 


1. INTRODUCTION 


IS a recent paper, Sachs! has shown the importance 
of the two-pion admixture in the nucleon wave 
function for the explanation of the magnetic moments 
of the neutron and the proton. As a special example he 
consylered a model consisting of 91.0 percent bare 
nucleon core (called ‘“‘nucleore’ by him) and 9.0 
percent this nucleore accompanied by two pions each 
in a p state forming together a P state with “square” 
radial distribution.? In this case, the contributions to 
the neutron magnetic moment were? —0.020 from 
nucleore moment in the 9 percent two-pion state, 
— 0,133 from pion orbits in the 9 percent two-pion state, 
and —1.792 from cross terms between two-pion and 
no-pion states; total — 1.945 for the neutron. 
Applying the mirror property to this model, we find 
for the corresponding proton state: +0.910 from 
nucleore moment in the 91 percent no-pion state, 
~0.010 from nucleore moment in the 9 percent two- 
pion state, +0.133 from pion orbits in the 9 percent 
two-pion state, and + 1.792 from cross terms between 
two-pion and no-pion states; total +2.825 for the 
proton, These figures show the importance of the cross 
terms between two-pion and no-pion states arising 
from the pion-pair creation and annihilation terms in 
the expression for the magnetic moment of a pion field. 
Sachs’ calculations neglect any separation of the 
nucleore from a fixed point chosen as the origin, and 
they neglect relativistic effects. This means that the 
large components of the Dirac wave-function of the 
nucleore are assumed to be s states. The p state small 
components are then neglected. Sachs makes it plausible 
that only pions in p states should be expected. His 
argument is clearly based on assumption of an inter- 
action between nucleores and pions linear in the latter 
and coupling among each other nucleore states with 
s-state large components but not necessarily with the 


'R. G. Sachs, Phys, Rev. 87, 1100 (1952). 

? By “square” radial distribution Sachs understands a sharp 
cutoff of the radial function at some fixed maximum value for 
the distance of the two pions from the nucleore frozen in the 
origin. 

3TIn Sachs’ formulas we substitute {W/u=6.642 and /;($)=1. 
We obtain 92,,= — 1.945, as contrasted to the figure — 1.93 given 
by Sachs himself. The 91 percent to 9 percent mixture was 
adjusted by Sachs to the value 0.880 of IN,+M>. All magnetic 
moments were measured in nuclear magnetons assumed to be 
practically identical with nucleore magnetons. 


same spin. An example of such interaction is a single 
pseudo-vector coupling without further interactions. 
The interaction between pions and nucleores proposed 
by Foldy and collaborators‘ is of course of a different 
type: It can be formulated as a single linear coupling 
between nucleores and pions; but this pseudoscalar 
coupling connects states with s-state large components 
just as well (with comparable matrix element) with 
states with p-state large components, under emission 
of pions in s states.° On the other hand, after Foldy’s 
transformation to pseudo-vector coupling there are all 
kinds of non-linear terms,*® and there is no clear reason 
for restriction to p-state pions either. Therefore it may 
be that Sachs’ nucleon model is a too simple one, even 
if the special assumptions leading him to the numerical 
values mentioned above are dropped. Nevertheless 
Sachs’ results are interesting as they show that only a 
moderate admixture of a two-pion state (about 30 
percent of the wave function) suffices for explanation 
of the magnetic moments of proton and neutron. 

Sachs himself points out that the agreement? of his’ 
value (—1.945) with the experimental magnetic 
moment (—1.910) of the neutron is fortuitous, as his 
assumptions (29)-(30) on the absence of pion clouds in 
S states, of one-pion states, and of two-pion P states 
antisymmetric in the two-pion radial function, as well 
as his assumption of a square form of the two-pion 
P-state symmetric radial function, are just one out of 
many ways in which the experimental facts could be 
explained in terms of the parameters of his theory. 

In this connection it should be pointed out that in 
Sachs’ general expression for the neutron magnetic 
moment (Eqs. (27)—(28)) a term 


Po (2)= Po (2, @)= $Po(2, @) 
is missing. This is due to the fact that Sachs overlooked 


4L. L. Foldy, Phys. Rev. 84, 168 (1951); Berger, Foldy, and 
Osborn, Phys. Rev. 87, 1061 (1952). 

5In this case the ¥'Bys¥-interaction is purely relativistic, and 
Sachs’ nonrelativistic approximation cannot be maintained. This 
necessitates explicit introduction of the space function for the 
nucleore, and thus Sachs’ selection rule (3) is broken; thence also 
his Eq. (11). 

6G. Wentzel, Phys. Rev. 86, 802 (1952). 

7 In view of the effects neglected, such as states with more than 
two pions, recoil of nucleore, difference in mass between charged 
and neutron pions in applying charge-independence, etc., accuracy 
cannot be expected, so that 1.945~ 1.910. 
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the contribution (V=2, L=0/M,| V=2, L=0) to the 
neutron magnetic moment arising from the magnetic 
moment of the proton-nucleore in states with pion 
charge C=—1 in an S-state two-pion cloud. In this 
case, the proton-nucleore spin has always the direction 
of the total neutron spin, so that it contributes Py~(2) 
nucleore magnetons, where Py" (2) according to Sachs’ 
notation is the probability of the state with a two- 
pion single-negative S-state pion cloud. In his special 
numerical example discussed above, this forgotten term 
drops out anyhow on account of the assumption expres- 
sed by Sachs’ Eq. (29). 


2. POSSIBLE NECESSITY OF EXTENDING 
SACHS’ THEORY 


In a complete theory one cannot just postulate values 
for the probabilities of the various nucleore-pion cloud 
states building up the nucleon wave function, or for the 
various overlap integrals and other radial integrals 
entering the theory; but one should take values for such 
quantities derived from some kind of meson theory, 
and then it should be hoped that these, on substitution 
in Sachs’ formulas,* will yield the experimental values 
for the nucleon magnetic moments. Therefore it is 
worthwhile to consider what other terms beside those 
discussed by Sachs might possibly have to be taken 
into account in order to obtain such agreement. 

It was already mentioned previously that it may be 
necessary to consider s-state pions, which means taking 
into account the “recoil” (the coordinate function) of 
the nucleore. Even if this recoil is neglected, s-state 
pions may be emitted in pairs by the interaction terms 
appearing in the Hamiltonian after Foldy’s transforma- 
tion.‘ Also there is no reason why states with more than 
two pions should not be important. 

Further, there may be some reason to suspect the 
possibility of admixture of states in which the pion 
cloud surrounds a nuclear particle of a mass slightly 
more than the nucleon mass (maybe between 2350 and 
2400 m.), of ordinary spin 3, and of isobaric spin 3. 
For the sake of brevity in discussion, we have called 
such particule a baryon.® The possibility of its existence 
has been suggested by the results of scattering experi- 
ments and explanations proposed for these results by 
several authors.” It was recently proposed by Sugawara"! 
that such baryon-pion states be incorporated in the 
calculation of the magnetic moment of the nucleon. 

While it is possible that this suggestion makes some 
sense, Sachs has shown the incorrectness of Sugawara’s 
further statement that the nucleon magnetic moments 
observed could not be explained simply by second-order 
pion interaction without consideration of baryon states." 


8 Corrected by the addition of Po~(2)=%Po(2, @). See the 
introduction. 

9F. J. Belinfante, Phys. Rev. 92, 145 (1953). 

1K. A. Brueckner, Phys. Rev. 86, 106 (1952); G. S. Janes and 
W. L. Kraushaar, Phys. Rev. 90, 341 (1953); B. T. Feld, Phys. 
Rev. 90, 342 (1953); G. Wentzel, Phys. Rev. 86, 437 (1952). 

1M. Sugawara, Progr. Theoret. Phys. (Japan) 8, 549 (1952). 
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For the rest, we do not agree with Sugawara’s way of 
calculating these magnetic moments, simply adding 
the magnetic moments of the constituent particles in 
each state as in the calculation of a Paschen-Back 
effect, without considering the fact that (like in the 
anomalous Zeeman effect) the interactions between 
these constituent particles (between the nucleore spin 
and pion orbital moments) are much stronger than the 
individual interactions of those particles with the ex- 
ternal magnetic field. Also, Sugawara’s method never 
takes into account the cross terms between zero and 
two pions, which Sachs has shown to be so important. 
We should therefore use Sachs’ method to calculate the 
contribution of an admixture of a (baryon+one pion)- 
state to the magnetic moments of a neutron and of a 
proton. This is done in the next chapter. 


3. BARYON-PION CONTRIBUTION TO NUCLEON 
MAGNETIC MOMENTS ‘ 


We shall follows Sachs in assuming the pion to be 
in a pstate. We use a notation explained earlier,*:” 
according to which states of “spin” (orbital angular 
momentum, spin, or isobaric spin) J with z-component 
J, are indicated by [/, J.]. Subscript 1 will indicate 
the nucleore or baryon core; subscript 2 will here 
indicate the pion. In our case, [}, +4), [3, +4), and 
[3, +3]: may be considered as ordinary spin functions, 
and [1,0], and [1, +1], to be normalized spherical 
harmonics T,"(@, ¢) for the pion orbit, with the sign 
convention used by Rojansky.'® The isobaric spin 
functions we shall here distinguish from these space and 
spin functions by enclosing them between boldface 
braces { }. 

For a baryon-pion state of total angular momentum 
} along the positive z axis, and with isobaric spin 4 in 
the —f¢ direction as for a neutron, the wave function 
is found from the tables (1) x (3/2) in the Appendix of 
reference 9: 


Witt = field, Sheflh, —dh2} = 
fel, —3hl, thv’ — 2, 2h0, Obv 3 + 
3,301, -thv2J X (8, —-2h0, thv 3 
(3, —2h1,Ohv3 + (3,201, -1hvé}. (1) 


Here, fiz is a radial wave function of the baryon-pion 
system. 

Since we don’t consider two-pion states with the 
baryon,'* we need not consider here the pion-pair 
terms in the pion magnetic moment. We shall further 
assume that the baryon magnetic moment is propor- 
tional to S=its spin angular momentum in units A, 


functions only, we shall use it here for angular momenta as well. 
VY. Rojansky, Introductory Quantum Mechanics (Prentice 
Hall, Inc., New York, 1938), p. 414. Compare Eq. (A.1) of the 
Appendix of reference 9. 
4 This approximation made by Sugawara is feasible insofar 
as cross terms to no-pion states are here impossible, since con 
servation of isobaric spin forbids (baryon+no pion)-states. 
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as well as to (¢;+4)=its charge (q) in units e: 


Wit, (in nuclear magnetons) = k(t;+})S. (2) 


The contribution to the z component of the magnetic 
moment of the neutron by the admixture ¥,*4 in the 
neutron wave function is then given by the matrix 
element of the operator, 


R(te+43)5,4+ (M/p) LC, (3) 


between V,*+! and W,*!, where W/m is the ratio of 
proton mass to pion mass, where L is the orbital angular 
momentum of the pion, and C is its charge in units e. 
By S.[s, m.Ji=m.[s, m.Ji, L.[l, mjo=ml[l, mo, tt, mdi} 
=mif[t, mi}, CUT, meh} = mr {[T, mz)2}, this matrix 
element is easily found to be 


5, = —P(b, 1)[ (5/2)R+N/p 4/9, (4) 
where 
P(b,1)= | fis|?rdr (5) 
is the probability of the (baryon+one_ pion)-state. 
While (4) is to be added to Sachs’ expression (27) or 
(28) increased by {Po (2, @), (see footnote 8), at the 
same time (6,1) is to be included in P,; in the ex- 
pression (1—P9— P;) occurring in Sachs’ Eqs. (27)~(28). 
Similarly, the corresponding admixture, 
field, thet, dhe} = 
fol, —2hll, thv 6 
(2, 201,0}.V3 + 
[2,2)01,-thv3] x 
(13, —2hfl, Ihve 
(2, 2h01,02v3 + 
(2, 2hf1, —thv 3}, 
to the proton state with spin in positive z direction con- 
tributes to the z component of the magnetic moment of 
the proton an amount given by the matrix element of 
the same operator (3) between ¥,*! and ¥,*4. The 
amount of this contribution is 


+ P(b, 1)[10k+9N/p 1/9. 


V,*} 


(6) 


(7) 

The effect of all this on Sachs’ Eq. (22) for Ptit+ Wt, 
is the following. In the derivation of (22), we must 
include P(6,1) in P,\(=probability of P-state pion 
cloud) where we write (1—P —P) for the probability 
of the no-pion state just above Sachs’ Eq. (22); but 
we must not include P(d, 1) in the contribution — }P,; 
from the (nucleore+ P-state pion cloud)-state. Instead, 
our two expressions (4) and (7) contribute toM,+-M,). 
Thus, Sachs’ Eq. (22) is replaced by 


5M, 


MAM, = 1— (4/3) | Pi (I+ Pi(2)} 


—[1—(5k/6) ]P(4, 1), (8) 


where P\(V)=probability for a P-state V-pion cloud 
around a regular (spin-}) nucleore, and P(}, 1)=prob- 
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ability for a P-state one-pion cloud around a baryon 
(other pion clouds around a baryon not considered). 


4. THE MAGNETIC MOMENT OF THE 
BARYON CORE 


In Eqs. (2), (4), and (7), the value of k would have 
to be taken from some theory of the properties of a 
baryon. Here, two different points of view are possible. 

One is to consider the baryon itself to be a nucleoid,® 
that is, a compound particle consisting of an ordinary 
nucleore and a pion cloud, like the excited states of the 
nucleore-pion system discussed by Pauli and Dancoff.'® 
(Since Pauli and Dancoff did not succeed in explaining 
by their model the observed magnetic moments of 
nucleons, the question arises whether a value of & for 
a baryon calculated on the basis of such model could 
be trusted.) 

Use of such compound baryon as the core in a 
certain admixture to a nucleon state makes sense only 
if the pion cloud inside the compound baryon is bound 
to the nucleore much stronger than the pion we assumed 
to surround the baryon. Thus our admixture would be 
a nucleoid state with “pions in layers” (some pions 
close to the core and one pion loosely bound at the 
outskirts of the nucleoid), and the internal pion shells 
in such state might be said to be “incomplete.” '* It 
does not seem probable that the ground state of a 
nucleoid would contain important admixtures of such 
kind, 

Therefore Sugawara’s suggestion of 
(baryon+pion)-admixtures to the nucleon ground 
state would seem rather meaningless, unless one decides 
to take a second point of view, according to which the 
baryon core is to be treated as a new elementary par- 
ticle of spin 3, different from a nucleore, even though 
reactions baryon+pion@nucleon and baryon@nucleon 
+ pion may be allowed. This point of view seems to 
have been taken by Sugawara himself in so far as he 
postulated an @ priori value for k in Eq. (2). Neglecting 
the difference in mass between nucleon and baryon, 
he chose k=2, by an unjustifiable analogy to the 
Thomas factor of spin-} particles. 

This value 2 postulated by Sugawara seems un- 
reasonably high. For vector mesons of mass m and 
charge g one finds a magnetic moment!’ (gh/2mce)S, 
where S is the meson spin. Apart from the mass ratio, 
this corresponds to k=1 for vector mesons. As in the 
same sense we have k=2 for electrons, this seems to 
suggest k=1/S in general for particles of spin S$ #0. 


considering 


1° W. Pauli and S. M. Dancoff, Phys. Rev. 62, 85 (1942). 

'6 The word “incomplete” is used here loosely. Of course, as 
pions satisfy Einstein-Bose statistics, there is no such thing as a 
“complete” pion shell. We mean to say only that the internal 
shells have a total orbital angular momentum different from zero, 
which combines with the nucleore spin to a total angular mo- 
mentum 3, different from the nucleore spin. The same is true for 
the isobaric spin. 

'7 Yukawa, Sakata, and Taketani, Proc. Phys.-Math. Soc 
Japan 30, 319 (1938); F. J. Belinfante, Physica 6, 870 (1939). 
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further experimental evidence that spin-} particles 
really exist, there may be little reason for accepting 
Sugawara’s suggestion at all. If the need of considera- 
tion of (baryon+pion)-states would arise, contribu- 
tions from such states to the nucleon magnetic moment 
should be calculated by the methods outlined above, 


and more likely with the value k= 3 than with k= 2. 


Indeed it can be shown that, if the baryon core would 
satisfy Fierz-Pauli’s theory of spin-} particles,'® one 
finds k= 4% for such particles. 

In conclusion we may say that, until there is some 


‘SM. Fierz and W. Pauli, Proc. Roy. Soc. (London) A173, 211 
(1939). 
% KF. J. Belinfante, Phys. Rev. 92, 994 (1953). 
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Fierz-Pauli’s theory of spin-$ particles has been reformulated in a manner somewhat resembling the 
usual formulation of Dirac’s equation for the electron. The discussion is simplified by complete reduction 
of the representation of the spatial rotation and reflection group by the field. The dependent variables can 
then be expressed in terms of the spin-} field. The magnetic moment and the gyromagnetic ratio of “bare” 
spin-3 particles of charge g and mass m are found to be (gh/2mc) and (q/3mc), respectively. 


1. INTRODUCTION 


N a theory of the anomalous magnetic moments of 
nucleons, Sugawara! has recently tacitly assumed 

that the intrinsic magnetic moment of a spin-}, isobaric- 
spin-} particle of slightly more than nucleon mass (a 
so-called baryon®*) should be about six nuclear mag- 
netons in its state of charge 2e. Pauli and Dancoff’s 
strong-coupling theory’ of the excited states of the 
nucleoid? (= nucleore-pion system®) predicts a magnetic 
moment proportional to (g—}e)/(j+1), which would 
make the total magnetic moment of a baryon of charge 
2e (and with 7= 3) equal to 1.8X the magnetic moment 
of a proton (j= 4). However, the Pauli-Dancoff theory 
of the magnetic moments of nucleoids is not only not 
trustworthy, as shown by its prediction that the neutron 
magnetic moment would be opposite and equal to the 
proton magnetic moment, but probably it is not even 
applicable in a theory like Sugawara’s, in which the 
nucleon is assumed to be part of its time a nucleore, part 
of its time a nucleore with a pion cloud, and part of its 
time a baryon core and pion(s). Such an assumption 
becomes rather improbable, if one does not at the same 
time assume the baryon (core particle) to be an ele- 
mentary particle itself,’ like the proton-nucleore, 
neutron-nucleore, and pions figuring in Sugawara’s 
theory. That is, we would have to assume that there is 
such a thing as a “bare elementary particle” of spin 3, 

!'M. Sugawara, Progr. Theoret. Phys. Japan 8, 549 (1952). For 
a criticism of this theory see reference 3. 

2K. J. Belinfante, Phys. Rev. 92, 145 (1953). 

3F. J. Belinfante, this issue Phys. Rev. 92, 994 (1953), 

4W. Pauli and S. M. Dancoff, Phys. Rev. 62, 85 (1942). 

5 Nucleore= bare nucleon core; see R. G. Sachs, Phys. Rev. 87, 
1100 (1952). 


into which a nucleore could be transformed under 
emission or absorption of a pion. 

The “bare baryon” would then have an intrinsic 
magnetic moment of its own—like the proton and 
neutron as “‘nucleores” are supposed to have magnetic 
moments of 1 and 0 nucleore magnetons respectively. 
The question then arises whether the magnetic moment 
to be expected for such bare baryon would have so 
large a value as assumed by Sugawara. We have 
reasoned that this is unlikely, and that it seems more 
plausible to guess that the gyromagnetic ratio of a 
spin-} particle of charge g and mass m will be g/3me, 
and its intrinsic magnetic moment gh/2me. (See refer- 
ence 3.) It is the purpose of this paper to show® that 
this conjecture is correct, if for a “bare” particle of 
spin 3 in interaction with an external electromagnetic 
field one assumes Fierz-Pauli’s theory of such particles 
to be valid.? 


2. FIELD COMPONENTS FOR ELEMENTARY 
PARTICLES OF SPIN } 


For their Lorentz-covariant theory of particles of 
spin } in interaction with a Maxwell field, Fierz and 
Pauli’ formulated the field equations in a manifestly 
covariant form using spinor notation. The field has 16 
complex components (not counting their conjugates). 
Between these 16 field components there are & rela- 
tions (‘subsidiary equations’’) not involving differen- 
tiation with respect to time, so that at some fixed initial 
time only eight field components can be chosen inde- 
pendently. 

® Without committing ourselves as to the value of Sugawara’s 
suggestion. See also reference 3. 
prs. Fierz and W. Pauli, Proc. Roy. Soc. (London) A173, 211 
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Once the relativistic covariance of a theory has been 
established, it often has certain advantages* to drop 
covariant notation.’ One reason for this is the special 
part taken by the time in solving problems using an 
ordinary Schrédinger equation with a Hamilton 
operator. Also, in canonical quantization one likes to 
distinguish ‘‘derived variables” from “canonical vari- 
ables,’ and this requires selection of a time axis (or of 
a time-like unit vector , in Schwinger’s terminology"). 

A further most important advantage of dropping 
manifest covariance is the following. The transforma- 
tion of the spinor components of the field form a (two- 
valued) representation of the complete Lorentz group 
(including spatial reflections); therefore, also of its 
subgroup of spatial rotations and reflections. While the 
representation of the Lorentz group by the pair of sym- 
metrical 3-index spinors used by Fierz and Pauli is 
irreducible,” the representation of the subgroup of 
spatial rotations and reflections is not. Therefore, it is 
natural to group the sixteen components of the field 
together in the following fashion: (1) An undor,"? (ys5x 
in Eq. (1)), that is, a pair of a Kramers spinor and spin- 
conjugate spinor,'’ together transforming like a Dirac 
electron wave function in Kramers representation,’ 
in particular transforming into each other under spatial 
reflection ;'® this undor corresponds to Fierz-Pauli’s 
spinors c* and dg; (2) another such pair of Kramers 
spinor and spin-conjugate spinor, (the undor sn below) ; 
and (3) an &-component quantity, consisting of a pair 
of what one might call a “four-spinor” and a ‘‘spin- 
conjugate four-spinor” (forming the representation 
D of the spatial rotation group ;” compare Z,: + -Z, in 
Eq. (1) below). Such complete reduction of the repre- 
sentation of the spatial group by the field separates the 
dynamical field components Z forming the spin-} field, 
from the dependent field components x and 7 trans- 
forming as fields of spin-} particles, and thus reduces 
the equations of motion and the subsidiary equations 
to a form in which they are most easily handled. 

For the details of Fierz-Pauli’s theory we refer to 
their original publication.” If under spatial reflection 


§ Besides possible disadvantages. 

* To some extent this has been done by Fierz and Pauli, reference 
7, where they treat s“ as equivalent to sq in the discussion of the 
“subsidiary conditions.” 

FJ. Belinfante, Physica 7, 765 (1940). 

4 J. Schwinger, Phys. Rev. 74, 1439 (1948). 

2 For a discussion of the theory of representations, see for 
instance E, Wigner, Gruppentheorie (F. Vieweg, Braunschweig, 
1931). Watch, however, the completely different notation used by 
Wigner. About the representations of the Lorentz group, see B. L. 
Van der Waerden, Die Grup pentheoretische Methode in der Quanten- 
mechanik (J. Springer, Berlin, 1932), in particular Sec. 20, pp. 
78-86. 

FJ. Belinfante, Physica 6, 849 (1939). 

“4H. A. Kramers, Grundlagen der Quantentheorie, Quanten- 
theorie des Elektrons und der Strahlung (Akademische Verlags- 
gesellschaft, Leipzig, 1938), pp. 259-269; (compare also pp. 272- 
280). 

1 But for a factor e such that ¢=1. See W. Pauli, Annales 
Institut H. Poincaré 6, 130 (1936); E. Majorana, Nuovo cimento 
14, 171 (1937); G. Racah, Nuovo cimento 14, 322 (1937). See also 
reference 13 
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x, ¥, 2, cl+»—x, —y, —2, tcl (thence p>—p, po>+ po 
for the momentum in vector notation, or pj7—>— pa? in 
spinor notation) we assume Fierz-Pauli’s spinor dg to 
transform into ec* (with e‘=1, see reference 15), the 
invariance of their Lagrangian requires transformation 
of their c* into ed,, of their a,® into —«b%3;, and of 
their 6%3; into —ea,*”. After reduction of the six-com- 
ponent representation of the spatial rotation group by 
a,°’(=a,"%), into a representation by quartet and 
doublet states (by a “four-spinor” and an ordinary 
(two-)spinor respectively), and similarly for 6%%;, we 
shall find it convenient to introduce linear combinations 
of the two-spinor dj with the two-spinor representing 
the doublet part in a,”. [Compare m and m in Eq. (1). ] 
Then, for ensuring complete reduction with respect to 
spatial reflections, we should similarly combine ¢c* with 
the corresponding two-spinor part in —b%4;. [See —n3 
and —n, in Eq. (1).] Following Van der Waerden’s 
interpretation of the dotted and undotted spinor 
indices,'® and using Kramers’ representation” of Dirac 
wave functions or undors,'® we can identify dj, ds with 
the first two components of such undor, and c', c? with 
the third and fourth component of such undor. To be 
consequent, we should then alter Fierz and Pauli’s 
definition of o4=i/ into o4=—i/. (This also affects the 
definition of the momentum spinor in terms of the 
momentum four-vector.) With our conventions, Fierz- 
Pauli’s “‘rest-mass” terms —6xc*¥4d, 4«x(—06*)«s,a,%" 
+conj. (with minus signs due to our lowering and 
raising of spinor indices in order to obtain a notation 
fitting our conventions) show a minus sign in front of 
the rest-mass term depending on the doublet wave 
function, but a plus sign in front of the terms «(—b)*a 
depending on the quartet wave function. As the quartet 
terms are physically most important (containing the 
independent canonical variables), we want the latter 
to appear with a negative coefficient in the Lagrangian, 
as the mass term in the Dirac theory of electrons. 
Therefore, we now have to change the sign of the en- 
tire Lagrangian. 

We shall now define the eight-component four-spinor 
pair Z and the two four-component undors (two-spinor 
pairs), by which we want to describe the field. The 
latter two undors we shall denote by ysx and ¥sn,'8 
where y; is the Dirac matrix ty:y2ysyo, so that in the 
notation of footnote 17 in general @=~yse, and in 

6B. L. Van der Waerden, Nachr. Akad. Wiss. Géttingen 
Math.-physik. KI. Ifa 1929, 100 (1929); or O. Laporte and G. E. 
Uhlenbeck, Phys. Rev. 37, 1380 (1931). 

17H. A. Kramers, reference 14, pp. 280-294; or F. J. Belinfante, 
reference 13, pp. 850-851. In this representation of a Dirac wave 
function, the electron energy mc*?8—ihca-¥ is represented with 
(v/c=)a=p;0, and with (mc?/S=)B=p). 

18 The quantities (ysx) and (ysy) are meant to be undors under 
spatial rotations and reflections. Under Lorentz transformations, 
only (ysx) transforms like an undor, but not (ysm). The reason why 
we call these (spatial) undors here (ysx) and (ysm) instead of 
using a single letter, lies in the fact that most formulas contain 
ys times these undors, and thus are simplified by our notation. 


The difference in transformation between (ysx) and the “pseudo- 
undor” x itself is only a minus sign in the spatial reflection. 
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Kramers representation’? ys=p;. Thus the components 
of ysx are |xX1,X2, —X3, —X4} as listed in Eq. (1). In 
this Kramers representation, we define our field com- 
ponents in terms of the components of the Fierz-Pauli 
field by: 


+x1=1/ (8/3) -di, 

+x2=1/ (8/3) -ds, 

—x3=*7/ (8/3)-c', 

—x1= 7 (8/3); 

+m = (2/27): (ai? as!) — (v Z)di, 
+m2= V/ (2/27): (ai#—as"") — (v 3), 
— m= / (2/27). (Bii— bis) — (V Het," 
—m=/ (2/27) - (Bi3—b'33) — (Vv 9); 
Z,=@}"', 

= (V 4) (2aj?+<a35"), 

Z3= (v4) (ai"+ 245"), 

Zy=a5", 

Z5= —Biii, 

Zo=(—Vv 4) (205+ Bi), 

Z7= (—V 4) (b's5 +283), 
Z5= — 033. 





Explanation: We may consider a'', aVv2, a” as a 
“three-spinor” for triplet states (spin 1), and aj, a3 as 
a spinor for doublet states (spin 3). The formulas for 
Z,—Z, are then easily’ seen to take the form of the 
linear combinations of wave functions of spin 3 obtained 
by vector addition of spins 1 and }.--We defined m 
and m2 as a linear combination of the spinor {x1, x2} 
and of the doublet states obtained by this same vector 
addition." The reason for using this particular com- 
bination lies in the simple-to-solve form (20), (27) thus 
found for the subsidiary conditions. (Compare footnote 
20.) The components — x3, —x4, —13, —m, Zs, Z6, 27, 
Zs are obtained from x1, x2, m, m2, 21, Z2, Z3, Zs by 
spatial reflection and omission of the factors e= (1)! 
mentioned above. Normalization factors in x, 7, and Z 
have been chosen arbitrarily in such way as to give 
the coefficients in the Lagrangian (2) relatively simple 
values. 

The labels 1 and 3 on x and 7 correspond to “spin up” 
(m=+4), and the labels 2 and 4 on x and to “spin 
down” (m= —}4), as in the Dirac electron theory. For Z, 
the labels 1 and 5 mean m=, 2 and 6 mean m=}, 
3 and 7 mean m= —}, and 4 and 8 mean m= —3. We 
do not use the values of m itself as indices because 
fractions used as indices are hard on the eyes. 


3. LAGRANGIAN FOR ELEMENTARY PARTICLES OF 
SPIN } IN AN ELECTROMAGNETIC FIELD 
With the notation just explained, and with the dis- 
cussed alteration of the sign of a, (and of derived 
quantities such as the momentum spinor) as well as of 
the sign of Fierz-Pauli’s entire Lagrangian, we can find 


'® Compare fer instance the table (1/2) X (I) in the Appendix to 


reference 2. 
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their (=minus our) Lagrangian by writing it out in 
components, substituting (1), and collecting the re- 
sulting terms. Thus we obtain 


—L=Z'\KB+my—2y;8-2!|Z+Z'K- xx 
+Z'K-xn+y'Kt-2Z+ x! {[3a-n— (9/2)x8!n (2) 
+n'Kt-2Z+nt!3a-2x— (9/2)KB3!x .™ 

+nt} (15/2)a-x— (9/2)mr9— 9x8} n. | 

Here, manifest covariance has been lost, but complete 

reduction with respect to the spatial rotation and re- 

flection group has been gained. We have given the 

Lagrangian in units Ac, and k=mc/h. Further, B=p, 

and ys5= pz; in our representation (1), in which p; and ps; 

transform the vertical (one-column) matrix 


(xix2, XsX43 MM, M43 21227324, ZsZ6Z7Z5) 
into the vertical (one-column) matrices 

(xax4, X1X23 394, 91923 25262723, Z1Z 22324) 
and 


(X1X2, —X3 X43 mm, —m3s 45 2122723, 

—-Z, —Ze —Z;, —4s), 
respectively. The operators m, (kinetic momenta in 
units /) are given by 


r= po—CtAy = 10 cal + th= in Skin ‘he ’ 
x= p—cA=—iv—eA=kinetic momentum/h, (3) 
e=q ‘he, 


where g is the charge of the particle. (For instance, 
q=2e, e, 0, —e for a baryon.) The Pauli matrices @ 
operate on each of the four two-spinors x1, 2, X34, 1,25 
and 93,4. The Dirac matrices 


a=y;0 and 8 (with y;8+8y7;=0, B=1, etc.) (4) 


operating on undors like ys5x and sn or on 4-component 
quantities like x or n are then represented as described 
in footnote 17. The 4X2-matrices K and their 2X4 
hermitian conjugates K'‘ are defined by 


( 3 


—w§ 


a (f 
A.= 14+ 


thence 
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The hermitian 4X4-matrices § are defined by 


0 jv3 O 0 

\3v3 0 1 0 
“1@ tt @ WET 
0 O Ww O03 


0) -tiv3 O 0 
hiv3 i) —1 
0) 1 0) 
0) 0) biv3 0 


Sy= | 


y 


0 | 
~1in3 | 


‘3 © «@ 
iO 4 


ly ¢ 
0 0 


they obviously are the components of the = spin-3 
angular momentum in units A. The factor 2 in the 
2¥59-2 in the Lagrangian (2) for the Fierz-Pauli 
theory is comparable to the factor 2 of the Dirac 
theory in its term with —a-x=—2y;,8-z, 
ba is the spin-} angular momentum in units /. 


term 
electron 
where s 


4. COMMUTATION RELATIONS FOR THE “SPIN” 
MATRICES 


One easily verifies the following relations between 
the matrices K, K', §, and o, and further relations ob- 
tained from the ones listed explicitly by cyclic permuta- 
tion of x, y, and zs: 


25,K, 
2K,'S; 
K,o, 
o,K,' 
K,'K, 
Baits K ,'K-- 
K,K,'= (9/4)—S2, 
K,K,'+K,K,'= 
K.K,'—K,K,'=21S,, 
SSy—SyS2= iS:. 


(7a) 
(7a*) 
(7b) 


(7b*) 


K,o,, 
o,k Z Bi 
(25,8 ; 


- (2K,'S, 


K,o,)=3iK;, 
o,K,')=3iK.", 


Ae BF 
2K .'S, 
(Sa) 
(Sb) 
(9a) 
(Sede tickets). (9b) 

(9c) 
(9d) 


For vector operators A and B we find from the above 
relations and the properties of the Pauli matrices @: 


A-(Ko— 2SK)-B=3iA-KXB, (10) 

A-(aK'!— 2K'S)-B=3:A-K'XB, (10*) 
A-K'K-B= 2A-B+iA-0XB, (11) 
A-(KK'+SS)-B= (9/4)A-B—3iA-SXB, (12) 
A-oo B= A-B—iA-oXB. (13) 

Here we used diadic notation in the left-hand members. 


Substituting A=B=-, and using the first of the re- 
lations 


1B, xmy—mox=ie& (14a-b) 


mXn 
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following from (3) in an electromagnetic field &, B, 
we find 


(15) 
(15*) 


x: (Ko—2SK)-x=3e8-K, 
x: (aK!—2K'S)-x=3e8-K', 
= KiK-x=227'+¢-e, 
x: (KK'+S8)-2= (9/4)2’—3eB-S, 


(16) 
(17) 


noo n= 7’— 0B -a. (18) 
Obviously the matrices S, K, K', and o@ all commute 
with 8 and with ys. 


5. FIELD EQUATIONS, SUBSIDIARY EQUATIONS, AND 
SOLUTION FOR THE INDEPENDENT VARIABLES 


Independent variation of Z!, x', and nt ind fdtfd'x L 
=( yields 


2yS-2{Z+K-2x+K-2n=0, (19) 


‘ | 
i Kp T To 


K'-2Z+ |3a-2— (9/2)xB}n=0, (20) 
K!-2Z+ | 3a-2— (9/2)x3} x 


+ | (15/2)a-x— (9/2)m)—9xB}n=0. (21) 


Equation (20) forms the first four subsidiary equa- 
tions, corresponding to Fierz-Pauli’s Eqs. (28)- (29). In 
principle, (20) (with suitable boundary conditions of 
vanishing of fields at infinity) enables us to express the 
four-component (x, y,2,) in terms of the field 
Z(x’, y’, 3’, 1) and the electromagnetic field, all at the 
same time /. Therefore, the components of 7 may be 
called ‘dependent variables,’ as contrasted to inde- 
pendent canonical variables. Also the “derived vari- 
ables” well known from other field theories of ele- 
mentary particles’? are dependent variables, although 
of a more special kind, as those can be expressed as 
polynomials in the canonical variables, and_ spatial 
derivatives of finite order of them, all taken at the 
same point. On the other hand, n(x, y, z, 1) depends on 
Z(x’, v',2’,) in a spatial neighborhood of the point 
[a Vass 

Solution of Eq. (20) for n by successive approxima- 
tions in powers of the charge g becomes easy after 
multiplication of (20) by {4e@-2x—}«8}, which gives 


| he-a— 3x8} K'-2Z+ | x-o0- 24+ (9/4)? }n=0 


|x? —-eB-o0+ (9/4)? }n=4ef[Z ], (22) 
where 

fOCZ (x, 9, 2,0 ]= [308 —2-a} Kt-2Z (x, y, 3, 0)/124. (23) 
Equation (22) with (3) can be rewritten as 


1 W?— (3x/2)*}n= —4arf 


with 


f=f[Z] + feB-o+ p—=}n ‘Sor. 
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The solution of Eq. (24) satisfies 


n(x, y, 2, 1) = fd*x’ exp(—3xr) f(x’, y’, 2’, 0)/r, (26) 


with r= |x—x’!, 

By (25)-(26) we solve (24) for 7 in successive approxi- 
mations. By e—0 in Eq. (25), we first find / as zero- 
order approximation to f. Inserting f into (26) then 
yields the first approximation 9" to n. Similarly, (26) 
expresses 7'"*" in terms of /‘), which in turn is given 
by (25) in terms of f® and 9’. By (26), n(x, v, 2, 0 

or at least the first few terms in its expansion—is thus 
found to depend mainly on the fields in a small region 
with a radius of the order of magnitude (1/x) around 
the point (x, y, z) in three-dimensional space. From Eq. 
(20) it is seen that » vanishes for a particle of zero 
kinetic momentum (#Z=0), and therefore n will be 
much smaller than Z for slow particles. (Compare Eqs. 
(26) and (23).) 

In order to find the other four subsidiary equations, 
we multiply Eqs. (19), (20), and (21) by |—2z-K'}, 
| 2«8—n-a+m}, and {3x-a—«3}, respectively, and we 
add the results. Using Eqs. (4), (14b), (15*), (16), (18) 
we thus find 


—¢B-Kty,Z—ie&-K'Z— 3eB-ax 
+ (9/2)x°x — 30B-an— 3ieF-an =0, 

or, with A= 2¢/3x?= 2gh/3m'c*, 
{1—AB-a} x=A(ysB+iG)-(an+}K'Z). 


We solve this equation for x by multiplying it from 
the left by ”° 


{1 —AB-o} = [1 NB LF AB-a}, 


(27) 


(28) 


We thus have solved for all dependent variables x 
and y in terms of the independent canonical variables 
Z and the electromagnetic field. The equations of motion 
for the field Z are then given by Eq. (19) with the 
solutions for x and 7 substituted, 


6. THE MAGNETIC MOMENT OF SPIN-} PARTICLES 


Multiplying Eqs. (19), (20), and (21) by |x8—2 
—Fys5x-S}, by {3x-K}, and by {—(2/9)x-K}, respec- 
tively, and adding the three products to mo’Z, we find 
by Eqs. (4), (14b), (15), and (17): 


ryeZ=|er+23 —20B-S—2ie& Sy;}Z 
+e(ysB+iG&)-Kyt+ | K-2( 28 —7, — ax) 
+e(ysB+iG)- Kt x. 


(29) 


Similarly we derive, by adding (2/9) (m+ 2-a—x@) 

* Our x corresponds to Fierz-Pauli’s spinor field da, —c%; sce 
Eq. (1). Their Eqs. (23)-(24), translated into our notation, 
express x in terms of the components Z and (x+2n) of the aa”, 
bg; field. We prefer to express x in terms of Z and 9 as in (27) 
with (28), although this destroys the relativistic appearance of 
the formula. The reason for our preference is, of course, the fact 
that the other identities (20), by (23)-(26), express » and not 
(x + 2n) in terms of Z 
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times the difference |Eq. (21)— Eq. (20)} to my’n, and 
by using Eqs. (4), (14b), and (18): 


ry n= betan— 8B -a! n+ }K-— KBr 
+ 2ayn-at {Barn + inn FeB-ely. (30) 


According to Eq. (20), for slow particles 7 is smaller 
than Z by a factor v/c, while by Eq. (27) x vanishes 
in absence of electromagnetic fields. If we neglect 
terms quadratic in the electromagnetic field as well as 
terms bilinear in the electromagnetic field and in (v/c), 
Eqs. (29)-(30) reduce to 


eZ ~ {etn — Fe(B+iys&)-S|Z, (31) 


Ton = {K+ pn. (32) 


In the following we shall further neglect the imaginary 
term with ys@ in Eq. (31). 

Since &=—/cmy was the kinetic energy, m=xh/c is 
apparently the rest mass of our spin-} particles. We 
solve for the nonrelativistic energy W by squaring 
the expression 


Ty=Kt+(W -gP) he, (33) 


which defines W, and by equating the result to 
re~e+2?—FeB-S from Eq. (31). Neglecting the 
square of the nonrelativistic energy W, and putting 
p=/x for the kinetic momentum in cgs-units, we thus 
find 

(he/2k)} 2?—FeB-S}Z 
~[ p?/2m— (gh/3mc)B-S |Z, 


iw yb } a 
(34) 


so that our spin-} particles apparently have a magnetic 
moment 


w= (gh/3mc)S. (35) 


Remembering that 4S was the spin angular momentum 
of the spin-} part of the field, with z-component 3h, 
bh, —3h, or —$h according to (6), we find the gyro- 
magnetic ratio for our particles to be (qg/3mc) and we 
find (gh/2mc) for the maximum value of .. 

The » components of the field, which become im- 
portant for fast particles only, behave like a spin-} 
field with spin angular momentum }he and magnetic 
moment gha/2mc as seen by treating (30) similar to 
(29) by Eq. (33) going one approximation beyond Eq. 
(32). The gvromagnetic ratio of this part of the field 
is g/mc; but the maximum possible value for the cor- 
responding uw, value is again gh/2me. 

Our results, together with those found for Dirac 
electrons and for vector mesons,” suggest a spin 
magnetic moment gh/2mc for all elementary particles 
of charge q, rest mass m, and low kinetic energy, for any 
spin different from zero. Thus a larger spin would 
always be compensated by a correspondingly smaller 
gyromagnetic ratio. 
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The two-body formalism of Schwinger is modified to consider the case of the hydrogen atom. The proton’s 
anomalous moment is treated by adding a Pauli-type term to the Lagrangian. A perturbation theory based 
upon the Green’s function is developed and the first-order correction to the Fermi hyperfine splitting of 
the ground state is calculated. The method of calculation used is that of Karplus and Klein in their posi- 
tronium work. Aside from the usual renormalizations encountered, an extra infinity appears in the calcu- 
lation associated with the assumption of a point anomalous magnetic moment for the proton. On the hy 
pothesis that the proton’s moment is actually distributed, cutoffs are inserted. The modified hyperfine 


/ 


formula leads to a new value of a:1/a= 137.0378 for a cutoff at the meson length and 1/a= 137.0374 for 


a cutoff at the proton length. 


I. INTRODUCTION 


URING the past two years, several derivations of 

relativistic two-body Green’s function and wave- 
function equations have appeared in the literature.' 
The derivation of Bethe and Salpeter followed the 
methods of Feynman while that of Gell-Mann and Low 
followed those of Dyson. The approach that we shall 
use here is the one given by Schwinger, where use is 
made of the technique of variational derivatives with 
respect to external sources and the formalism developed 
in Schwinger’s ‘“Theory of Quantized Fields. I.’” 

The specific problem in which we shall be interested 
is the reduced mass corrections to the Fermi hyperfine 
splitting of the ground state of hydrogen. To obtain an 
adequate two-body equation for hydrogen, certain 
modifications must be made in Schwinger’s derivation. 
First, we are here dealing with two distinguishable 
particles rather than with two particles of the same 
field. Second, account must be taken of the proton’s 
meson anomalous moment. The latter is accomplished 
phenomenologically by adding a Pauli type term, 
Su oyel yy (where wv’ is the anomalous magnetic moment), 
to the Lagrangian. The net effect is to allow the proton 
to interact with the electromagnetic field via its normal 
current and its spin current. 

Aside from the usual infinities of quantum electro- 
dynamics, two others appear in these calculations. The 
first is an ultraviolet divergence in certain of the Pauli 
moment terms. This is due to the fact that the Pauli 
moment introduces a point dipole. On the assumption 
that the anomalous moment is due to a meson-nucleon 
interaction, one may postulate that the moment actu- 
ally has the extension of the order of the meson Comp- 


* Part of a thesis submitted in partial fulfillment of the require- 
ments for the degree of Doctor of Philosophy at Harvard Uni- 
sity. 
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ton wavelength and cut off all divergent integrals 
accordingly. Fortunately, the results depend upon the 
cutoff only logarithmically and hence the calculation is 
not sensitive to its precise value. The second difficulty 
involves an infrared divergence and is due to the fact 
that we have assumed free particle intermediate state 
Green’s functions in the perturbation theory. The 
appropriate method of treating this difficulty for a 
hyperfine splitting has been shown by Karplus and 
Klein.? Since the spin-spin interactions are all high 
frequency, the infrared divergences will cancel if one 
makes the free particle approximation consistently 
throughout the entire calculation. As the actual calcu- 
lations are similar to the ones done by Karplus and 
Klein, they will only be sketched here. 
II. THE ELECTRON-PROTON TWO-BODY 
GREEN’S FUNCTION 


For the system of coupled electron, proton, and 
photon fields, the Lagrange function may be taken as‘ 


L=—1(¥, v14(—10,—e14 ot my +419, 2] 
—1L¢, Y2u(—10,—€2A yo 
—bp’o2y»(OyAy—d,Ay)o+ mop | 
+40, ¢]+Herm. conj.+}) Fy» 


—H{F,,, 0,A,—-0,A,}+J,A,, (2.1) 


where y and ¢ are the electron and proton field variables 
respectively. Subscripts “1” and ‘‘2” refer to electron 
and proton quantities. » and ¢ are the prescribed 
external source for the electron and proton fields and J, 
for the photon fields. » and ¢ (and their variations) 
anti-commute with all fermion field variables. The 
equations of motion obtained from (2.1) are 


Cyiu(—10,—e:A,) +m, W=n, 


e.(—#0.—- 290A y) 
[you( ty— €2 (22 


, ‘ 2) 
= SG 2ur(OuA »— 0,A,) + me \p= c 


OF p=JutJiut jon, Fus=O,A-—9,A,, 


3R. Karplus and A. Klein, Phys. Rev. 87, 848 (1952). 
4 Natural units are employed throughout: h=c=1. 
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where 
ju=tely, rw], (2.3) 
jn= hel, rm6]—Iw'sl, ono]. 
lor any operator F(x), one may define the quantity 
(F (x)) = (00,| F(x) | 002)/(00;| 002), (2.4) 


where o; and go2 are two space-like surfaces and 0 
signifies the vacuum state. The one-particle electron 
and proton Green’s functions are defined by the 
equations® 


G, (x1, x’) == (6 /5n (x1') yw (x, > V +0, 
G2(X2, Xo’) = (6 /5¢ (x )\p (x2)) |p n0- 


By use of the fundamental dynamical principle,’ the 
one-particle Green’s functions may be expressed by 


G,(%), x)= i (W(x) P (x1) ye(X4, %1'); 
i (2.6) 
Go(x2, X2')= tl (p (x2) (x2) 4)e(X2, X29’). 


From the equations of motion (2.2) and the defining 
equations (2.5), it can be seen that 
[yin( — 10 iy — €(A,(x1))) +I, Gi (x4, x1’) = 5(x1—41’), 
Py ip(—t00,—e2(A y(x2))) — pw’ oryrd2,(A »(X2)) +2] (2.7) 
XGo(x2, x2’) = 5(x2— x2’), 


where 
6 


6J (x) 
6 5 


* 5? 
$- tp O2yvOy 


I (x2) a (2') Jeo 


Mi = m+ tery 


M.= My + lexV2 


For the photon field, the equations of motion yield 


— 0,°(A,(x))+0,0,(A,(x)) 
= J (*)+(jiu(4))4-(joul%)), (2.9) 
where 


(jiy(x)) = te, try1,Gi(x, x), 
(2.10) 
(jou(x)) = tee tryeGe(x, x)—ip’d, tro, ,G2(x, x), 


the symmetric limit being understood on the right of 
(2.10). In analogous fashion, the one-particle Maxwell 
Green’s function may be defined by 


G., (x, x’) 
= (6/6) ,(x’) (A, (x)) 
= i[ ((A,(x)A,(x’)),)—(Au(x))(A,(2’)) J. (2.11) 


6 The variational derivatives with respect to » and ¢ here 
(and elsewhere) are right variational derivatives, i.e., if 5)/ 
= fF (x)én(x)dx, then 6F/in=F (x). A convention is necessary as 
F(x) and 6n(x) need not commute. 
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In the Lorentz gauge, this obeys the equation 
— 0°G,,(x, x’) 
= 6,,5(x— 2x’) +7e, try1,(6/6J,(x’))Gi(x, x) 
+ ies try2u(6/5J,(2’))Ge(x, x) 


— ip’ dy troany(5/5T,(x'))G2(x, x). (2.12) 


The two-particle electron-proton Green’s function is 
given by 


Gyo(x1%2, %'X9') 
= (6/8 (x1) ) (6/56 (12) KY (arb (%2))4) Jy, p-oo€ (41, ¥2) 
= = (W(x) (x2) h (01) (x2')) pe (a1, 1) (x2, X2') 


XK (x1, X2)e(x2", xy/)e(xX1, X2’)e(x2, x1’), (2.13) 


and obeys the equations 
¥ Gis 5(x, - x1')G(x2, Xe’ 3 
(2.14) 
~ > ‘ , f , 
FFG =6(x, — Xi )b (xe ~£e }. 
The &’s are the functional operators on the left of (2.7). 
Due to the fact that we have been considering vacuum 
states on a; and a», the Green’s functions detined above 
have all been outgoing wave Green’s functions. It is 
$+ x 


notation of 


convenient, then, to set the surfaces 0; and a» at 
and —# and introduce the ‘matrix” 
Schwinger,' x and p being used for particle operators, 
£ and k for photon operators. We also introduce two 
quantities which are photon vectors and_ particle 
matrices, y,(£) and o,,(&), such that 

x )b(E 


(x | yu(§) [x)= ¥,6(x- -x), 


(x| oy» (&) |x’ )=o,4(x—x')5(E— x). 


By use of the vertex operators, 


I’; 2(&) [6 5(e, oA (E)) Gi» . (2.16) 
the variational derivatives in JM may be re-expressed as 
an integral operator M: 


MG, = (mM, + te," TeyGiliGiGi = M Gi, 


Metre = (ms + le Tp72Gel2G)G2 = M Go, (2.17) 


F(t) =y2(E)—t(u’/e2) (R- a2) (E). 


In general, the one-particle proton operators are 
identical to the electron in form with y replaced by 7. 
The variational derivatives in the Maxwell Green’s 
function may also be eliminated in favor of the integral 
operator P: 


(k? $ P, + P2)G -_ 1, 
(2.18) 


P(E, t’) =— ie;? Tryis (EG, (EG. 
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Turning to the two-body equation, one wishes to 

recast it into the form 

BO 2yvI 2h A oy) + M2 | 


€){A1))+M, |—Ty2}Gy2= 1112. 


€2A2)) 


{[v2(p2 


XLyilpi (2.19) 


On comparison with (2.14), one sees that the interaction 
operator J)» is given by 
T Gye _ G» 1(M, 


— MG», (2.20) 


which may be rearranged to 


T Gi 10 Co Teyil GG 


ie) Vpy1G1(6/6S) (1 yGyp). (2.21) 


The integral operators discussed in this section may 
all be expanded in a power series in e®. The lowest-order 


interaction is 


ya ie” Teyny Loa 


it f aedern al Foul E’)D, (€', €). 


In general, the interaction operator is symmetric in the 
proton and electron indices. Thus, to second order it 
may be shown that 


I y2= (te? TpI' le) second order 

+ (ie)? ToyiGi(Tp'11'F2'G")G2F2G". (2.23) 
The superscript 0 means zeroth-order function. In 
these perturbation expansions for Jj, etc., the free 
particle intermediate state assumption has been made. 


III. PERTURBATION THEORY 


Salpeter® has presented a perturbation theory based 
on the two-body wave equation. We present here an 
alternate form based upon the Green’s function. From 
Iq. (2.13), for the case (4), >’, 4’, the Green’s func- 
tion may be written as 


(00;' Wx pd(x2)),€(%1, X2) | fo) 
\ 


— 


if (Od, Oo) 


Gir 


(fo (y( \ db v2’) ),€(X2’, x1’) Oo») 
x . 


(Od | Oae) 


Lee Mela, tah ey (0r’, 2’), (3.1) 
where ¢ is some complete set on surface o including the 
total field energy. Introducing the center-of-mass and 


relative coordinates 


N = (my x1) / (y+ me) + (moxe)/ (my+ mye) 
MiXitpmete, (3.2) 
V2, 


6. E. Salpeter, Phys. Rev. 87, 328 (1952). 
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the factor exp(iP,;X,) may be separated from yr, 
where P,; is the field energy-momentum eigenvalue. In 
general, we may set the momentum part to zero. For 
the equal-times situation, 4;=t=/>,'=1'=, the 
Green’s function becomes 


Gyo(ryrol, ry/r2't’) 


coal —>: Y;¢ (rire) exp | — iPorTo We (ti't2’), (3.3) 
where Ty)=/—(’. 

The eigenvalues, Py;, are infinitely degenerate. Such 
a set of eigenvalues (and eigenfunctions) may be re- 
placed by a discrete set (for the bound states), Pon. 
The Po, are complex, the real part representing the 
energy of the two-body system, the complex part 
representing the possibility of decay (via the emission 
of photons and pairs). Thus, Eq. (3.3) may be replaced 
by 


Gyo(ryrel, ry/r2't’) 


= — > nn (Fite) exp ( —4P on,T Wn (ty'te’), (3.4) 


where (x1, X2) presumably obeys the two-body wave 
equation. The situation is very similar to that of 
radioactive a decay. There, the continuum of positive 
energy eigenstates is replaced by a discrete set with 
complex eigenvalues, the complex part of the energy 
representing the possibility of decay of the @ particle 
out of the nuclear well (in analogy to the decay of the 
two-body system via emission processes). 

Equation (3.4) may be used as the basis of a pertur- 
bation theory for the eigenvalue Po. Before doing this, 
however, it is best to extract out the various infinite 
constants implicit in electrodynamics. The Green’s 
function equation, in the absence of an external field is 


C(yipit M1) (yopot+Me)—Te Ge=lile (3.5) 
It may be shown, to order a, that 


vip +M,= (1 tA )(yipitm/+M,"”), (3.0) 


where m,’ is the renormalized mass, A; is an infinite 
constant and M,°” is a finite residue. Similarly, T’, 
may be shown to equal 


r= (1+4)) (nt! 1™), 


where I,” is finite. Referring to Eq. (2.23), one sees 
that to order a, the factor 1+4, may be extracted 
from all terms of the bracket in (3.5) and be absorbed 
into the amplitude of Gj.. A similar result holds for the 
proton quantities,’ completing the mass and Green’s 
function renormalizations. The remaining renormal- 
ization is that of the charge appearing in the interaction 


(3.7) 


?’The actual calculations of the proton’s mass and vertex 
operators appears to run into difficulties due to the extra dipole 
divergences mentioned earlier. However, one may show from 
general invariance considerations that equations analogous to 
(3.6) and (3.7) hold for proton quantities. M2‘ and I," are 
infinite but we may assume such integrals have cutoffs. These 
difficulties produce no net effects on the finite parts of the calcu 
lations 
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function. It may be shown that the Maxwell Green’s 
function, to first order, can be written as 


G= (1+ B)(9°+5), (3.8) 


where B is infinite and of order a, and G‘” is finite (to 
within the dipole infinities). From (2.23), one may 
then write 

12> e* ( 1 + B){i Tol P'2(G°+ G‘ )-eJ® ], 
where 7 is the second order interaction of (2.23). 
Defining the renormalized charge as 


e?=e(1+B), 


(3.9) 


(3.10) 


all the charges appearing in J}. may be written in terms 
of e’, to the desired order. Having completed the 
renormalizations, we will drop the prime notation and 
assume that in all future equations, the quantities 
appearing are the renormalized ones. As will be shown 
in the Appendix, M“” and G‘” produce no energy shifts 
to the order desired and hence may be neglected. I,” 
produces the correction to the hyperfine formula corre- 
sponding to the first order anomalous magnetic moment 
of the electron. I,“ would produce a similar effect for 
the proton. As the first case has been included in 
previous calculations,’ and the second effect may be 
assumed to have been included in the experimental 
value to be inserted for the protons’s magnetic moment, 
these terms also need not be considered further. 

Having completed the renormalization, one may 
proceed with the perturbation theory. Separating out 
from the interaction function a static, non-spin de- 
pendent part Jo, 


Tpn=[pt!', (3.11) 


one may define the Green’s function, Go, by the equation 
C(vipit-mi) (yop2t+me)—ToJGo= 1112. (3.12) 


In the electrodynamical case, 7» is proportional to the 
Coulomb energy. A first-order expression for Gj: may 


be obtained by an iteration procedure: 
Gi2=Got+Gol’Go. (3.13) 


Considering the equal times situation where the sepa- 
ration 7) of (3.4) is a large positive number, an expan- 
sion such as (3.4) may always be made for Go, yielding 


Gy. (tyFot, t)'r9't’) 


os —> a Vn (Wife) exp(— iP on’ To) Wao (ty't2’) 


+o n,n’ Wr (Fits) exp(— iPost) { Vareas” x2’) 
KT bx”, x2”) exp(tPon tn (t'te’), (3.14) 
where the superscript “0’’ means quantities related to 
Gy. We wish to rearrange (3.14) into a form resembling 
(3.4). The phases then will be the energy eigenvalues, 


®R. Karplus and A. Klein, Phys. Rev. 85, 972 (1952), 
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the coefficients of each phase the wave functions. To 
obtain the phases, one need only consider terms in the 
second sum where n=n’.® These terms are 


>a voter exp nn iPow'Ts) | Wn (xr”, X2"”) 


KTP 8 (xy"”, a2") Uae), (3.15) 


In combination with the first sum of (3.14), the bracket 
may be viewed as the first order expansion of an 
exponential, and hence to the required accuracy, the 
right side of (3.14) can be written as 


— Donn (rit2) exp(—iTo) 


x Poo ifTof Het've Ware. (3.16) 


Thus the first order energy shift becomes 


AE“ =— G/T) [ Pex Xe) 


KI’ (x2, Xy/x2')W(ay’, x2’). (3.17) 
To obtain the second-order shift, one iterates twice, 
giving, for the diagonal terms, 


os ce Vr? exp(— iP on To) P+ a. vr? exp ( ~ iPon®T 5) 
x foerve + foercarve L,”. (3.18) 
Thus the second-order energy shift becomes 


AE@= — To) [ vIGGHY, (3. 19) 


where, in concordance with our plan of treating the 
infrared difficulty, we have replaced the intermediate 
state Green’s function Gp by the free particle approxi- 
mation, G,G>." 

The energy shifts may be expressed in terms of 
momentum integrals. In view of the center-of-mass 
dependence, one may write (using a “box normal- 
ization’’): 


¥(x1, x2) =exp(iP,X,) V-4(2m) + fem pap. (3.20) 


* The off-diagonal elements will give the first-order perturbed 
wave functions. 

Tn turning the expansion of (3.18) into an exponential one 
really requires the presence of the term 4(iAE“)7))? as the expan 
sion must be adequate to second order. This term is actually 
present in the second term of the bracket of (3.18), as may be 
seen by breaking the Go there into its bilinear sum. Since n is a 
bound state, this term corresponds to a low-frequency intermediate 
state and hence, for the hyperfine problem, may be neglected. 
In general, it would seem essential that the rigorous Gp be used 
in (3.19), 
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Defining 
I'(p, p') = (2x) ‘fe EE g~tnagio'e 


KI! (ayx2, 2y'x2')dxdx'd(X'—X), (3.21) 


one obtains 


AE“) if Pon's p')W(p’)dpdp’, (3.22) 


ah = =i f POND, PIGuP+P 
XG2(u2P— p')I'(p’, p' Wp" )dpdp'dp”. (3.23) 


The bound-state zeroth-order wave functions obey 
the homogeneous equation, 


C (yipit ma) (yop2+me) — Io = 0. 
IV. CALCULATIONS 


As shown in the preceding section, the energy shifts 
may be obtained in terms of matrix elements of the 
interaction between the lowest-order wave functions. 
Due to the fact that /» is a static interaction, it is 
possible to obtain an adequate solution for the wave 
function based upon an iteration scheme stemming 
from the nonrelativistic Coulomb wave function, 

In momentum space, the lowest-order interaction 
(2.22) becomes 


(3.24) 


r ie” Y17¥2 he? uF 2au(Pa— pa’) 
I(p, p’) fon 
(2x) (p—p’)? (2x) (p—p’)? 
h=y'/e. 
Selecting out the non-spin-dependent static part for Jo, 
(3.24) becomes in momentum space, 


(4.1) 


(ai: p+8ym)) | 
(— a2: p+f2m2) (Pp) 
te? dp’ 
Ben f- ——4(p'). (4.2) 
(2r)'¥ (p—p’)? 


a and @ are the usual Dirac matrices. Defining an 
equal relative times wave function, 


[uiPot Po 7 
X [uP o - Po 


o(p)= (27) f dpar(p), (4.3) 
Salpeter® has shown that an equation for @ may be 
derived, and that to a first approximation, @ is the 
Schrédinger Coulomb wave function. Putting this 
approximate function in on the right of (4.2), one 
obtains the wave function 


i (p’-+a°x")o(p) 


2u (2m)! [urPet po— (ar p+Bims) ] 
x [ peoP po- (— @ p+B2m:) | 


¥(p)= » (4.4) 
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where yp is the reduced mass of the electron and 
P,=m,+m,—}o2y is the energy of the ground state of 
hydrogen. It is convenient in treating the first order 
perturbation shift to return to coordinate space for the 
relative time variable via the equation 


(4.5) 


Y(p, 1) = (2m)! f imp (p)d pa, 


The calculation of ¥(p, ‘) is very similar to that done 
by Karplus and Klein.* We will only state the result: 
¥(p, ) 
where 
K(p, t)= (42, E 2)“ Lexp* { (m F24-m2F) 

X (2m,+ ay: p)(2m2— ae: p)— p*[ (L2— F)) 
X (2m, + a1: p— 22+ ae: p)— (mE 2+ me2E)) }} 

+exp7{ (2EyF2€(t)+- mE 2— mok)) 

XK (2m, + ay: p) (2m2— a2: p) 

—p*{ (2\+ £2) (2m\+ ay: p— 2m.+ ar: p) 

+ (2EyEoe(t)+m2.k,— mE») |} ], 


(23)-4(m + mz) 'ad(O) (p?+a2u2) °K (p, t), (4.6) 


(4.7) 
and 
expt=e i[Fie(t) milt4 i[E2e t+ma}t 


+1 é#>0 (4.8) 


E= (p?+m’)}, e(t)= 


—1 #0. 
(0) is the value of the ground-state wave function at 
the origin in coordinate space. 
We consider now the first-order energy shift with the 
first-order interaction. After subtracting out J, (4.1) 
may be divided into a ‘“‘charge” and “dipole” part: 


ie — B,Be ne) 
TDe(p, p’)= @1°a2———— I, 


(2r)* (p—p’y? (p—p’)? 


(4.9) 
re” Yiu 2au( Pa pa’) 
(p—p'r 


Substituting /“* into (3.22) yields 


1 1é 
AEWe= — [vo L)e~ivot 
2m (2r)4 


Q)* @— (po ‘ po )?/(p- p’)” 
(p—p')’— (Po— po)? 


The po and po’ integrations may be performed upon 
using the usual outgoing wave perscription: 


Te 4(p, p= 


(27)4 


ci) (p’, t’). (4.10) 


“9 


AE ¢= —— | y*(p, t) exp{—i[(p—p')* 41} 
(2)* 

——————ihitial fy. tht) 

oe jay 
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Inserting the wave function (4.6) into (4.11) gives! 


age a (0) |? 
2(2n)4 bin 


K(p, —t) exp{—i[ (p— p’)? }i{e}) 
‘f 


[(p—p’)*} 
K(p’, 

X Lay: a@2—1 }— 

(p?+ 


The calculation now proceeds exactly as the corre- 
sponding one done by Karplus and Klein. We desire 
the a? and a parts of the integral which can be 
obtained from the part of the integrand which is large 
when at most one of the momentum variable is large. 
We also desire the spin-spin interactions as we are 
interested only in the hyperfine shift. These two condi- 
tions restrict the portions of the integrand which are 
relevant. Further, where one momentum variable is 
large, we will neglect the ay’? in the corresponding 
denominator. This corresponds to the neglecting of 
binding effects in the intermediate states and will 
produce its quota of infrared divergences. Upon carrying 
through these simplifications, the integrations may be 
performed yielding 


(p?+a2u2)? 


(4.12) 


da 2a 


o-orlol 1 nce a 


aw  m(my+me) 


Ms my, 
x | m, In—-+ my in| (4.13) 
2p 2p 


) 
AEWen— 


3 myme 


where p is the infrared cutoff. 
A similar calculation may be done for the dipole part 
of the interaction. The result here is" 


dar ad 
- eveso(0)|[1- 


3 my, 


da 2a 


AE® | 


wr 3(m,+moe) 


Mo my 
x{m In—-+ my» In | (4.14) 
2p 2p 


We turn now to the effects of the second-order 
interaction [the second term of (2.23)] in the first 
order perturbation formula. This interaction contains 
the double photon processes and consists of three types 
of terms according to whether the proton interacts 
zero, once, or twice with the electromagnetic field via 
its spin current. In momentum space, the interaction is 


Nit Not N3 


CGuP.+ pth)? 4 m? *Lk-p’ Ae 
XC (uP. +k— p’)? Em R’, 


(4.15) 


[P= —_— 


e! 
ml 


uy*(p,t) is not actually the complex conjugate of y. An 
analysis of its definition, (3.1), will show that for our function, 
(4.6), it is actually the time reversed function. 

27 should like to thank Dr. W. A. Newcomb for finding an 
error in the calculation of this term. 
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where 
yi(uiPs+p+h) | 
Xvrvelme— v2(uePs— p’ +h) brow, 
No=iAyisLmi— y1 (ui P+ P+h) riroe2ar 

X (p’— p—k) al me—y2(u2P.— p’ +k) bron, 
¥i(urP rt P+h) Wrinoaralp’— p—Rk)a 
k) Joous(k— p’+ p)a. 


Since the interaction is already second order, we need 
not treat the integrals in the perturbation formula as 
accurately as before. 

First, one requires only the low-momentum parts of 
the wave function and hence may set p and p’ to zero 
in /??, Also, the po poles, unlike the situation in the 
first order interaction, will occur at high-frequency 
values and give higher order contributions to the energy 
shift. Thus it is possible in general to set p and p’ to 
zero in [?*(p, p’). Under these conditions, (3.22) 
becomes: 

AE pr=.- 
This result is in direct agreement with the idea that for 
the hyperfine effects, only small distances are involved 
requiring only the wave function at the origin. 

The calculation proceeds as follows: first, the spin- 
spin parts of the numerator are picked out. The three 
poles in the denominator may then be integrated. 
Following this, the remaining real variable integrations 
may be performed. The final answer is: 


Ni=¥1,Lm— 


(4.16) 


= — My ial M1- 
X Lme—y2(u2P.— p’+ 


-i(2r)*| @(O)|27""(0, 0). (4.17) 


) 


Pas a tov 3a 


ova|6(0)) + 
3 mym, aw 2n(m2—my) 


my mM» 
> | mes In—— my, In | } 
2p 2p 


da 3a my, ; 1 
x| + In + aa; ay &(O) | | 


— © -26 6 my—m, 


AEM er: 


4dr ad 
CO; | 
3 m, 


(0) |? 


2p 2p 
(3m,+ me) In | (4.18) 


M> my 


x |m. In 


where p is a dipole ultraviolet cutoff. We have also 
assumed that the infrared cutoff is the same as in the 
previous calculations. 

The final contribution to the energy shift that need 
be considered comes from the second-order perturbation 
formula. Here we consider only the lowest-order 
interaction : 


AE®=—~i f V (pI (p, R)+T4(p, b)) 


XG (ui P+ R)G2(u2P,— kT (k, p’) 


+14(k, p’) Wp’). (4.19) 
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As in the previous calculation, one may set p and p’ to 
zero in the interaction terms, yielding 


AE® = ~i(2)*|6(0)|* f akCr0, k) 


+140, k) Gi (ui Pst- k)G2(u2P,— k) 


x[1e(k, O)+14(k, 0)]. (4.20) 


Again there are three types of terms corresponding to 
the three possible ways the proton may interact with 
the electromagnetic field. The calculation proceeds in 
an analogous fashion, giving for the energy shift: 

2r a a 


@;:02|p(0)|* - 
2a (m+ mp) 


AE® = 
3 mym» 


my Me 
{ms In——+m, In - 
2p 2p 


“ 


4a ar 
@;:02|p(0)|? 
3m 


a my, mM» 
x (3m,+- m2) In—— 2m, In- ‘|| 
aw (m +m») 2p 2p 


1 1 
+-a’e;-o02' b(0) |2 
6 my+moe 


2p 2p 
x| (3m ,— mz) In—+ 4m, In alt (4.21) 
my, Mo 


V. RESULTS 


Adding up the results of the preceding section, the 
infrared divergences cancel. Keeping terms only to 
order m,/m2, the total shift due to reduced mass 
corrections may be written as"? 


4m ary 
AE 0;:02|¢(0) |? 
3 m, 
mM» 
x1 [3-4 (4p—1)?] In— 
T mousy | mM 


a m | 


9 2p 1 
+—(uy— 1)? In—— ian} f (5.1) 
4 


m, 8 


where A,=1/(2m2)+A and yu, is the protons total 
magnetic moment expressed in units of the nuclear 
magneton. The coefficients in front of the bracket is 
the Fermi formula, modified by the usual reduced mass 
correction, 

Neglecting the shift calculated here, Dumond and 
Cohen" have made a least-squares fitting of atomic 


This result is in agreement with that obtained by W. A. 
Newcomb (private communication). 

“J. W. M. Dumond and E. R. Cohen, Special Technical 
Report No, 1, U. S. Atomic Energy Commission, Nov. 1952 
(unpublished). 
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constants and obtained a value for the fine structure 
constant of 


1/a= 137.0377+0.0016. (5.2) 


Including the above corrections, one obtains 
137.0378 for 


1/a= 


137.0374 for 


p=meson mass, 
(5.3) 


p= proton mass, 


the contributions from the Dirac and Pauli moments 
almost cancelling. The results are fairly insensitive to 
the cut-off value. 

In evaluating the validity of the results, two points 
should be noted. Though the final formula is independ- 
ent of the infrared cutoff we have assumed that all 
the cutoffs were equal. Since the divergences come from 
intrinsically different momentum integrations, this 
assumption need not be true. Recently, however, the 
two-body Green’s function equation has been re- 
arranged so that the infrared divergences can be elimi- 
nated from the beginning. It appears that the pre- 
scriptions used here are correct.'° Difficulties also appear 
in dealing with the ultraviolet cutoff. In the dipole 
terms which are finite, we have assumed that the upper 
limits on the momentum are rigorously at infinity and 
have introduced cutoffs only in the divergent terms. 
Since the meson mass is not a particularly high fre- 
quency this procedure might disturb the values of the 
finite terms. The issue could be settled by inserting a 
form factor into the Pauli term rather than using 
cutoffs, but this would greatly complicate the calcu- 
lations. 
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APPENDIX 


It will be shown here that both M“ and SG” produce 
no contribution to the hyperfine splitting to the desired 
order. The interaction proportional to M,” is 


I(p, p’)= M\ (uP + p)v2(u2Ps— p) 
+M >" (u2P,— p) l6(p—p’). (A.1) 


First-order perturbation theory leads to an energy shift 
of 


AE= -i f Han (uiP.+p)lv2(u2Ps— p) 
+M2"” (u2P.— p) W(p)dp. 


Due to the 6(p—p’) appearing in (A.1) only one 


(A.2) 


16 Conversations with J. Schwinger and R. Karplus. 
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momentum integration remains in (A.2) and thus no 
spin-spin combinations can be formed. A similar phe- 
nomenon occurs in the second-order perturbation shift. 

Upon evaluation of the first-order polarization opera- 
tors, SG‘ may be written as 


ds 


a x 
Gur” (p) = —5,— wf — exp(— sm’) 
4dr 0 § 


' fi(u) 
+ f au —- 
0 m’+u(l—u)p 


; fo(u) 
+f au —|, 
0 me+u(l—u)p’ 


the first term having an extra dipole infinity. These 


(A.3) 
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terms lead to a second-order interaction. Considering 
the constant term first, one obtains an interaction of 


I(p, p’)= const X 4a7A*y 172, (A.4) 


which leads to an energy shift of 


AE ~ f Verve p'vapap’ (A.5) 


which has no spin-spin part. The evaluation of the 
energy shifts from the second and third terms would be 
analogous to the evaluation of AE“ * except that 
interaction is already second order and the low- 
frequency pole of D, has been replaced by a high- 
frequency pole. Thus these terms give no contribution 
to the desired order. 
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A New Modification of Classical Electromagnetic Theory* 


A. ScHiLp 
Carnegie Institute of Technology, Pittsburgh, Pennsylvania 
(Received June 19, 1953) 


A fundamental particle is treated as a unit charge whose rest mass and space time coordinates are variables 
of its motion. Classical electrodynamics, in its action at a distance formulation, is obtained from an action 
principle which is simpler than the usual one. In this new action principle the rest mass of a particle is varied 
as well as the coordinates. The rest masses of interacting particles, although not assumed constant a priori, 
become constants as a consequence of the equations of motion. Modifications of the old action principle can 
yield purely electromagnetic rest masses which are, however, the same for all particles. Similar modifications 
of the new action principle give purely electromagnetic rest masses to all charged fundamental particles. In 
this new modification of electrodynamics, particles interacting at small distances no longer have constant 


rest masses. 


1. INTRODUCTION 


F the many fields which play an important role in 
quantum physics, the one whose classical counter- 
part is most familiar is the electromagnetic field. It has 
been known for a long time that classical electro- 
dynamics can be formulated in two equivalent forms, 
as a field theory (Faraday-Maxwell-Lorentz) or as a 
theory of action at a distance between charged par- 
ticles.! In the case of electrodynamics the two formula- 
tions are of the same order of simplicity. Other fields 
(such as meson fields) could also be described classically 
in an equivalent action at a distance formulation but, 
in general, the two descriptions would not be equally 
simple. 
In modern physics it is the field-theoretic point of 
view which has been stressed. Ignoring quantum 


* Supported in part by the Office of Scientific Research; U.S 
Air Force. 

1K. Schwarzschild, Nach. Akad. Wiss. Géttingen Math. physik. 
KI. Ila 1903, 128, 132, 245 (1903); H. Tetrode, Z. Physik 10, 317 
(1922); A. D. Fokker, Z. Physik 58, 386 (1929); Physica 9, 33 
(1929); 12, 145 (1932); J. A. Wheeler and R, P. Feynman, Revs. 
Modern Phys. 17, 157_(1945) ; 21, 425 (1949). 


mechanical considerations such as statistics, each type 
of free fundamental particle (photon, electron, meson, 
nucleon, etc.) is described by a set of field variables 
whose behavior is characterized by a different Lagran- 
gian function. Interaction is characterized by additional 
Lagrangians which are functions of the field variables 
of two or more different fundamental particles. Even 
if this kind of description gave good results, it can 
hardly be regarded as satisfactory at a time when the 
number of fundamental particles is of order 20 and 
still increasing. 

It may be claimed, with only some measure of truth 
perhaps, that all simple field theories modeled on elec- 
trodynamics have been examined exhaustively, and 
that not one of them shows any indications of explaining 
all processes involving fundamental particles. It there- 
fore seems worthwhile to investigate systematically all 
simple modifications of electrodynamics in its action 
at a distance formulation. The present field theories 
may well turn out to be asymptotic approximations of 
an even more complicated and nonlocal field theory 
which corresponds to a simple equivalent action at a 
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distance theory. Work in this direction has been done 
by Landé,’ Groenewold,’ Bopp,‘ Peierls, McManus,‘ and 
particularly by Feynman.® 

In this paper we shall discuss a new and speculative 
kind of modification of classical electrodynamics in its 
action at a distance formulation. The principa! idea is 
to give up the concept of a constant rest mass associated 
with a fundamental particle, and instead to treat the 
resi a variable of the motion (like the coor- 
dinates). Some of the reasons for considering this 
possibility are given in the remainder of this section. 

We know that the rest mass of fundamental particles 
is not, in fact, conserved. When electron-positron pairs 
annihilate, when neutrons or mesons decay, the total 
rest mass of the system changes. Usually such phe- 
nomena enter the theoretical description only with the 
process of quantization and the introduction of creation 
and annihilation operators. There seems to be no good 
reason why such changes of rest mass should not be 
incorporated in the classical theory before quantization. 

From the mathematical point of view the require- 
ment that the rest mass of a particle be constant is 
somewhat artificial and is quite independent of the 
requirement of relativistic invariance. The relativistic 
equation of motion of a particle is 


dp,/ds=F,, (1) 
where 
pu=mdx,/ds (2) 


is the momentum 4-vector of the particle, and F, is the 
4-force which, in an action at a distance theory, is 
determined by the motion of the other particles. ‘The 
requirement that the rest mass m be constant is 
equivalent to demanding that the 4-force be always 
perpendicular to the world line of the particle: 


F.p“=0. (3) 


In electrodynamics the condition (3) is satisfied in a 
natural manner. But this is not always so. For example, 
in the theory of a scalar potential V, giving rise to an 
inverse square law of attraction, the condition (3) can 
be satisfied only by subtracting out the tangential com- 
ponent from the simplest definition 0V/dx of the 
4-force. 

In Sec. 3 it will that classical electro- 
dynamics can be obtained from an action principle 
which is simpler than the usual one. In this new action 


be shown 


principle the rest mass of a particle is varied as well as 
the coordinates. The constancy of the rest mass then 


follows as a consequence of the equations of motion. 


2A. Landé, Phys. Rev. 56, 482 (1939) ; 76, 1176 (1949) ; 77, 814 
(1950) ; J. Franklin Inst. 231, 63 (1941). 

3H. J. Groenewold, Physica 6, 115 (1939), 

*F. Bopp, Ann. Physik 42, 573 (1943). 

6H. McManus, Proc. Roy. Soc. (London) A195, 323 (1948); 
see also J. Irving, Proc. Phys. Soc. (London) A62, 780 (1949). 

®R. P, Feynman, Phys. Rev. 74, 939 (1948); a review article 
on the work of Bopp, Feynman, and others has recently been 
written by H. Hénl, Ergeb. exakt. Naturwiss. 26, 291 (1952). 
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Simple modifications of this action principle yield 
theories in which the rest mass is no longer a constant 
of the motion. 

Modifications of the usual action principle are pos- 
sible which yield a purely electromagnetic rest mass for 
a fundamental particle. But this electromagnetic rest 
mass is unique, being determined by the particular 
modification used. The new action principle permits a 
new class of simple modifications in which the rest 
masses of all charged fundamental particles are of 
purely electromagnetic origin. 

The ultimate object of the point of view adopted 
here is to explain nature in terms of a single law of inter- 
action between fundamental particles of one kind only. 
Such a particle is characterized mainly by its charge e, 
a fundamental constant. At distances large compared 
to 10- cm, particles interact electromagnetically and 
their rest masses are automatically conserved. At 
small distances particles interchange not only mo- 
mentum (mutual accelaration) but also rest mass. In 
the classical theory the rest mass is treated as a con- 
tinuous variable, but it is hoped that quantization will 
introduce discreteness. In a quantized theory it is also 
expected that exchange of rest mass will be accompanied 
by exchange of spin. Neutral particles have little room 
in this type of theory; they are the agents of rest-mass 
exchange between charged particles and play a role 
analogous to electromagnetic interaction. 


2. UNITS AND NOTATION 


We choose units such that the velocity of light c=1 
and the magnitude of the electronic charge |e) =1. The 
charge of a fundamental particle is then dimensionless 
and always 


e=+1. (4) 


Length and time are measured in cm, and mass in 
cm~', the electronic mass being 
moy= 3.6 10 cm7. (5) 
Greek suffixes range over 0, 1, 2, 3. and the coordinates 
w= (t, r) are real. Proper time is denoted by s and the 
Minkowskian metric given by 


ds? = (dx°)?— (dx!)?— (dx*)?— (da4)?. (6) 


The usual conventions apply to summation dummies 
and to the raising and lowering of suffixes. 

The rest mass of a particle is denoted by m. The elec- 
tromagnetic potentials are 4,=(¢, —A), and the elec- 
tromagnetic field tensor is 


Fy = 0, his ‘Ox? — 0. 1 y ‘Ox*, (7) 


When systems of particles are considered, the dif- 
ferent particles are labeled by bracketed latin suffixes. 
Thus X,a)“, €ca), Mca), ***, are the coordinates, charge, 
rest mass, ---, of particle a, A ayy, Fay» describe the 
electromagnetic field at particle a due to the other 
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charges. The summation convention does not apply to 
these bracketed Latin suffixes. 


3. MOTION OF A SINGLE PARTICLE 


Before going on to the general problem of several 
particles interacting at a distance, we shall discuss the 
simpler case of a single charged particie in a known 
electromagnetic field. The field is given by electromag- 
netic potentials A, which are functions of the coor- 
dinates x only. 

The equations of motion of the particle can be ob- 
tained from the well-known action principle 


Pe 
if [ m(dx,dx*)'+eA,dx*]=0, (8) 
Pi 


where the variations are assumed to vanish at the end 
points: 


« 


ébx'=0 at P,, Po. (9) 


This leads to the Lorentz equations 
Pi, ae 


m =¢ 


ds? 


(10) 


Along the world line of the particle we now introduce 
a preferred (i.e., nongeneral) parameter « defined by 


(11) 


du=ds/m. 
Then the momentum (2) of the particle is 


pi=dxt/du, (12) 


and the rest mass m is given by 


dx* dx, 


m= P*p,= 


- : (13) 
du du 


In terms of the parameter #, the action principle (8) 
may be written in the form 


(14) 


> 


P2 
bf Coptepd.du=0, 
Pi 


where the variation is not only subject to the end con- 
ditions (9), but also to the auxiliary condition 


5(p*p,.) =0, (15) 


which expresses the fact that the constant rest mass m 
is not to be varied. Because of the auxiliary condition, 
the reformulation of the variational principle (8) in 
Eq. (14) is clumsy; it is given here only for comparison 
with the new action principle below. 

For particles with constant rest mass m the param- 
eters s and w are only trivially different. This is no 
longer the case when we consider a particle with variable 
rest mass. The motion of such a particle can be de- 
scribed by assigning any time-like world line para- 
metrized arbitrarily by the monotonic parameter u. 
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Analytically, this is equivalent to assigning the four 
functions 


(16) 


xe= x" (u). 


The momentum of the particle and the variable rest 
mass can be obtained by differentiation, as in Eqs. (12) 
and (13). The only restriction on (16) is that the 
momenta be always time-like: 


dx* dx, 


> 0. (17) 


du du 


We now consider a new action principle for the motion 
of a particle with variable rest mass: 


u2 
af L(x, p)du=0, 


L= p*py t+ 2epeA,. 


Here p* is not an independent variable but an abbrevi- 
ation for dx*/du. In this variational principle the rest 
mass of the particle is varied as well as the coordinates 
a; thus no auxiliary condition such as (15) is prescribed. 
On the other hand we add to the end conditions (9) the 
new restriction that the parameter « for the varied 
motion take on the same initial and final values 11, t%., 
as for the original motion.’ We shall express this by 
writing 


(18) 


(19) 


6x4=0, bu=0, for u= 14, ty. (20) 


The Euler-Lagrange equations of the new variational 
principle (18) are 


d aL aL 


du Ops Ax 
or, by (19), 


dp,/du=ep'F,,. (22) 


From these equations of motion and the skew-symmetry 
of F,, it follows that 


dp, id 
p* ; (p*pu) 


du 2du 


and, by integration, that 


m= p*p,= constant. (23) 


Using this result, it is now easily seen that Eqs. (22) 
are identical with the Lorentz equations of motion (10). 

Thus we regain the equations of motion of classical 
electrodynamics. Although the constancy of the rest 
mass is not assumed a priori, it now follows as a con- 
sequence of the equations of motion. The Lagrangian 
(19) is rational in the derivatives p*=dx*/du, and 

’ The new end condition suggests the possibility of a 5-dimen 
dional representation with u as a fifth coordinate. For a 5-dimen- 


sional theory with some similarity to the present one, see H. C. 
Corben, Nuovo cimento 9, 235 (1952). 
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therefore the new action principle (18) is simpler than 
the old action principle (8). 

The Euler-Lagrange equations (21) have, quite 
generally, the Jacobian integral 


p*dL/dp*— L=constant. (24) 


If the Lagrangian Z has the special form (19), this 
equation reduces to (23). Classical electrodynamics may 
be modified by retaining the action principle (18), (20), 
but with more general Lagrangians. For example, in 
Eq. (19) the potentials A, may be given as functions 
of the coordinates a» and of the momenta p* of the 
particle. Generalizations of this type are considered in 
Sec. 5. In these cases, Eq. (24) remains as an integral 
of the motion, but it no longer reduces to (23), so that 
the rest mass of a particle changes during its motion. 


4. SYSTEMS OF PARTICLES 


The physical laws governing the motion of several 
charged particles in electromagnetic interaction can be 
summarized in the Fokker! action principle: 


| : mo f (dX (q)"dX (a)y)! 
a 


t > ah castes | J Erba aration = 0. (25) 


a<b 


The 6 in the double integral is the Dirac delta function, 
and £(»)" is a vector joining two points on the world 
lines of the particles a and b: 


(26) 


F(ab)" = Xe)" = Xb)’. 


If the motion of particle a is varied, the action prin- 
ciple (25) reduces to (8): 


af M (a) (dX (a)"dX (ayy) *+€ (a) (a)A pdx yay" |=0, (27) 


where 


5 


A (a)? y 
b 
) 


cf 8(Ea"En dro, (28) 


b 2 


are electromagnetic potentials at particle a generated 
by the remaining particles of the system. The electro- 
magnetic field tensor, derived from these potentials, 
satisfies Maxwell’s equations. 

Thus the action at a distance theory characterized 
by the Fokker action principle is essentially equivalent 
to classical electromagnetic field theory. There is, 
however, one important difference. The potentials (28) 
are not the usual retarded Lienard-Wiechert potentials, 
but are half the retarded plus half the advanced 
potentials. In their absorber theory of radiation,’ 
Wheeler and Feynman have shown that in a universe 
with large numbers of charges such a theory not only 
reproduces the usual interaction by only retarded poten- 
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tials, but that it also gives the correct relativistic 
radiation-reaction forces on a charged particle. We shall 
accept this general scheme and give no further discus- 
sion of possible difficulties associated with the advanced 
potentials. 

We now replace the Fokker action principle (25) by 
a new action principle for charged particles with vari- 
able rest masses: 


fx J pethidine + LD eae) 
a a b 


b #a) 


Xf foe rEiorPePPordardne, |=0, (29) 


Pa’= dX (q)"/ dua). 


Note that the double sum in (29) contains two identical 
interaction terms for each pair of distinct particles, 
whereas the double sum in (25) contains only one inter- 
action term for each such pair. For the variation of the 
motion of particle a, this action principle reduces to 


U(a)2 
af CP a)"P aru + 2€(a)P(ay"A (a)p_ dia) = 0, (30) 
u 


(a)l 


A @)yu= LX 
h 
(ba 


c1 | 6(Ga"%ay-)Porsdey (31) 


The action principle (30) is identical with (18), (19). 
It is again assumed that the u length, 


U(a)2 
f dua), 
u(a)l 


of particle a is the same for the original and the varied 
motion. The electromagnetic potentials in (31) are 
identical with those of (28). The contribution A (qs), of 
particle 6 to the potentials A (@), at *(a)" is easily ob- 
tained explicitly: 


Po us P o+)u 
1 
2 (b) 


i v ¥ 
E(ab wPo ) = (aby wP (b+) 


(32) 


— 
A (ab) y= 2€(b) 


Here the — and + signs in the suffixes refer to the two 
points on the world line 6 which are respectively re- 
tarded and advanced relative to %(a)“ so that 


E (ab yk ab = £ (aby ve (abs "a= (), 


(33) 


This is illustrated in Fig. 1. The first term in (32) is 
one-half the usual retarded Lienard-Wiechert potential 
and the second term is the corresponding advanced 
potential. A (a), is homogeneous of degree zero in p(s)y 
so that only the direction of the world line 6 enters into 
this expression and not, for example, the rest mass ms). 

It follows from our previous discussion that the new 
action principle (29) gives the same physical results as 
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the Fokker action principle and thus reproduces clas- 
sical electromagnetism. In particular, the rest mass of 
each particle is a constant of the motion. 


5. ELECTROMAGNETIC SELF-ENERGY 


The only null vector £(aa)" from a point xa)" to a 
time like world line passing through the point is the 
zero vector, 


E(aat)"= 0. (34) 


Thus, the self-field of a particle, given by (32) with 
b=a, is infinite. This is the usual Coulomb infinity of 
a point charge. It can be avoided if the 6-function in 
the Fokker action principle is replaced by some other 
approximating function f. As Feynman has shown,® the 
interaction term of a particle with itself is then finite 
and for a particle with moderate acceleration, reduces 
to the inertial term f°mds. Thus the mass of a particle 
can be ascribed to an electromagnetic origin. However, 
the electromagnetic rest mass m is uniquely determined 
by the structure function f. If this function is chosen to 
fit the mass of electrons, then the masses of other 
fundamental particles, such as protons, will not be 
purely electromagnetic. This difficulty can be overcome 
by replacing the 6 function in the new action principle 
(29) by a function not only of & 4s)“ but also of the 
momenta Pa)", Po)": 

In order to be specific we shall discuss a simple 
structure function of the type proposed by Landé? and 
Groenewold.’ The 6-function in (29) is replaced by 


5(E(ab)"E(ab)»— A’), (35) 


where J is small and may, for the moment, be considered 
constant. The potentials, obtained with this structure 
function, are still given by (32). However, the retarded 
or advanced events are no longer connected by null 


Fic, 1, Retarded and advanced potentials. 


ELECTROMAGNETIC THEORY 


Fic. 2. Self-action for 
moderate acceleration. 


vectors satisfying (33), but by time-like vectors of the 
small magnitude \: 


E (ab ye (ab = E (aby yw (aby y= rd’. (36) 


The potentials of a particle at a point on its own world 
line are now finite. They can easily be computed ap- 
proximately if we neglect changes of the momentum 
of the particle during short time intervals of the order 
of A. Then, as seen from Fig. 2, 


Pay" 
ns ’ 
(P(ay’Piayy)! 
P (a’+)"= Pa’—)*= Pray". 


The self-field of a particle, Eq. (32), is now given by 


E(aa’—)*= _— € (aa’4 “=X 


(37) 


and 


(38) 


Pau 


a, (39) 
A(Piay’Prayr)! 


A (aa) € (a) 


The self-action term of a particle is defined by 


C1 f A caoPratdtc 


bi ff $0 "& a» ®) BeaPre ntti (40) 


This becomes identical with the inertial term 


ff PorPerstu, 


N= 1/Pa)"Prayr 
in the self-action term or, more generally, 
= 1/p(a)’Pioy» (43) 


in the interaction term of two particles. In the deriva- 


(41) 


if we put 
(42) 
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tion, the form (32), (36) of the modified electromagnetic 

potentials was used. This form is no longer rigorous 

when A is not a constant, but it remains valid in the 

approximation of moderate accelerations made above. 
This discussion suggests the action principle 


1 
5 me ® caren ff 6{ &n'ti ) 
a 6 Pia)’ Pow 


X Pray"*Poyuduaydua,=0. (44) 


A diagonal term b=a in the double sum is to be inter- 
preted as 


1 
ff (erro ) 
Pay" Pra'yy 


XK Pea"Pra’ywdUyaydta), (45) 


where tq) and %q’) are two points on the world line of 
particle a. Also e(ajéiay)=1, by (4). 

We wish to show now that the modifying term \, Eq. 
(43), is small. This cannot be done completely within 
the framework of the classical theory presented here. 
We shall use the fact that there exists no charged par- 
ticle in nature with a rest mass smaller than that of the 
electron: 


(46) 


m2mMpo. 


Whether this can be derived from a quantized theory 
of the type considered here is a matter of speculation. 
We shall accept (46) as an empirical fact. In contrast 
to Euclidean geometry, the absolute value of the scalar 
product of two time-like vectors in Minkowski space is 
greater than or equal to the product of their magnitudes. 
Thus 


| Pray” Proye| > MayM(n) > Mo. (47) 


It follows that A, given by (43), satisfies the inequality 
(48) 


A\< : 1 ‘mo 28x 10~ 18 cm. 


The physical consequences of the modification (44) 
of classical electrodynamics can be summarized as 


follows: 
For moderate accelerations, where we can neglect 
the changes in the momenta of particles during time 
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intervals of the order of 10-" cm or 10~* sec, the self 
action terms (a=)) in (44) reduce to the corresponding 
inertial terms (41). Thus all rest masses are of electro- 
magnetic origin. 

When particles are at distances from each other 
which are large compared to 10~% cm, the difference 
between (36) and (33) is negligible for a#b. The par- 
ticles interact electromagnetically and each rest mass 
is a constant, being an integral of the motion. 

When particles are close together their interaction is 
of a new type and is accompanied by changes in the rest 
masses. 

The action principle (44) is not unique. Different 
action principles can be obtained by starting from 
structure functions other than (35). This lack of 
uniqueness is a drawback which the present theory 
shares with those of Bopp and Feynman. 

There is one simple modification of (44) which will 
be mentioned here. Wheeler and Feynman® have sug- 
gested that, instead of distinguishing between positive 
and negative charges, one can, equivalently, consider 
particles moving forwards or backwards in time. Thus 
a particle whose momentum vector points into the 
future null cone (p*>0) can be interpreted as carrying 
a positive charge, a particle whose momentum vector 
points into the past null cone (f*<0) as carrying a 
negative charge. With this convention the most natural 
action principle of the general form of (44) can be 
written: 


1 
6 2 > J fe(earee = = ) 
, . Pay’ Poy 


X Pia" Poyudtaydua)=0. (49) 


In the old notation this means that A? is given by 


9 / 
= € (aye (b) Pray’ Pio)», 


rather than by (43). This change has no effect on the 
self action terms since (€;4))?= +1. However, the inter- 
action of unlike charges (e(a)e(»)=—1) is now propa- 
gated along space-like directions £(»,)". Thus the 
velocity of propagation exceeds the velocity of light, if 
only by very small amounts for particles that are not 


(50) 


too close. 
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A description of a particle in Darling’s theory of elementary particles by wave functions of the form 


H, (xs)/xs and Hy («s)/«slHi (x) is the Hankel function of the first kind of order 1, 


p2 xe (22 r, 


«= moc/h jis discussed. It is shown that no current-charge density described by a conventional interpretation 
of these wave functions can exist. Hence, the classical interaction 774A q associated with these wave functions 
cannot account for the empirical correction for electromagnetic mass previously used by the author 


N nonlocal field theory, the usual partial differential 

equations of physics are replaced by difference equa- 
tions involving a finite difference step (related to the 
“dimensions” of elementary particles), or equivalently, 
by differential equations of infinite order. One can 
interpret this as merely denoting a more intimate con- 
nection between field points or, alternatively, as giving a 
physical picture of an elementary particle. In the 
present paper, an attempt is made to apply the latter 
interpretation to Darling’s theory of the elementary 
particles,' a nonlocal field theory, and to explore a 
consequence of such an interpretation. 

As coordinates in the Minkowski world, we use 
visa, +++, at=cl; ds*=gaglx*dx®=cCdl—dr’, with gy, 
=diag (—1, —1, —1, 1). We will also have occasion to 
use pseudo-spherical coordinates s, A, 0, @ related to 
Cartesian coordinates by 


x'=s sinha sin cos, 
x?=s5 sinha sind sing, 
x8=s sinha cos, 
x4=s coshx. 


Let ki=p./h, «++, ky=E/(hc); w=Rak*; x=moc/h. 
Then in the x representation of quantum mechanics, 
k,—i0,=u,, a differential operator. Let 6*=0/du,, 
wherever the operation can be formally performed. 

In Darling’s theory, the fundamental difference 
operator is? a world symmetrical solution of the recipro- 
cal’ Klein-Gordon equation, 


(646% + 4") M=0, (1) 


where w is a universal constant of the dimension of 
length. Then 
M=2J,;(2wu)/2wu, (2) 


where J;(x) is the Bessel function of order 1. 

* Originally reported at the 1953 Washington meeting of the 
American Physical Society. 

t This work was begun while at the Dublin Institute for 
Advanced Studies. 

1B. T. Darling, Phys. Rev. 80, 460 (1950). 

2H. Freistadt, Phys. Rev. 87, 198 (1952); Compt. rend. 235, 23 
(1952). 

3M. Born, Revs. Modern Phys. 21, 463 (1949) 


Darling,' Zilsel,* and the author? have discussed mass 
spectra resulting from the use of a difference calculus 
based on the operator M. Zilsel first suggested that the 
masses obtained in this manner are intrinsic masses, to 
which must be added a correction for electromagnetic 
mass. With the aid of a purely empirical curve (Fig. 1) 
for the electromagnetic mass correction, the author 
succeeded in including the masses of all particles known 
to date, except the neutron, into such a mass spectrum. 

If nonlocal field theory is to give a picture of an 
elementary particle, one would expect that the correc- 
tion for electromagnetic mass can be obtained from it. 
One might conceive of a particle in nonlocal field theory 
as a complex of finite extension, not only in space, but, 
in compliance with relativistic requirements, in time as 
well, thus constituting a material process which relates 
all world points within a certain time-like interval 
(presumably w or 2w) (the region between S and the 
light cone in Fig. 2.) The particle whose path is observed 
would be a sequence of such processes, the mechanism 
of reproduction being as yet unknown.® 

It would seem in line with ideas of reciprocity to try a 
description of such a material process by means of a 
wave function of which M [Eq. (2) | is the reciprocal, 
i.e., world symmetrical solutions of the Klein-Gordon 


oo ' ——— —_— 
| 
| 
} 
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ic. 1. Correction for electromagnetic mass as a function of 
intrinsic mass (in units of electron mass). 
‘P. R. Zilsel, Phys. Rev. 82, 557 (1951). 
° See also E. Schrédinger, Endeavour 9, No. 35 (1950), 


1015 





HANS FREISTADT 


KL \ SS 


Fic. 2. Geometry for the discussion of a particle model in nonlocal 
field theory. 


equation (0,0%+4%°)¥ =0. The real solution® 2; («s)/ (ks) 
[ Minkowski world analog sin(kr)/(kr) as a solution of 
(V?+-k?)¥ =0 ] cannot describe a charged particle, so we 
use the Minkowski world analog of exp(ikr)/(kr) and 
exp(—ikr)/(kr), which are the Hankel functions 


W =H (xs)/ (xs), W*= Hy (xs)/ (xs). (3) 


Associated with such a wave function, there will be a 
current-charge density distribution, 


jt= 


p 
2tkK 


(V*0"v —Varv*), (4) 


which, in pseudo-spherical coordinates, has only an s 
component, j*=2p/(mx*s*), in the computation of which 

6 These solutions were investigated by E, Schrédinger, Princeton 
Lectures, 1935 (unpublished). 


a well-known relation for Hankel functions’ was used. 
The quantity p is a constant, having the dimensions of a 
charge density, to be determined from the normalization 
requirement that f j%d2,=e, where ¥ [ Fig. (2)] isa 
constant-time space-like surface. The electromagnetic 
field A* associated with this current charge density 
would be obtained by solving 


040%A*=49rj*, (5) 


The classical interaction of this electromagnetic field 
with the current-charge density would be observed as a 
proper density of mass 7*A,/c? contributing the electro- 
magnetic correction Amo=(1/c?) fS j*A,v%dZq to the 
rest-mass of the particle. (o“=dx#/ds is the relativistic 
velocity.) 

However, it is readily seen that Eq. (5) with current- 
charge density as given by Eqs. (3) and (4), does not 
have a regular solution. One concludes from this that a 
charge distribution described by a conventional inter- 
pretation of the wave functions (3) cannot exist. Indica- 
tions are that the situation would not be improved by 
using solutions of the Dirac equation instead of solutions 
of the Klein-Gordon equation. 

It remains to be seen whether a less naive picture of a 
particle in nonlocal field theory can be constructed 
successfully, or whether nonlocal field theory, to the 
extent to which it has physical significance, merely 
denotes a connection between field points different from 
that implicit in local field theory, where each field point 
interacts only with its immediate neighborhood. 

It is a pleasure to thank Professor Schrédinger and 
other members of the Dublin Institute for Advanced 
Studies, in particular F. C. Roesler, N. Balasz, and A. 
M. Bork, for many stimulating discussions. 


7E, Jahnke and F, Emde, Funktionentafeln (Dover Publications, 
New York, 1945), p. 144. 
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A conjecture made in a previous paper concerning the non-convergence of the series of adiabatic nuclear 
potentials for meson pair theory obtained by means of perturbation methods is shown to be incorrect. 
The correct series is derived and summed and is in agreement with a result given previously by Wentzel. 
The same methods suffice for the derivation and summation of two additional series of potentials of the 
pseudoscalar theory with pseudoscalar coupling. One of these has as its leading term the one-pair potential 
of fourth order, and the other begins with the leading term of sixth order. Each series has the same radius 
of convergence which is determined by the condition xe*>2a, where x is the separation of the nucleons in 
units of the meson Compton wavelength and a= (g?/4m) (u/2M). With (g?/4) =15, perturbation theory 
converges for x>0.85; with (g?/4r) = 10, for x>0.57. The convergence for x1 is in any case very slow 
for these values of the coupling constant. The possibility remains that for substantially smaller values of 
the coupling constant, as are suggested by the inclusion of radiative corrections, perturbation calculations 
of adiabatic potentials may yield a meaningful first approximation when used in conjunction with a suitable 


cut-off. 


I. INTRODUCTION 


N a previous paper,' a qualitative discussion of the 

behavior of the Series of adiabatic potentials of the 
ps-ps theory was presented on the basis of the calcu- 
lation of the leading terms through eighth order in the 
coupling constant. There appeared to be a definite 
indication of non-vonvergence of the series for x<1, 
where x=uyr is the nucleon separation measured in units 
of the meson Compton wavelength, w~'. The attempt 
was then made to infer a general result for the leading 
pair term of the potential of order 4”. The result put 
forward, without full proof, was that the perturbation 
series is catastrophically divergent. This result is, in 
fact, incorrect. The purpose of the present work is to 
demonstrate that it is possible to obtain, in the adiabatic 
limit, the general term in a few well-defined series of 
potentials, to investigate the convergence of these 
series, and to sum them. 

The potentials to be investigated are the leading pair 
terms of order 4”, considered in I; the potential of 
order 4” with one pair fewer, prototypes of which (one 
pair term of fourth order and three pair term of eighth 
order) were given in I; the leading terms of order 4n+2. 
The latter can be characterized diagrammatically by 
open meson-line perimeters with end points at each of 
the nucleon positions. Thus the leading term is a sixth- 
order potential in which each nucleon undergoes one 
pair and one gradient interaction. The contribution of 
the sixth-order term has been previously computed? by 
means other than are contemplated here. The calcu- 
lations are carried out in Secs. ILA, B, and C, respec- 
tively. 


* On leave for the summer of 1953 from the Society of Fellows, 
Harvard University, Cambridge, Massachusetts. 

1A. Klein, Phys. Rev. 91, 740 (1953), henceforth referred to 
as I. 

2 A. Klein, Phys. Rev. 90, 1101 (1953). 


For the purposes of this presentation it is simplest to 
use the form of the theory which results from the 
Dyson’ or Foldy* transformations, 


5’ (x) = gh (x) 57h (x) bi (x) (g2/2M Wo? 
+(g/2M)P~erw-¥o,+higher order terms. (1) 


By computing the irreducible interactions that Eq. (1) 
contributes to the kernel of the relativistic two-body 
equation,®~’ it is a straightforward matter to verify 
that the method proposed in I for the computation of 
the leading pair terms in the adiabatic limit is indeed 
applicable. The argument given there was that the 
restriction, in obtaining the leading contributions, to 
matrix elements with at most one nucleon pair at a time, 
as suggested by the original pseudoscalar coupling,?"* 
could be lifted; it was sufficient merely to demand that 
the requisite number of nucleon pairs be associated 
with the motion of each nucleon. This argument is 
indeed tantamount to carrying out the transformation 
of Eq. (1) term by term in the interaction function. 

The potentials will be computed from an expression 
which is a trivial modification of Eq. (10) of I: 


V(r, r)=—at fiat n/a’ 


XexpliM (t, + to—t,’ - te’) T(x, X95 x1'X9'). (2) 


Aside from the use of individual time coordinates, we 
have added, for reasons of symmetry, an additional 
time integration and correspondingly divided by a 
“‘large’’ time interval /. 


3F. J. Dyson, Phys. Rev. 73, 929 (1948). 

4 Berger, Foldy, and Osborn, Phys. Rev. 87, 1061 (1952) 

§ J. Schwinger, Proc. Nat. Acad. Sci. U. S. 37, 452, 455 (1951) 
6. E. Salpeter and H. A. Bethe, Phys. Rev. 84, 1232 (1951) 
7M. Gell-Mann and F. Low, Phys. Rev. 84, 350 (1951). 

§M. M. Levy, Phys. Rev. 88, 725 (1952). 
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II. COMPUTATION OF POTENTIALS 
A. Pair Potential of Order 4n 


For the case under consideration, the interaction 
function which enters Eq. (2) has the form? 


I(x, X2; Xen—1; Xen) - >. 3(2)*"(— in fds . -AXon 2 


XLG(x, X3)°° *G(X2n-3— Xen—1) | 
x [ G(x» 


K A(x -xi,)A(a1- Xig)+ + 


x4)°+*G(Xen-2— Xen) |® 


XK A(*en-1—Xin-1)A(X2n-1—Xin). (3) 


Here i;, i2, «++, i, is one of the permutations of 2, 4, 
-++2n, the coordinates of the second nucleon, which 
yields a closed meson-line perimeter; the summation is 
over the n!(n—1)!/2 such terms; A\=g’/2M. Equation 
(3) can be determined either directly from the inter- 
action Hamiltonian of Eq. (1) or can be inferred term 
by term from the form of the theory used in I. The 
same statement can be made for the other interactions 
to be used in this paper. 

We insert Eq. (3) into Eq. (2) and immediately 
carry out the reduction to the adiabatic limit by means 
of the equation 


i>0 
<0. 


G(x)<i8 (ne, 


~(), 


(4) 


As in I, there results immediately a local interaction 
which is given by 


x tl 
Van(r) a= $f NE f ats f dts. -* 
ton—-3 4 t2 
xf dlon f itsf dty- bial 


tan—2 
xf dt, A(r, t, tis) A(r, ty— tie) +> 


—o 


XK A(r, lon 1 bin DA(r, ton-i—tin). (5) 


the methods of I. 


Equation (5) was also obtained by 
required for its 


The essential symmetry property 
evaluation was overlooked, however. 
Suppose we permute the time coordinates of one of 

the nucleons, 
t\- lay * lon 1 la2n—1. (6) 


Then in virtue of the definition of the set of perimeters, 
the integrand of each term of the sum in Eq. (5) is 
transformed into the integrand of another term of the 

®It is perhaps worthwhile to emphasize that the propagation 
functions employed are those defined, for example, in reference 5. 
We have been unconventional here and in references 1 and 2 in 
omitting identifying subscripts on these functions. 
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sum. In short the integrand as a whole is invariant. 
On the other hand, the time integrations, previously 
subject to the condition 4,>;>+-->t,-1 are now 
subject to the condition fa;>laj>-+:>larn-1. If we 
carry out all possible permutations of the time coordi- 
nates of the two particles independently and then 
average over the resulting (#!)? expressions, we obtain 
the following form for the potential: 


Vien(r) =tt 13(2d)?" (mn!) x f a de 


X dts, A(r, t,—ti,)A(r, t;—tio)- “e 
x A(r, bon—1— bin )A(r, ton-1—lin), (6) 


in which the integrations are now carried out over the 
entire 2n dimensional space f), fo, ++ +lon. 
The remainder of the calculation is straightforward. 


We Fourier-analyze the meson propagation functions, 
A(r,t) = (27) tf areexpli r—ikot | w’—ke?+in}', (7) 


interchange the order of momentum and_ temporal 
integrations, and perform the latter. For each term of 
the sum in Eq. (6) we then obtain 2n—1 delta functions 
of linear combinations of the meson energies ko. 1° + «Ro, on 
and one remaining time integral which cancels the 
factor ¢~'. It is then possible to perform trivially 2n—1 
integrals with respect to the meson energies, leaving 
one such integral which we label with the variable Ro. 
At this stage it is seen that all n!(n—1)!/2 terms of 
Eq. (6) contribute equally to the sum, so that the 
latter is most simply rewritten as!’ 


Van (r) = 32(2d)?" (89)-2" (4arn)—! 


x fal: ee eT ee 


x fd (be—w) i: (Ro? — wen?) 
= — 3p? (22"—1) /n) (2/n) Ky (2nx)/x2%, (8) 


where a= (g*/4r)(u/2M). Equation (8) can also be 
inferred by expanding the exact solution given by 
Wentzel"” for meson pair theory with stationary 
sources. From the results of the latter author, one can 

See the appendix of reference 1 for the evaluation of the 
integral. 

1G. Wentzel, Helv. Phys. Acta 15, 111 (1942). 

2 The agreement of the result with that of reference 11 demon- 
strates the correctness of the assumption made in reference 1 
that higher-order pair diagrams which do not consist of single 
closed meson perimeters are cancelled in the adiabatic limit by 
the iterates of lower-order diagrams. 
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obtain a closed expression for the sum 


Vix)= ¥ Vian(x) 


n=| 


Su f kdk 1— (2ae'**/x)? 
Os (i I a 
drid (14h)! 1— (2ae~ ***/x)? 


3u rf” kdk do? sindkx/x? 
=— f —— tan7!{- - f (9) 
2rJ, (14+8?)3 1— 4a? cos2kx/x? 


The integral of Eq. (9) is well-defined for values of x 
which are larger than x,, defined by 


(10) 


%_== 2a. 


It is, however, possible to investigate the convergence 
of the series per se,‘most simply by introducing the 
asymptotic form of the function 


(2/m)K 1 (2nx)~e?"*/ (axnx)}. (11) 


A straightforward application of the ratio test then 
informs us that the series converges provided that 
x>x,, with x, here defined by 


(12) 


a less stringent condition than Eq. (10). We shall prefer 
for purposes of discussion the less accurate Eq. (12), 
since it will be seen that the same condition of conver- 
gence will obtain rigorously for the other series of 
potentials to be derived below. We therefore defer 
numerical discussion of Eq. (12) until this has been 
done. 


x, exp(*,) = 2a, 


B. Potential of Order 4n with One Pair Fewer 


A typical diagram is shown in Fig. 3(a) of I. The 
number of distinct diagrams in the general order can 
be computed as the product of the number of ways of 
choosing two vertices of one of the nucleons for the 
gradient interaction by the number of ways of drawing 
continuous meson perimeters beginning with these 
points. The result is m!(w+1)!/2. There is actually 
twice this number of interactions, since either nucleon 
could have been selected to bear the gradient coupling. 
This will be taken account of in the final result. By 
arguments previously mentioned, the interaction can 
be shown to have the form 


1 (% x2; Xon+1, Len) = —>°3(2)2"(- t)?"(2M)— 
x f ars ° -dXon—1[ G(x%1— X3) o« ‘G(Xen-1— Xeng1) |™ 


[GG (x2— 44) + + <G(xen-2— Xen) |? (or Voie) 
x (oy Vor 1)A(x1— Xi) a's * A(X j4 4” D4 2j4 1)° lh 
KA (x4 1— %i,21) °° *A(Xengi— Xin), (13) 


where Y2;41 operates on the variable 2,4; for the first 
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nucleon, etc., and the summation is over m!(m+1)!/2 
terms. 

The argument now proceeds precisely as in Sec. A. 
The adiabatic limit is first taken. The resulting static 
potential has an integrand which is invariant as a whole 
under independent permutations of the time coordinates 
of either particle. Averaging over all possible permuta- 
tions which is, in this case, n!(n+1)!, we obtain the 
potential 


Van (r)= Lim(r-n)|3(20)*[ni( 1)!p 


XE fan ’ ‘dtongi (or Fj) (or Fr) 
K Airy, b- ti,)-- *A(ron, tongir ta). (14) 


The integrals over the time variables now require that 
2n linear homogeneous equations be satisfied by the 2” 
meson energy variables. Summing over the #!(n-+-1)!/2 
terms, we are left with 


V gn’ (r) = —3(2)?*-"2" (8275) mf dhs 


x dko,, exp i(ki+ o's -+k,)-r] 


Won? } 1 


«kK ifwi?+ + -w 7+ + -w/?- 
= 3a?” (u/2M )229-! (1-4-2! )2e- 292/420, (15) 
The sum of the series with Eq. (15) as general term is 
obtained trivially: 


V' (x)= ¥ Vian’ (x) = Oya? (u/2M) (1+-271)e 22/2? 
n=l 

X[1—4a2e>**/x? F! 

= V4 (x)[1—4a2e 24/227, (16) 


It is thus seen that Eq. (12) determines the radius of 
convergence of Eq. (16). 


C. Potential of Order 4n+2 


Here one chooses a single gradient interaction for 
each particle. The total number of diagrams in the 
general order is easily found to be [(n+1)!}, and the 
interaction is given by 


T (x1, X25 Xong1, Xon¢2) 
= 2?" 21+ 20(— ir)?"*1(2M) © f ax, . +dXon 


X [G(x1— 43) ++ -G(ten-1—Xeng1) | 
X[G(x2— 24) ++ +G(xten—Xony2) | 
K (61° V 2541) (2° Vi)A(a1— xij) - «+ 


XK A(Xen41- Xing1) (17) 





1020 


where the summation is over [ (n+1)!} terms and the 
subscripts on the gradient operators are meant to 
imply that they operate on appropriate members of the 
set of coordinates for the first and second nucleon 
respectively. The remainder of the calculation differs 
in no wise from that described in Sec. B. It suffices 
therefore to state ‘he result, 


wir: 922Mg2nt! (u /2M) 


x [a ‘Oy +S yo Jem (2nt1) 2 /x2nt 1 


V any2(r) = 
(18) 
The series of which Eq. (18) is the general term has the 
sum 


V" (x)= > Vanyo(x) 


n=] 


4 
= —pe,- e908 (u/2M) (1+-a7!)%e- 32/33 
3 


< [o1-24+-Syo 1 —4ate*2/22 
(19) 


date? /a2}, 


Be Ve(x)[ 1 


The same remarks about convergence as in Sec. B are 
therefore applicable. 


III. DISCUSSION OF RESULTS 


Conclusions concerning the validity of perturbation 
theory can be drawn immediately from the application 
of Eq. (12). Thus for (g?/42)(u/2M)=1, corresponding 
to g’/4r=15, Eq. (12) requires x>0.85 for convergence, 
for (g?/4mr) = 10, x>0.57. For such values of the coupling 
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KLEIN 


constant, it is clear that no plausible account of nuclear 
jorces can be based on the leading terms of the series. 
Moreover, as already indicated in I, the repulsive 
potential V’(x) of Eq. (17) predominates numerically 
over the other pair terms to such extent that were the 
coupling constant as large as the above values, the 
possibility of obtaining agreement with the low-energy 
two-nucleon data from the ps-ps theory would effec- 
tively be ruled out. 

However, all treatments of the potential problem 
which have taken into account radiative corrections®:"!:" 
have indicated that as a consequence of self-interactions 
the pair coupling is strongly damped. If we take 
(g?/4) et¢(u/2M)~0.1, which is probably as much of a 
reduction as self-energy effects are likely to produce, 
then our series converge for x>0.17. Under these 
circumstances, perturbation theory is applicable for 
distances as small as x=0.5. Assuming that the gradient 
interaction of Eq. (1) is undamped compared to the 
pair coupling, one has from this result a good indication 
of the domain of applicability of perturbation theory to 
the former interaction for which the effective expansion 
parameter is (g?/4m)(u/2M)?~0.1. 

A more direct attack on the applicability of pertur- 
bation theory to the gradient interaction will be 
presented in a subsequent publication. The author also 
hopes to discuss in later publications the relationship 
of the potentials computed in this paper to a possible 
consistent model for nuclear forces. 


14M. Ruderman, Phys. Rev. 90, 183 (1953); Brueckner, 
Gell-Mann, and Goldberger, Phys. Rev. 90, 476 (1953). 
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The Green’s Function Method for Strongly Interacting Particles* 


MavuricE NEUMAN 
Radiation Laboratory, University of California, Berkeley, California 
(Received July 20, 1953) 


The Green’s functien method i: adapted to the descziption of strongly interacting particles which become 


more loosely bound as their number increases. 


ORMALLY closed expressions for propagation 

functions, vertex, mass, and polarization opera- 
tors have recently been constructed by Schwinger.' 
An expansion of these in terms of free particle pro- 
pagators reproduces the covariant Feynman-Dyson 
perturbation theory. The attempted improvements on 
the latter have centered around efforts to obtain solu- 
tions to equations in which the propagation functions 
are left intact and only the lowest powers in the ex- 
pansion of the remaining operators are retained. This 
procedure is partially justified on the grounds of the 
presumed weakness of certain interactions. 

It is the purpose of this note to put the theory in a 
form appropriate to the description of a somewhat 
different physical situation. No interactions between 
particles are assumed to be weak. A complex of par- 
ticles, will, however, be taken to be the more tightly 
bound the fewer the particles in it. As their number in- 
creases a looser structure results, which tends to break 
up into smaller, more tightly bound units. Thus, the 
propagation function associated with a large number 
of particles may be expanded in terms of those of smaller 
numbers, whereas the latter must be treated rigorously 

The result of this procedure is a finite set of equations 
involving propagation functions up to a certain order. 
Only in the equation for the highest order propagation 
function is a generalized vertex operator introduced 
explicitly; in the others it is effectively replaced by 
Green’s functions of a higher order than the one in 
which the vertex operator would ordinarily appear. 
Since this quantity is associated with transiton ampli- 
tudes involving creation and annihilation of particles 
and its expansion is equivalent to conventional per- 
turbation theory, the modified procedure is suitable 
for a non-perturbation treatment of nonstationary 
processes like the production of mesons in nucleon- 
nucleon collisions. 

The equations for the propagation function of one 
nucleon, .S, and one meson, A, are 


[ypt+m—g Tel op+ig Tp!) (5/5/) |S=1, 
(p2+-u?)A—ig Tr'0(8S/8J)=1, 


where Ip is the zero’th order vertex operator explicitly 
defined for a given meson-nucleon coupling. If the 


* This work was performed under the auspices of the U. S. 
Atomic Energy Commission. 

1J. Schwinger, Proc. Nat. Acad. Sci. U. S. 37, 452 (1951). 
We employ the notation of this reference. 


(1a) 
(1b) 


system 1V+1M is assumed to be loosely bound, the 
vertex operator 


I'(¢) = —5S-/dg(E) 


is introduced at this point. The equations then assume 
the form 


(1’a) 
(1’b) 


(ypt+m—g Tpl'o@+2)S=1, 
(P?+u+IDA=1, 

(3a) 

(3b) 


Y= ig? Tel SAT, 
l= —ig? TrloSTS. 
The operator ['(~) may be expanded in terms of A 
and §: 
I (€)=To()—52/dgo(E). (4) 


This procedure is inappropriate if not only 1V and 1M 
but also 1V+1M are regarded as being tightly bound. 
The Green’s function corresponding to 1V+1M will 
be denoted by '4S. Taking the variational derivative 
of (1a) with respect to /(£) and observing that 


82S /5I (£)6I (E’) = if MS (EE) —A(ER)S], (5) 
we obtain 
55/5 (€) = gSol'o(E)'S (£’8), (6) 
where the notation 
So= (vypt+m—g Tel)” 
Ao= (p’+u’)" 
was introduced. Equations (1) now become 


S=So— ig? ToS oSol'o “4S, 


(7a) 
(7b) 


(1a) 


A= Aotig® TrAl Solo '™S, (1”’b) 


explicit expression of S and A in terms of '“S. Differ- 
entiating (la) twice with respect to J and making use 
of (5) and (6) we obtain an equation for '“S2 


IMS (EE) + igSol'o(E’)(6 5 (E£)/8J (€’)) 
+ ig’SoD'o(€)A(E’E) Solo (E”) MS (EE) 
+ ig?Sol'o(t’)A (EE) Solo (€") MS (EE) = SoA (EE). (8) 


2 This equation, in a somewhat different form, was previously 
given by S. Deser and P. C. Martin, Phys. Rev. 90, 1075 (1953). 
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With the aid of (1”) we then have 


IMS (EE) + igSol'o(£’)(5 '™S(EE)/6I (£')) = Ao (EE) So 

+ig?Sy TrAo (Et) To (2). Solo (€") 1S (€"E) 

— ig?SoAg (EE) To (E") SoD 0 (E") 1S (EE) 

+ gt Sol o(E')Ao (Et) TrLTo(t"”) Solo (E!") 

KMS (EVE) SoD (8) MS (E/E) 

+-[last two terms with &>£€]. (9) 

At this point we may decide that a system more com- 
plex than 1N+1M is loosely bound and express the 
variational derivative occurring in (9) by means of a 
generalized vertex operator, 


IMT(E| ¢"| £) = —§ IMS (EE) /dgp(t’) 


=Po(t’)A"(EE), (10) 


more explicitly defined by an expansion in terms of A, 
S and 'S. The variational derivative term then gives 
rise to an interaction with the character of a self mass 
for the nucleon meson system: 


FMS (£8) +ig'To(t/)A(t/E!”) [MS (Ee) 
x l My" (g! | t! V | ¢””") (Ee) ST (E!") ] IMS (¢//"€) 
tig’ o(E/)A (EE) Solo(”") MS(E8) 


tig? (£/)A(E E\SoV'o (E”) ™MS(€E) = AEE). (8’) 


Equation (1) and (8’) with (10) treat complexes of 
particles 1.V, 1M, 1V+1M rigorously and those with 
1V+nM(n>2) only approximately. An extension of 
this procedure would be to derive an expression for 
6'™S/5/(&) in terms of 2S and to augment (1) and 
(9) with an equation for the latter quantity. The intro- 
duction of a vertex operator ?“T in it would imply that 
systems 1V-+nM (n> 3) are regarded as loosely bound. 
We now re-examine the 2V equation, 
ALF O FO4 FO FW] S02 — 102), (11) 

from this point of view. With the variational deriva- 
tives written out explicitly (11) becomes 

DP O)SO) + digry™ (£)(6S/dgI(E))= 1, (12) 
where 

FO) = FOR, OL FOR, 
vy (2) POP O+ FOP, 
Fo= So. 

Assuming at first that 2 is tightly bound and 2N 
+nM(n>1) is a loose structure, we introduce, in 
analogy to the previous work, a vertex operator: 
T'!?) (¢) ere 6 (2) '/5ep(£) 


HT (E)FO4TO(E)FO=T,"(£), (13) 


NEUMAN 


and rewrite (12) in the form 


FU PHS 02) 4102 (14) 


— >, (12 ) $02) = 12) 


with 


(15) 
(16) 


E02) = ig? Ty") S DATA? , 


PF 1 re 4+ PFOyM), 


Do (2) 
Thus, the interaction appears as the difference of two 
operators, each having the character of a self-mass. 
In the approximation I'9°” of the right member of 
(13), we obtain after a short calculation: 


4 (12) — Fy (12)) = LO FOF), 


(17) 
where 
12) = dig? ToT oY FOS FOS OT 42 MSe) 
FPoPFUSODPOS OP 1M SM 
4 Pr, (Fe S02) RO) — 1).S9“ IT) ) IMS) 


= To? (FO S02 FO — 1)S9@P9@ IMS (2) | (18) 


and (12) with all systems 1V+nM, 2N treated rigor- 
ously has the form 


(1+ 12) FM FO) § a2) — 1“), (19) 


In order to include 2V+1M systems in this scheme, 
it is necessary to express the variational derivative in 
(12) in terms of '“S°”. A procedure analogous to the 
one that yielded (6), and the identity 


S/T (EI (t') = i[MS™ (Ee) A(EL)S™], (20) 


lead in this case to the relation 


Fy) (6S /5gJ (t))= yy 2 (¢’) 1M § (12) (£¢/£) 
4+ Fa AYRE T(t’) 1M § (1) (¢’£) 


+ FOS To (€') MSO (¢E). (21) 


The quantity 65°) /6J(£) is of considerable physical 
interest. It is directly related to the transition ampli- 
tude for the production of one meson in a nucleon- 
nucleon collision. If the various propagation functions 
occurring in (21) could be constructed, the equation 
would lead to a non-perturbation treatment of this 
nonstationary process. The extension of this method to 
the treatment of other nonstationary processes is 
obvious. 

It is probably superfluous to add that the equations 
here obtained are exceedingly complicated. The general 
scheme, however, seems to be appropriate to the de- 
scription of loosely bound large complexes of particles 
and tightly bound small ones, a notion quite alien to 
conventional perturbation theory. 
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The nuclear forces in pseudoscalar meson theory are evaluated using a nonrelativistic approximation to 
the relativistic interaction. The potential is obtained in a form which allows explicit evaluation of the 
contribution due to the multiple scattering of the virtual mesons between the two nucleons. An approximate 
expression for the potential, including the multiple scattering of a single meson, is obtained in closed form. 
For r<0.5h/yc, the multiple-scattering terms predominate and a power series expansion of the potential 
is non-convergent. On the other hand, for r>0.5h/ye the potential obtained can be approximated by the 
second- and fourth-order terms as obtained from perturbation theory. With these latter two terms and a 
phenomenological “repulsive core,”’ quite satisfactory results are obtained for the low-energy properties of 


the two-nucleon system 


I. INTRODUCTION 


ECENT experimental results' on the scattering of 

pions by nucleons have led to a considerable 
improvement of the understanding of the nature of the 
pion-nucleon interaction. At the same time the approxi- 
mate techniques of computation in field theory have 
been greatly improved over the weak- or strong-coupling 
approximations previously used almost universally. 
These developments are particularly apparent in the 
study of meson-nucleon scattering where the experi- 
mental results have been given a qualitatively correct 
interpretation by Chew? and Bethe and Dyson,’ who 
considered pseudoscalar meson theory. In the theory of 
of the scattering, it was found that only a slight im- 
provement over the weak-coupling perturbation theo- 
retic methods of calculation was necessary to give a 
very considerable improvement in the results. Con- 
siderations of the photomesonic processes' also seem to 
indicate that a fairly good agreement between theory 
and experiment exists. 

As a result of this clarification in the experimental 
and theoretical aspects of some of the problems of 
meson physics, it has seemed worthwhile to re-examine 
the meson theory of nuclear forces to see to what 
extent previous results need to be amended or extended. 
Although we shall consider the pseudoscalar form of 
the coupling in pseudoscalar theory, it will become 
apparent that in this problem the pseudovector form of 
the coupling can be used to give approximately the 
same results. 

The potential which we shall evaluate has been 
constructed by methods recently considered by the 
authors.® It differs from that obtained by the S-matrix 
method or by the usual techniques of perturbation 
theory in that it does not result from a power series 
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expansion in the coupling constant. The successive 
terms in the potential are modified from the usual 
expansion in that for a given term in the potential 
series, the energies of the virtual mesons are modified 
by the interaction with the nucleons which results from 
the terms in the potential of lower order. The effect is 
to take into account at all times, in evaluating a given 
contribution to the potential, the interaction of the 
meson which is already given by previously evaluated 
terms in the potential series. This form of the potential 
expansion shows that in the S-matrix expression almost 
all of the terms of high order in the coupling constant 
are associated with the multiple scattering of the virtual 
mesons between the two nucleons. For example, in the 
potential term which if expanded in a power series in g 
has as leading term the usual g* contribution, the virtual 
mesons are not emitted into and absorbed from plane 
wave states but rather from the multiple-scattering 
state which results from the g’ interaction of the mesons 
with the nucleons. This contribution to the potential 
also is more general than the usual g* result in that it 
includes an important subset of the g® contributions 
together with a subset of all contributions of still higher 
order. Evaluation of the two leading terms in the 
potential therefore includes not only all g’, g', and the 
important g® contributions but also indicates the effects 
of a variety of additional terms of higher order. 

In Sec. If we shall summarize the results of the 
calculation of the potential and of the low-energy 
scattering parameters; in Sec. IIT we shall obtain the 
formal expression for the first two terms in the potential ; 
in Sec. IV the single and multiple scattering problem 
for the virtual mesons will be evaluated; in Sec. V the 
explicit form of the potential will be obtained, and 
finally in Sec. VI we shall consider the non-adiabatic 
corrections to the potential. Some concluding remarks 
will be made in Sec. VII. 


II. SUMMARY OF RESULTS 


The considerations of Secs. III, IV, and V indicate 
that the potential given by pseudoscalar theory is 
represented to a fairly good approximation by the 
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second- and fourth-order potentials calculated through- 
out in the adiabatic limit using the nonrelativistic 
limit to the pseudoscalar coupling. In obtaining this 
result, the following procedure has been used: first, 
the relativistic coupling has been reduced to the well- 
known nonrelativistic form® in which the leading term 
in g is the usual pseudovector coupling and the next 
term is a pair coupling of the meson field. Previous 
estimates of radiative effects’® on the pair formation 
of nucleons which is associated with the meson-pair 
term indicate that the term is probably considerably 
overestimated in the perturbation calculation; this 
effect is indicated by multiplying the pair term by a 
parameter which is estimated to have a value roughly 
(14+-g?/4r) but is left arbitrary in the potential 
evaluation. The calculation is then made treating the 
nucleons adiabatically. The qualitative features of the 
potential are the following: the contributions to the 
potential which arise from the meson pair term acting 
once or twice nearly cancel for r>O.8h/uc and give a 
repulsive core to the potential for r<O.8h/uc, the exact 
strength and range depending on the extent to which 
the radiative effects are taken into account. Higher- 
order contributions from the pair term alone are also 
small if the pair damping is taken into account, in 
agreement with the exact nonrelativistic evaluation of 
the pair term by Wentzel.* The remaining contributions 
to the potential, which do not involve the pair term 
(or nucleon pair formation), then include all g’, g‘, and 
g® contributions together with a subset of all higher- 
order terms. The evaluation of this potential in the 
adiabatic limit and the estimate of the terms of higher 
order than g* center about the calculation of the 
matrices for the scattering of the virtual mesons off 
the energy shell and the solution of the multiple scat- 
tering equations for the propagation of the meson 
between the two nucleons between emission and absorp- 
tion. This calculation shows that the scattering by the 
nucleons individually is very weak off the energy shell 
and is fairly well described by the Born approximation, 
this result contrasting markedly with the scattering on 
the energy shell where the well-known resonance effects 
occur. Using this result, an approximate evaluation 
of the multiple-scattering equation shows that the 
effect of higher orders so taken into account is attractive 
and sets in strongly only near the repulsive core radius 
(r=0.3h/uc) and is less than a 30-percent correction 
outside r=0.6h/uc, decreasing very rapidly for in- 
creasing r. It seems fairly clear from this result that 
the potential is rather uncertain near the core since the 
higher-order terms set in so strongly; it is also this 
region where radiative effects can be expected to start 
to modify the gradient-coupling terms appreciably. 
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These uncertainties are reflected in the partially phe- 
nomenological insertion of a repulsive core of radius 
only roughly given by the theory; an increase in the 
potential strength near the core can of course be 
compensated by a small increase in the repulsive radius. 
The conclusion of this investigation into the higher- 
order multiple-scattering effects is that the potential is 
given to a fairly good approximation outside r=0.6h/uc 
by the g’+¢' contributions from the gradient coupling 
and inside this radius the strength is somewhat arbi- 
trary and must be obtained phenomenologically by 
adjustments of the core radius. 

A further estimate of the validity of the potential 
can be made by determining the errors of the adiabatic 
treatment. This has been done by evaluating the expec- 
tation value of the non-adiabatic corrections to the g’ 
potential using the wave function obtained from the 
solution to the potential problem, as discussed in Sec. 
VI. This is a valid procedure if the nonadiabatic 
potential is a smal] perturbation. The result confirms 
this assumption since the expectation value of this 
correction is only about 745 Mev compared to 20 Mev 
for the static potential itself. 

The final evaluation of the problem has been made 
using the g’+g* potentials which, as discussed above, 
are a good approximation to the more general potential 
considered in Secs. III and IV outside r=0.6h/wc. 
Inside this region the arbitrariness in the potential 
strength is represented by an adjustable core radius 
which is expected to lie in the range 0.3-0.5h/uc. The 
remaining arbitrary parameters of the theory are the 
coupling constant and the strength of the pair term in 
the meson-nucleon coupling. These two parameters 
cannot, however, be regarded as completely unspecified 
since the analysis of meson-nucleon scattering indicates 
that g?/4r~14-15 and the estimate of radiative effects 
on the pair term suggests the pair coupling is quite 
weak. The results of the evaluation are given in Table I 
for the deuteron ground state and for the singlet low- 
energy scattering. The evaluation in the triplet state 
was done for us by Professor J. M. Blatt and Dr. M. 
H. Kalos at the University of Illinois using the Iliac 
(Illinois Automatic Computer); the results for the 
singlet state are those of Taketani ef al.,!° who used a 
potential very nearly identical with ours for the singlet 
states. The results are given for two choices of the 
strength of the pair-coupling term, first unmodified 
from the perturbation value, and second with the pair 
terms negligible corresponding to the full strength of 
the damping. The agreement with the experimental 
values is considerably better in the latter case which, 
however, cannot be regarded as significant since the 
principal effect of the pair terms comes in the very 
uncertain region between r=0.3h/uc (the core radius) 
and r=0.6h/uc where the multiple scattering terms 
appear strongly. 

 Taketani, Machida, and Onuma, Prog. Theoret. Phys. (Japan) 
7, 45 (1952). 
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TaBLe I. Low energy parameters of the nucleon-nucleon system. The data for the triplet-even (deuteron) state is given for two 
values of the parameter \ which determines the strength of the pair coupling. \=1 corresponds to undamped pair formation; A=0 
corresponds to negligible contributions from pair formation. The singlet data (reference 10) is given tor \=0; the results are quite 
insensitive to the pair terms which give a net repulsive effect quite weak compared with the very strong central attraction. The param- 
eters are adjusted to give correctly the deuteron binding energy and the singlet scattering length. For comparison, the experimental 


values are O=2.73X10°* cm’, r,(tripiet) = 1.71 10-4 cm, and r,(singlet) = 2.7+0.5X 10-¥ cm. 


Triplet-even 
1 





g?/4er 19.5 

v* 3.43 X 107% cm? 
P y(%) ta 

Effective range 
Core radius 


15.4 


6.12 
1.93 10-8 cm 
0.300 1078 cm 


1.73X10°4% cm 
0.300 1078 cm 


Singlet even 


13.3 16.0 


2.83X 10°28 cm? 


2.10K10 8 em 
0.328 107% em 


2.585 107 em 
0.384 1078 cm 


*® Due to the method of integration used, these values for the quadrupole moment are not accurate to better than 5 or 10 percent 


It is interesting to note that the coupling constant 
which gives the correct fit to the nuclear force data 
agrees very well with the value of 15 deduced from the 
meson-nucleon scattering. The excellent overall agree- 
ment results in part from our treatment of the non- 
adiabatic terms as discussed in Sec. VI; other treat- 
ments!’:!'* have estimated these using the wave func- 
tion given by the g’ potential (therefore corresponding to 
an infinite expectation value of the kinetic energy) and 
found an effective fourth-order static potential which 
was very strong and repulsive, changing the sign of the 
central triplet even state interaction. The treatment of 
the nonadiabatic terms is not unambiguous; it is felt, 
however, that a correct estimate must be based at least 
on a reasonable wave function which reflects approxi- 
mately the known properties of the deuteron ground 
state. 


III. CONSTRUCTION OF THE POTENTIAL 


A. An Approximate Nonrelativistic Reduction 
of the Pseudoscalar Coupling 


The pseudoscalar coupling term which we shall 
consider is 


H y= ighystaVba- (1) 


This interaction is dominated in the weak-coupling 
approximation by nucleon-pair formation for which the 
matrix elements of the relativistic operator ys are of 
the order of unity. This feature of the coupling can be 
made more explicit by a variety of transformations® 
which exhibit more clearly the nonrelativistic features 
of the theory; the leading terms in powers of g which 
result are, in nonrelativistic approximation, 


Hy=h+hy, (2) 


where 


h=(g/2M)o-V(2-¢)p(r), hp=(g?/2M)¢’p(r). (3) 


Here p(r) is the nucleon source density. The first term 
is the usual nonrelativistic approximation to the pseudo- 
vector coupling; the meson-pair term arises from the 
creation and annihilation of a nucleon pair and appears 
to dominate the interaction since g™~15. 


“ua A. Klein, Phys, Rev. 90, 1101 (1953). 


It is evident from the observed interaction of pions 
with nucleons and scattering and production, which is 
predominantly in P states, that the strong S-state 
interaction which would appear to arise from the pair 
coupling term of Eq. (3) is rather unimportant. This 
suggests that for these phenomena at least the nucleon 
pair formation which gives rise to the pair-coupling 
term is suppressed. The explanation of this result has 
been given in a variety of ways: 

1. In the scattering of mesons the potential which 
arises from the pair term is strongly repulsive and of 
rather short range,* with the result that it gives rise to 
quite weak scattering. 

2. Drell and Henley’ have shown that in a nonrela- 
tivistic treatment of the pseudoscalar coupling, a ca- 
nonical transformation leads to a form of the theory in 
which the meson-pair term is very strongly damped so 
that the effective coupling is quite weak. 

3. Wentzel® has obtained exact solutions considering 
only the meson-pair term and has found that its contri- 
bution to both nuclear forces and meson scattering is 
strongly damped, the coupling constant g* of the pair 
term being reduced approximately by a factor 
[1+¢°/40 J". 

4. Brueckner, Gell-Mann, and Goldberger® have con- 
sidered the relativistic pseudoscalar theory and shown 
that the nucleon-pair formation is strongly damped by 
reactive effects associated with the strongly bound 
meson field. This differs somewhat from the results of 
the nonrelativistic theories in that the correct renormal- 
ization of the radiative effects shows that terms which 
do not involve nucleon pair formation are damped only 
weakly. The consequence of these considerations is that 
the coupling terms of Eq. (2) are better approximated 
by 


H y~h+([14+-3¢"/ 16? }"h,. (2’) 

These results suggest very strongly that the effects of 
nucleon pair formation are overestimated in the weak 
coupling treatment of pseudoscalar theory and that 
they may in fact play a rather unimportant role in the 
nuclear force problem, at least in the nonrelativistic 
region. It is felt that the various considerations (1 to 4 
above) which give the strong pair damping can be used 





1026 © BRUECKNER 


to estimate the effective pair coupling. We shall for the 
present leave the effect unspecified by writing the pair 


term as 


h,=d(g?/2M)¢*, (4) 


where A expresses the effect of the damping and is 
accordingly probably rather small. 


B. Formal Derivation 


The two-nucleon potential is obtained by using the 
methods recently proposed by the authors.® The effects 
of nucleon recoil on the potential will be neglected in 
the first approximation. The corrections due to this 
effect (i.e., nonadiabatic corrections) will be considered 
at a later state (Sec. VI). 

Using the methods of I, the potential is given as an 
infinite series of terms. The successive terms may each 
be classified according to the maximum number of 
virtual mesons present at We shall restrict 
ourselves to only those terms for which at most two 
mesons are simultaneously present in an intermediate 
state. This is a well-defined approximation and receives 
some justification when it is recalled that the ‘energy 
larger when more mesons are 


once, 


denominators” are 
present. 
In terms of the interaction of Eq. (2), the first term 
in the potential series is 
Vo=D.P.Ao, (5) 
where 


Ao Ke | h{ E -[]o— hy | 'h, (6) 


The first term of Ay contributes only to meson scat- 
tering; the second term gives both a nuclear force and 
a meson scattering contribution in which the virtual 
mesons emitted or absorbed by the linear coupling 
term / can be scattered by h,. The notation “D.P.” 
means taking just that part of the operator which is 
diagonal in meson occupation numbers; # and h, are 
defined by Eq. (3). Fo!tlowing again the notation of I, 
we define l’(e) and Uy(e) to be the nondiagonal parts 
(in terms of occupation numbers) of Ao which produce 
or absorb an even and an odd number of meson pairs, 
respectively. 
The second term in the potential series is 


V; = D.P.| Lolo (E—Io—Vo Uo(e)) 1Uo(o) }- (7) 


To make the evaluation of Eqs. (5) and (7) manage- 
able we shall now adopt one further approximation; 
that is, we shall consider 4, to be a small perturbation 
and develop the potential 

V Vot V; (8) 
in powers of /:,. In particular, we shall keep only terms 
linear and quadratic in /,. The validity of this pro- 
cedure depends on the assumption of strong damping 
of the pair term; i.e., on the parameter \ of Eq. (4) 
having a small value. 
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To facilitate a symbolic description of the terms in 
the potential we shall denote the creation of a single 
meson by an operator with a superscript “(+)” and 
the annihilation of a single meson by a superscript 
“(—).” Thus 4 and h~ represent the respective 
matrix elements of 4 for creation and absorption of a 
meson, respectively. 4, is bilinear in the meson-field 
variables, so we employ 


br, At, &,! : 


to denote the creation of two mesons, etc. 
Then we may write Eq. (8) as 


V=0(1p)+0(2p)+0,. (9) 


These terms are classified according to the degree to 
which /, occurs. Expanding Eqs. (5) and (7) in powers 
of h, and retaining only g’ and g* contributions in the 
small terms depending linearly and bilinearly on h,, 
we easily obtain: 


1 

) (+4) 
hy , 

a 


1 1 
ft, tO-f$H) +h 
a a 


h,' (10) 


. bp 


v(1p)=h' 


’ -—) (+)_ +) 
+hy' h h®, 
a a 


(11) 


—} 
hl a—-hO-h | h®, 


a 


a E—Hp. 


Vg- 


where 


The symbol a will be frequently used for brevity in 
what follows. The terms (1p) and v(2p) of Eqs. (10) 
and (11) can be easily interpreted since they have the 
usual form given by perturbation theory; v,!!> has a 
more complex structure and will be discussed in more 
detail in the next section. It is seen to depend only upon 
the gradient coupling term in the original interaction 
of Eq. (3). 

If we were to expand the operator La—h™ (1/a)h J 
and keep only the first two terms, then 

1 1 1 


VgorhO hh 4-fO-hO-hG 
a a a a 


h® 


(14) 


These represent the so-called second- and fourth-order 
contributions to the nuclear potential, as obtained from 
the gradient coupling. The terms given by Eqs. (10), 
(11) and (14) are evaluated and discussed in detail in 
Sec. IV. In the rest of the present section we shall 
consider corrections to Eq. (14) which result from a 
4b This modified fourth-order potential is identical with that 
derived in the Tamm-Dancoff method, restricting the maximum 
number of mesons present to two. (Added in proof.) 
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more careful analysis of Eq. (12). The reader who is 
not interested in the rather involved mathematical 
details of these corrections (which have been qualita- 
tively discussed in Sec. II) may turn immediately to 
Sec. V. 


C. Derivation of the Multiple Scattering Equations 
Returning to Eq. (12), we observe that 


u=h-(1/a)h™, (15) 
may be interpreted as a “potential” for the scattering 
of the meson which is produced by the first A“ in Eq. 
(12) and absorbed by the last /‘~. Indeed, v, may be 
rewritten as 


v=h@-w(1/ah™, (16) 


where w satisfies the equation 

w=1+(1/a)uw, (17) 
which describes the multiple scattering of the virtual 
mesons by the two nucleons. The form of the “po- 
tential” «“ can be made more explicit if we make use 
of the form of h, which is 


ith, 


where /; contains the field variables @ evaluated at the 
position z; of nucleon “t.” We then have 


(18) 


u=h,O-h,O+-h,O-hy 
a a 


1 1 
+ hy O-h,H+- ha hy, 
a a 


(15’) 


The last two terms contribute negligibly to the scatter- 
ing if the two nucleons are not close together, since they 
correspond to the absorption of the meson at one 
nucleon and the emission at the other. The first two 
terms of Eq. (18) we shall call «4; and wm, respectively ; 
they are the potentials for scattering the meson at 
nucleons (1) and (2). Dropping the last two terms, 
which will be discussed later in Sec. IV, we have 


w= 1+ (1/a)(u)4+12)w, 
which has the solution” 
w=1+(1/a)(twittw), 
w,=14+(1/a)towe, 
wo= 1+ (1/a)t wy. 


(17’) 


(19) 


Equations (19) represent a system of simultaneous 
integral equations to be evaluated in terms of the 
scattering matrices ¢; and f, for mesons from nucleons 
“1” and “2,” respectively. We can obtain 4; and ty by 
solving the auxiliary equations 

W,=1+4+ (1/a)m,W,, Wo=14+ (1/a)u.Wo, (20) 


12K. M. Watson, Phys. Rev. 89, 575 (1953). 
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which allow us to evaluate /; and fs in terms of a; and 
uo, since we have from the definition of the scattering 
matrices 

(21) 


Wi=1+(1/a)h, We=1+(1/a)to. 


Equations (20) and (21) describe the scattering of a 
meson by either nucleon and so represent a two-body 
problem (i.€., one meson and one nucleon). The solution 
to Eq. (17) is reduced to a solution of Eqs. (19) and 
(20). Having found ¢; and f2, the treatment of Eqs. (19) 
is made by the methods previously used by one of us. 


IV. SOLUTION OF THE MULTIPLE SCATTERING 
EQUATIONS 


A. Determination of the Matrices ¢, and ¢, 


We need consider only one of the two sets of equations 
in Eqs. (20) and (21) since these differ only by an 
interchange of the nucleon indices ‘1” and “2.” We 
shall therefore attempt to solve the equation referring 


to nucleon “1.” In a momentum representation, 


9 
y 


-(2r)* expli(q—q’)- 2 JL wwe F' 


(q' || q) 


XLwetwey }'Lor-qor-q’ }e:-Uye,-Uyt. (22) 


Here w,= (q’+n’)', etc., and #; and +; are the spin and 
isotopic spin matrices, respectively, for nucleon “1.” 
U, is the absorption operator for the meson with 
momentum q and U,’*, the creation operator for the 
meson with momentum q’ (these quantities are vectors 
in charge-space). We have neglected the energy of the 
nucleons in Eq. (22). We shall also neglect it in solving 
Eqs. (19) and (20). 

um; is diagonalized with respect to states of total spin 
and isotopic spin by means of projection operators. 


Ey=}[ie.-U,XU,++2] 
and (23) 
E,y= —}([in- U,xXU,*-1] 
represent the projection operators on to states of 
isotopic spin } and 4, respectively, for the single- 
meson single-nucleon system. When the meson is in an 
orbital P? state with respect to the nucleon, 


1 1 
Iy= (io, qXq'+2q-q' |, 


1 1 
y= -—- Lio, qXq'—q'-q| 
qq tar 


represent the respective projection operators on to 
states of total angular momentum 3 and }. 


Introducing 
gy oi 
.s 
4rl 3xM? 


BK. A, Brueckner, Phys. Rev. 89, 834 (1953). 


(25) 
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and using Eqs. (23) and (24), we can write Eq. (22) as 


, a qq’ 
(q'|u;|q)=- i. 


W,W.* 
Vgt’g 


expli(q—q’)-21] 


x Ahk, t EyF \—- 2kyF; me 2EyFy). (26) 

This permits us to decompose the Eq. (20) for W, 
into four separate equations for the four eigenstates of 
spin and isotopic spin. The coefficient of E,/4, which 
we may call ;(3, 3), in Eq. (26) is the strongest of the 
four potentials. We shall consider this state explicitly. 
The equation (20) for the (3, 3) state is 


1 aQ 
)| ko) =-—6(k— ko) + foe 


ky W 


(kK) Wi, 3 


exp[i(q—k)-2,] kg 


(q|W1(4, 3)[ ko). (27) 


[ ww, |} Wit We 
To solve this integral equation, we shall make the 
reasonable approximation of replacing we+w, by the 
larger of the two variables wy and wy,."* The resulting 
equation for W,(3, $) is 
(k| W1(%, 3)| Ro) = ko 5 (k— ko) 


t— Jenin, (30) 
Wk 7 


ak 
F | 
Wy, 


k dq ; 
m(t)= f (a1 Wid, 3) | Ao) exp(éq-an), 
0 Wk 


where 


(31) 


3 


ow dg : 
(b)=u f - 5 (a1 Wid, 2) 1 ho) expGq-2n), 
k Wh 


and @ is defined by Eq. (25). Differentiating these 
expressions for \; and A» with respect to k and making 
use of Eq. (30) for W,(3,}), we finally obtain the 
coupled differential equations: 


ad, ~|~ de 

=—|—+ 

dk w,? 

dd» ak*y Ay Ao 
aoe 


ko 
+—6(k—ko), 


Wo 


Wy M 
(32) 


Rou 
i h<-neniitind), 


Wo! 


dk 


welw,. pb 
with the boundary conditions that \, vanishes at k=0 
and that A» vanishes at the cut-off momentum kmax 
which is introduced to approximate the recoil effects of 
the relativistic theory and which is necessary to give a 
finite result. These equations can readily be solved 
numerically; the following approximate method which 
gives a closed expression for the scattering matrix is 

4A similar approximation is discussed by H. Bethe in Pro- 
ceedings of the Third Annual Rochester Conference on High Energy 
Physics. 


AND K. M. WATSON 

also useful. A detailed comparison of the numerical 
results with the approximate solutions shows agreement 
to within the accuracy of the numerical calculations. 
In the nonrelativistic limit, it is easily shown that 
general solutions to Eq. (32) are 


At = CotC ak®/5y3, 


where C, and C, are arbitrary constants. In the rela- 
tivistic limit, the solutions are: 


New O se, (33) 


ho= pall C; cosatk—C, sinadk ], 
hi: =C,[ sinatk— kad cosabk | 
+C,[ cosatk+ ka sina ], 


(34) 


where C3 and C, are arbitrary constants. The solutions 
which take proper account of the boundary conditions 
and of the delta function discontinuity at ky can be 
constructed from these. The two solutions for small and 
large k are then joined at k=y where both limiting 
forms have approximate validity. The resulting expres- 
sions are very lengthy but they take on a simple form 
in two limiting cases. If a! tan(atky,ax) is less than one, 
or equivalently, if 0<g?/4r<20, for kinax=M, then 
the scattering matrix 


Ar Ae 
ail +— 


Wer pb 


(k| t:| ko) = |esp(—ae-n) (35) 


is fairly well given (to within a factor of two) by the 
Born approximation result, 


1/w, 
1/wo, 


kko . We> Wo 
—_— Gee exp[i(ko— k)-z; |x 


[ww |! 


(36) 
We< Wo. 


This dependence on w, and wy» results from our approxi- 
mation to the energy denominator w+ w. 

If a tan(atkmax) is larger than one, then the largest 
term in the scattering matrix is approximately 


kko 
uti PN tan (atkmax), 
[ww |? 


(37) 


which can be very large if atmnax“~m/2 or, taking 
kinax=M, if g?/4er=32*/4=23.3. This value of the 
coupling constant is considerably larger than is com- 
patible with the observed pion scattering; in this case, 
Bethe and Dyson have found that g?/4r—~15. To verify 
this result for our approximate methods of solution, we 
have calculated the scattering of mesons on the energy 
shell and found that for g?/4m= 15, the resonance in the 
scattering occurs at somewhat less than 140 Mev, 
showing that this value of the coupling constant is 
consistent with our method of cutoff for high momenta. 
Accordingly, we can conclude that the Born approxi- 
mation result [Eq. (26)] is not qualitatively a bad 
approximation for the scattering. It is noteworthy that 
for somewhat larger values of the coupling constant 
than appear to be indicated by the scattering experi- 
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ments, the nuclear forces would show a remarkable 
deviation from the perturbation theory results since the 
scattering of the virtual mesons would then be very 
strong. 


B. Evaluation of the Multiple Scattering 


We have found that to a fair approximation we can 
take 


(K| ¢;| ky) = (k| ;| Ko), (38) 


as given by Eq. (26). With this result, we shall return 
to the multiple-scattering equations (19). These equa- 
tions are difficult to solve in general. Consequently, we 
shall make a number of approximations by which, it is 
felt, that we can obtain a qualitatively correct result. 
The first approximation involves our choice of the 
scattering matrices ¢; and f2. We have remarked that 
Eq. (38) seems to be correct to within a factor of no 
more than two over the momentum range, k, kyn< M. 
Actually, we shall not use Eq. (38), but another form 
[see Eq. (49) ] for the ¢’s. This latter form seems to be 
at least no worse an approximation than is Eq. (38). 

Our next approximation is connected with the fact 
that the integrals occurring in Eqs. (19) must be cutoff 
at high momenta if an unambiguous result is to be 
obtained. Since we started with an approximate inter- 
action [Eq. (2) ] which treats the nucleons as infinitely 
heavy, we cannot entirely remove these divergences 
by renormalization. On the other hand, we can identify 
and first remove the renormalization terms before 
introducing a cutoff into the theory. This seems quite 
reasonable and can easily be done. 

We first note that if the power series solution for w, 


1 1 1 1 
w= 1+-(4+t)+ (1 ty+ ly 6) Rows (39) 
a 


a ad ad 


is substituted into Eq. (16), characteristic terms such as 
11 


hy‘ —ty hyo 
aa 


(40) 


appear. These evidently describe a self-energy. On the 
other hand, such a combination as 
111 


ly ty hy 
aaa 


(41) 


includes a renormalization of the coupling constant, as 
is evident from Fig. 1. 


Fic. 1. Coupling-constant 
renormalization. The emis 
sion and re-absorption of the 
meson with momentum k’ 
leads to renormalization of 
the coupling constant for 
the emission of the meson k 
which is subsequently scat 
tered. 
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To remove the renormalization terms which can 
occur only in association with the first or last scattering, 
since the iteration f;a~'/,a~"t,- + + itself contains no such 
effects, it is only necessary to isolate the first and last 
scattering from the remainder of the multiple-scattering 
problem. For this purpose, we express w, and w, of 
Kq. (19) as 


w)= 1+G;;(1/a)ty + Gy2(1; a)le, 


42 
W2= 1 +Go,(1 /a)ty+Goe(1 /a)to. ( ) 


Substitution into Eq. (19) shows that 


Gx2= (1 ‘a)liGyo and Gyy= (1/a)tsGay, (43) 


where Gy. and G2, satisfy the uncoupled integral 
equations 
1 1 
Gi2= 14+-tyhGie 
aa 


1 1 
Go= 1+ ty toGo4. 
aa 


The solution of those equations of course involves no 
renormalization difficulties. 
When Eqs. (42) are substituted into Eq. (19) for w, 
there results 
os hb 3 1 


b+—tot+-hGir-be+-hGiete 
a a a a a a 


W- 1 + 


1 1 1 1 
+ bGoy ti+ boGo». to. 
a a a a 


(45) 


This form is particularly useful since, as required above, 
the first and last scatterings which are the only points 
at which renormalization effect can occur, are isolated 
from the rest of the multiple scattering. 

On substituting this equation for w into Eq. (16) for 
vy, we see that the self-energies are of the form of Eq. 
(40) and result from the second and third terms only on 
the right side of Eq. (45). The only renormalizations of 
g’ are of the form of Eq. (41) and can be removed if 
we express /; in terms of u, by using the identity 


1 1 1 1 
ty-hy = uy-hyO+4,-1,-h, 
a a aa 


(46) 


and carry out standard renormalization procedures on 
the divergent term 


(47) 


We return now to the general multiple scattering 
problem. The potential 


vy=h- w(1/ayh 


u,(1/a)h,. 


can be described as due to the emission of a meson by 
h‘*?, its multiple scattering between the two nucleons, 
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and finally its reabsorption by h™. After effecting the 
coupling constant renormalization, it is evident that we 
will obtain a similar expression, but one in which h‘*+? 
and hk are modified by radiative corrections. Also 
in this modified expression, a meson created, for 
instance, at nucleon “1” must be first scattered by 
nucleon 2,” 

For simplicity in obtaining numerical results we shail 
not include the radiative corrections to h™ and h™, 
as mentioned above (although this would present no 
particular difficulties). These give somewhat shorter 
range corrections and do not seem to be qualitatively 


etc. 


+) 


important. 

We may next [see Eq. (45) | divide v, into two types 
of terms: those for which the meson is re-absorbed by 
the same nucleon which originally emitted it and those 
for which it is reabsorbed by the other nucleon. The 
calculation of both types of terms is essentially the 
same, since in any case the solution to Eqs. (44) is 
involved. We shall first calculate the terms of the latter 
type and later return to those omitted. Then we must 
evaluate 

h,~ (1/a)4Gy2(1/a)(1/a)hy 


hy Go (1 ‘ayhy™, (48) 


(to which we must add the same expression with “1” 
and “2” interchanged). 

To determine G2; we must solve Eq. (44). Rather 
than to treat the states of spin and isotopic spin in 
detail, which is straightforward but exceedingly la- 
borious, we shall set the ¢ matrices for all the spin and 
isotopic spin states equal to the largest one [i.e., that 
for the (3,3) state |. This will presumably give us a 
reasonable upper limit on the magnitude of the multiple 
scattering effects. (We note that our final results would 
not have been qualitatively affected had we set all the 
submatrices ¢ equal to the smallest one.) 

On the basis of the conclusions of Part B of this 


section, we shall then set 


® k-ky 


(k| t;| Ro) exp[i(Ko—k)-2, |. (49) 


pe? [ WW |} 


The spin and isotopic spin matrices do not appear as a 
result of our setting the /’s equal for the spin and 
isotopic spin substates, as mentioned above. The func- 
tional form in Eq. (49) is chosen as a compromise 
between Eqs. (36) and (37), ® is taken to be inde- 
pendent of k and Ko and will later be assigned a magni- 
tude to correspond as closely as possible to the strength 
of the ¢ matrix for the (3, 3) state. 

With the choice (59) for the /’s, we can easily solve 
Eq. (44) exactly. We first obtain from Eq. (49): 


(«| : he ) 2n°* exp[ i(Ko-22—k-2z,) ] 
;*l 2 0 * 
| a | ue [wiwo}! 


x | k- kyl +ko- Rk-RR- 2N |. (50) 
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In this equation, R=2z;—z2 and 


1 dfe## dL 
D= | N=R—. 
RdRt R 


dR 
Substituting Eq. (50) into Eq. (43), we obtain 
2r*t* 


exp (ik -2;) 
wie 


(kK! Gey! ky) =6(k— ky) 


dq 
xf -exp(iqen.)[kL-+k: RRR-N) 


Wa 


-q(q|Gei| Ko). (52) 


exp(7q-Z2) 
A fo ; (q Go | ky )d*q 


q- 


Defining 


(53) 


[A appears implicitly on the right hand side of Eq. 
(52)], multiplying both of Eq. (52) by 
k exp(ik-z2)[w, }-', and integrating over k, we obtain 
an algebraic equation for A: 


sides 


exp(ikg-z2) 27°” 
A= ky + ; 
4 p® 


A: fren Rk- RR?) 
exp (zk- R) 
k ot ; 


Wy 


9 
af),- 
U'k 


Since L and JN are functions only of R, the & integral 
is readily evaluated in terms of the derivatives of 
e #®/R. Solving Eq. (54) for A and substituting this 
into the right-hand side of Eq. (52), we obtain 


; exp[i(Ko- 22 k-z;) | 
(k| Goi! Ky) =6(K—ky) +n 


on), 499) 
Wy? Wy 


AL+N 
x | kkod + k-Rky- RR ( i 


nb? by 7! 
HT 
we L Mi 


N= 2n'nR?N[2L+N]. 


1—d 


and 


We obtain the nuclear potential »™ on substituting 
Eq. (55) into the second of Eqs. (48). The integrals are 
easily done. For the central potential of the deuteron 
state (i.e., the spin triplet, isotopic-spin singlet state), 
we obtain Eq. (48) has to be multiplied by a factor of 
two, since we must add to that equation the one 
resulting from an interchange of the two nucleons: 


tive y ie 
SG) 
4r\2M uR 


2NL+AL?+ N? 
( dshecal ~)in+a)]}. (58) 
i i—d 
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To choose ® to agree as well as possible with Eq. (26), 


we have taken 


= (27)-*(u?/4.M") (uR)g?. (59) 


The factor uF is inserted to correct for the factor 
2u/(wet+wo) which was dropped from the (correct) 
form of Eq. (36) in Eq. (49). This is, of course, only a 
qualitative correction for the lost factor. On the other 
hand, were we to use the functional form (37) for the 
matrix /, we should have set (uR)=1 in Eq. (59). In 
any case, the presence of the factor (wR) does not 
greatly modify our conclusions concerning the strength 
of the multiple-scattering corrections. This results from 
the fact that the multiple-scattering corrections become 
important so rapidly at small distances that their 
importance seems to be qualitatively unaffected by the 
details of the calculations. 

We observe from Eq. (58) that the multiple-scattering 
effects appear as an additive correction to the g* 
potential, e~“"/uR (starting with a term of g*). Their 
importance is indicated in Fig. 2, where the g* potential 
is compared with Eq. (58). The multiple-scattering 
corrections become important at wR=0.8 for g’?/4ar= 15. 
The importance of the multiple-scattering correction 
seems to be due to the singularity of the gradient 
coupling. To show this, we have everywhere in Eq. 
(58) replaced e~4#” by (e-4#®—e *#"), The importance of 
the multiple-scattering corrections is indeed reduced, as 
is indicated in the dotted curve of Fig. 2. For convenient 
comparison, the modified vo has been multiplied by a 
factor e #*(e4®—e*#")-1, The result is the dotted 
curve in Fig, 2. 

The actual importance of the multiple-scattering 
corrections in Eq. (58) have been considerably over- 











4 
'.O 





Fic. 2. Multiple-scattering corrections (starting as g®) to the 
second-order potential. The dashed curve indicates the depression 
of the multiple scattering if radiative effects tend to decrease the 
singularity of the meson coupling. V2 is taken to be e BR IR. 
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Fic. 3. Multiple-scattering corrections (starting as g®) to the 
second- and fourth-order potentials, The notation is the same as 
in Fig, 2 


estimated in Fig. 2. This is due to our neglect of the 
fourth-order terms in the potential series, which is 
calculated in the next section. In Fig. 3 we present a 
comparison of the second order, the second plus fourth 
order, and the second plus fourth order plus the 
multiple-scattering terms (the latter, beginning with a 
sixth-order force term) for the central-force deuteron 
potential, 

It is seen from Fig. 3 that for wR>>1 the second-order 
term predominates, while for wR<1 the higher-order 
terms are of more importance. However, the corrections 
to the fourth-order potential are not qualitatively 
important for pR>0.5. This is somewhat reassuring, 
especially when we recall that we have set the matrices 
‘ for the four states of spin and isotopic spin equal to 
the largest. On the other hand, had we set all the ?’s 
equal to the smallest, the multiple scattering would 
have become predominant for wR=0.4. 

The results of Fig. 3 seem to be quite reasonable. 
The importance of higher-order corrections appear to 
set in at progressively smaller distances. However, for 
uR<0.5 we conclude that the power series expansion 
must break down completely. For .R>0O.5 the sum of 
the second- and fourth-order potentials appears to be a 
valid approximation to the actual potential. 

In this connection, the dotted curve of Fig. 2 suggests 
that if radiative corrections to the individual scattering 
processes should cut off the singular integrals which 
have been encountered, the expansion in terms of meson 
exchanges might be valid to somewhat shorter distances. 
Unless such a cutoff should occur, we conclude that a 


power series expansion of Eq. (58) is quite misleading 
(and divergent) for uR<0.5. 
We must now say something about the terms which 
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have been omitted in our calculation of Eq. (58). 
Besides the terms (48) which we have calculated, there 
are also terms of the form 


vy?) = fy! Gy, fa)h,y = hy! (1/a)teGo,(1/a)h,, 


etc. The lowest-order correction to the curves of Fig. 3 
which are obtained from this type are of O(g*). The 
multiple-scattering corrections are the same as before, 
since the same matrix G.; again appears. Because of 
the qualitative nature of our calculationsof the multiple- 
scattering effects, there seems to be no point in explicitly 
calculating these latter terms. 

We finally return to the two terms dropped in Eq. 
(15’) for the potential «. To estimate the importance 
of these, we have set 


hy (1/a)h, 


and have calculated w [Eq. (17) ]. Approximations 
similar to those already used were made. The resulting 
potential had a form very similar to that of Eq. (58). 
It was somewhat smaller in magnitude, but probably 
not significantly so. 

It seems safe to conclude that in no sense have we 
obtained quantitative corrections to the fourth-order 
potential. On the other hand, we have seen the effects 
of higher-order meson exchanges set in at progressively 
small distances. It seems likely that in the region 
uR<0.6 the power series expansion breaks down com- 
pletely. Outside this region it is not unlikely that the 
second plus fourth-order potentials may provide a 
reasonable approximation to the two-nucleon potential. 


U= U3 


V. EVALUATION OF THE g? AND g‘ CONTRIBUTIONS 
TO THE POTENTIALS 

Neglecting higher-order multiple-scattering contri- 
butions, as discussed in Sec. IV, we now evaluate the 
potential V of Eq. (9) using Eq. (14) for v,. The terms 
of order g* and g‘ in v, are denoted by v2 and 1%, respec- 
tively. The diagrams representing these potentials are 
given in Fig. 4; the explicit potentials are 


21° Te ether 


fovkosk @k, 
(29) Ww” 


O\(g2/2M)? pd®kdk’ 
f eters) +6 


(2r)® 2 


ww? 
3d? (g?/2M )? PRB’ 
oe pabvasiesinns ett kor 
b] 
(21)® ww’ [w+w | 


(¢/2M)* pd*kdsk’ 
= f ei (eth or 


apreagy’ 
ae 


2M)? 
v(1-pair) 


v(2-pair) 


(60) 


241° %2 
+) x (ek) 
wt+tw 
3 
to, kxXk’o.- kx ( 
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In these results we have not included the radiative 
corrections to the g* potential since explicit evaluation’® 
shows that they are very small. 

The evaluation of these integrals is straightforward ; 
details are given in the appendix to reference 15. We 
find, with B=y[u/2M }¢*/4n, 


3+ 3x42? e* 
v2= 1 B21: te 1° 02+ , Si[— 
: Ee 


ge yitey 
= 61 OX \( o 
| 472M x? 


v(2-pair) = 


v(1-pair) 





45-++12x° 
K (2x) 


| i514 Son (20 } 


(i +-x)Ko(x)e~* 


-(3— 221° 


where S}2.=3(0: 102: 1r/r?)—o;:o2. The result for v4 has 
been previously obtained by Taketani, Machida, and 
Onuma"” who, however, used the S-matrix theory to 
obtain the potential and did not include the terms in 
Ky(x) and K,(x). This resuit arises from a different 
treatment of the nonadiabatic correction to the g? 
potential; as discussed in detail in the next section. 


16M. Lévy, Phys. Rev. 88, 725 (1952). 
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The potential which results from the formation of 
one or two nucleon pairs in intermediate states is 
plotted in Fig. 5 for various values of \. It is weak 
for r>h/uc and becomes repulsive and strong for 
r<0.8h/uc. It is remarkable that the effect of changing 
\ from 1 to 0.2 is relatively small, having only the 
effect of slightly shifting the point at which the repulsion 
sets in strongly. This result differs markedly from 
previous results which did not take into account the 
effects of formation of one nucleon pair which give 
a strong spin independent repulsive potential, nearly 
cancelling the central attractive term resulting from the 
formation of two pairs.'® 

The contributions to the potential resulting from no 
pairs, i.e., those given bythe linear nonrelativistic 
coupling @-Ve-¢, give (Fig. 6) for even states a strong 
attractive singlet force, a weaker triplet force, and a 
strong tensor force of the correct sign which however 
changes sign at small distances. The central repulsion 





| 
a 
| 


V(2 Pairs) 








(1 Pair) 





Fic. 4. Contributions to the various potentials. The time 
sequence of emissions and absorptions is indicated by the direc- 
tions of the arrows. 


associated with single-nucleon pair formation also gives 
a repulsive core which is dominant at small distances, 
r~}h/uc. For the odd states (Fig. 7), the singlet force 
is repulsive and very strong; the triplet force is weak 
and attractive; and the tensor force has a sign opposite 
to that in even states at large distances but changes 
sign at r~0.6h/pc. 

This very complicated result for the potential prob- 
ably has an approximate validity in the non-relativistic 
region, for r>0.6h/uc. It is very likely, as discussed in 
Sec. IV, that higher-order effects such as the strong 
multiple scattering of the virtual mesons which seems 
to set in at r~3h/ye will radically modify the potential 
in this region. It has become customary to approximate 


16 The large corrections to V (2 pairs) which have been found 
here seem to be in qualitative agreement with the S-matrix 
calculations of K. M. Watson and J. V. Lepore, Phys. Rev. 76, 
1157 (1949), using the pseudoscalar coupling. This can be seen 
from Fig. 3 of that paper, where V (2 pairs) was referred to as 
the “nonrelativistic” approximation. 
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Fic. 5. The total-spin and isotopic-spin independent potential 
arising from the creation of one or two nucleon pairs in inter- 
mediate states. The parameter \ measures the extent of the 
damping of pair formation; A\=1 corresponds to no damping. 
g?/4m has'been taken to be 15. The ordinate is in units of 
(g?/4m)[(e/2M Pu=11.8 Mev. 


these effects by a repulsive core at small distances; it 
seems however that although this may be the correct 
qualitative behavior, the effective radii of repulsion may 
be different for all six potentials. The matching of these 
results to experiment should also be attempted only at 
low energies where the nonstatic effects, such as the 
strong increase in the scattering of the virtual mesons, 
are small. 





Fic. 6. The sum of potentials for even states which do not 
involve nucleon pair formation. The ordinate is in units of 
(g2/4m)[(u/2M Pu=11.8 Mev. 





BRUECKNER 





Fic. 7. The sum 
of potentials for odd 
states which do not 
involve nucleon pair 
formation. The or 
idnate is in units 
of (p? ‘4r) [gu ‘2M Pu 
=11.8 Mev. 








VI. NONADIABATIC CORRECTIONS TO THE 
SECOND-ORDER POTENTIAL 


It was originally pointed out by Levy'® that a certain 
type of velocity-dependent corrections to the second 
order potential can be expressed as static corrections to 
the fourth-order potential. In the case of the pseudo- 
scalar theory, if recoil is taken into account in evalu- 
ating the energies of the intermediate states, one obtains 
for the second-order potential in momentum space: 


f° a, koo-k 
(p, k) 2\°% 


®) ~ OZ) 
1M? w,[ w, + E54 Ee k KE) 


Here FE is the energy eigenvalue (in this case the 
deuteron binding energy) and £, and E,-, are the 
nucleon kinetic energies for momenta p and p—k. The 
nonadiabatic terms in this potential, which appear 
through the explicit dependence on the nucleon mo- 
menta, can be separated if we write 

V2 (p, k)=V,(k)+6V (p, &), 
where the static potential is 

V2 (k) = — (¢2/2M) 2): 22001 ko kl 1/w,? |, 

and the velocity dependent correction is 

g° oykes-k] F,y+kh pik 


5V (p, k) T° Ty 
$M? Uy; , Wy, + 


(63) 


(O64) 


(65) 

Et OP k E 
To express this correction in terms of a static po- 
tential, using the method of Lévy, Klein" makes use of 
the nonrelativistic Schrédinger equation in momentum 


Boo) 


space: 
p 
M 


"5 (k)+46V (p, k) ]e(p—k)d*k, (66) 
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which determines the wave function ¢(p) correct to 
second order. If 6V is treated as a perturbation, the 


relation 


[E,tEp1—Elb(p—b) 
~fv. »(k')e(p—k—k’)d*k’ (67) 


can be used to eliminate the momentum dependence 
from 6V. One then finds 


é 
_M 


—f wipmf v.° (k)p? (p—k)d*k 


V.° (k)b(p—k—k’)d*kd*k’ (68) 


1 
- fre (k’) 
Ws 


where the second term, arising from the velocity de- 
pendent 6V, is now expressible as a static potential. 
Further investigation of this term shows that it gives 
rise to a very strong repulsive central force in the 
triplet even states, in fact changing the sign of the 
potential, and leads to rather unacceptable results for 
the deuteron ground state. 

This method of approximating the nonadiabatic 
terms is, of course, valid only if they are in fact a small 
correction since only then is the above iterative pro- 
cedure valid. The correction is, however, not small; its 
importance can be traced to the predominance of high- 
momentum components in the wave function $(p) 
determined by Eq. (66). This is a consequence of the 
singularity of V,°> of Eq. (64) which in coordinate 
space has a singularity of 1/r’ with the result that (p) 
is a collapsed state with an infinite expectation value 
for the nucleon kinetic energies. An estimate of the 
velocity dependent corrections based on Eq. (66) is 
therefore probably erroneous.'7 

As an alternative procedure which does not make 
this possibly incorrect treatment of 6V of Eq. (65), we 
have evaluated the velocity dependent terms making 
use of the entire static potential (second and fourth 
order and phenomenological repulsive core) to deter- 
mine the wave function. This wave function is well 
behaved; the expectation value of the nucleon kinetic 
energies is quite low so that velocity dependent cor- 
rections should be small. The procedure we have fol- 
lowed therefore has been to neglect the velocity-de- 
pendent terms in v2 and 14, to evaluate the problem 
using the static potentials, and finally to determine the 
velocity-dependent corrections using the correct wave 
functions. 

We have found empirically that an excellent fit to 
the tabulated wave function resulting from the numer- 
ical solution of the deuteron problem is (for the S-state 

174 similar conclusion has been reached independently by 
Fukuda, Sawada, and Taketani (private communication). 





NUCLEAR FORCES IN 


alone) 


f 1 
y(r)= —[4arp | Te (r—-r0)/rD— g-8(r—r0 “(-) 


7 r 
for r>ro 


0 for r<ro, (69) 


where 79 is the core radius and rp=h{ ME}- is the 
deuteron radius. In evaluating the velocity dependent 
correction 6V of Eq. (65), we have not considered the 
small D-state admixture. For the ground state of the 
deuteron, explicit evaluation then gives 


(6V)y~—0.11 Mev, (70) 


which is to be compared with a 20-Mev expectation 
value for the static potential. The velocity-dependent 
corrections therefore would modify the potential by 
less than 1 percent, and presumably have little effect on 
the solutions. 


VII. CONCLUSIONS 


We have seen that it is possible to derive a nucleon- 
nucleon potential, working entirely with a nonrelativ- 
istic approximation to the pseudoscalar meson theory, 
which gives a quantitative description of the low-energy 
properties of the two-nucleon system. The principal 
difficulties of the analysis concern the closely related 
questions of convergence of the potential expansions 
used (S matrix, non-covariant perturbation theory, or 
the method used in this paper) and the treatment of 
radiative corrections. We have depended rather strongly 
on the suppression of nucleon pair formation by radi- 
ative effects; the contributions to the potential from 
pair formation in high order calculated without taking 
into account such effects otherwise tend to be so large 
as to invalidate the power series expansions usually 
used." Radiative effects associated with the low- 
momentum components of the meson coupling are, 
however, small so that they do not modify appreciably 
the potential (which arises from the low-momentum 
components) in the nonrelativistic region. In this region 
[r>0.5h/uc] our investigations have also shown that 
the expansion in powers of the coupling constant con- 
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verges fairly well in that multiple-scattering corrections 
which start as g* are not important corrections to the 
g’+g¢' potential. We also have found that nonadiabatic 
effects are small, principally because the mean kinetic 
energies of the nucleons in the deuteron are low. 

We have also concluded, however, that the potential 
expansion breaks down quite rapidly as r becomes less 
than 0.5h/uc as streng multiple scattering of the virtual 
mesons sets in, the precise value of r depending on the 
effect that radiative corrections, for example, have on 
the high-momentum components of the coupling. The 
treatment of this region is probably best left phenome- 
nological ; the uncertainties are most simply represented 
by the insertion of the adjustable core radius. 

In most of these conclusions we are in qualitative 
agreement with the comments of Lévy'® who also 
considered pseudoscalar theory, although the potential 
which he derived omitted several terms of importance 
at least equal to those which he retained. Our work is 
also closely related to that of Taketani ef al.,!° which 
differs principally in the treatment of the nonadiabatic 
corrections to the potential (which they found to be 
very important), but also in that they considered 
pseudovector coupling. Our conclusions are somewhat 
more optimistic than those of Klein" who also con- 
sidered pseudoscalar coupling, principally because of 
the difference again of his treatment of the nonadiabatic 
terms and because of his estimate of the predominance 
of the contributions to the potential associated with 
nucleon-pair formation in high order, This estimate is 
very sensitive to the extent to which radiative correc- 
tions are taken into account; these were, however, not 
considered by Klein. 

Finally, we would like to remark that it is at least 
possible to conclude that the nuclear potentials given 
by pseudoscalar meson theory, with the only freely 
adjustable parameter being the core radius (the coupling 
constant being fixed to within a small range by other 
experiments), give a remarkably adequate determina- 
tion of the six parameters which characterize inter- 
actions of nucleons at low energy. 

The authors are indebted to Drs. S. Drell, E. Henley, 
M. Ruderman, and A. Klein for very stimulating and 
useful discussions of this and related problems. 
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The nucleon-nucleon potential from meson exchange is related to a matrix describing the scattering of 
virtual and rea’ mesons by nucleons. This meson-nucleon scattering matrix is calculated for p-wave mesons, 
using the model of Chew, which approximates experimental phase shifts for real mesons. The corrections to 
the g? and g* perturbation theory nuclear forces are evaluated. States involving the simultaneous existence 
of three or more mesons, none of which are absorbed by the same nucleon that emitted them, have been 
omitted in this treatment. Comparison of these and other results implies that this neglect is unjustified. 


INTRODUCTION 


N understanding of the nucleon-nucleon potential 

depends upon a correct description of the 7-meson 
nucleon interaction. The analysis of recent meson- 
nucleon scattering experiments yields information on 
the behavior of free mesons and nucleons. The scatter- 
ing of virtual mesons, which enters in an important 
way into nuclear force calculations, can be extrapolated 
from these experiments only for a specific model. 

Perturbation theory fails to account for important 
features of the large p-wave real meson scattering. In 
particular the observed dominance of the scattering in 
the isotopic spin 3/2 state is absent. Chew! has sug- 
gested an approach which gives a scattering of free 
p-wave mesons in fair agreement with observation. In 
the spirit of this calculation we have investigated the 
nuclear force which results from the p-wave interaction 
of virtual mesons. 

Section I is a demonstration of a relation between a 
nucleon-nucleon scattering matrix, which can be com- 
puted by the standard Feynman?-Dyson! prescriptions, 
and the nuclear force. In Sec. II we relate this nucleon- 
nucleon scattering matrix to the scattering of real and 
virtual mesons. Section III treats the scattering of real 
and virtual p-wave mesons by nucleons. Section IV 
gives the explicit results for the nuclear force calcula- 
tion. The difference between these results and those of 
Watson and Brueckner* are discussed. 


I. RELATION OF POTENTIAL TO NUCLEON-NUCLEON 
SCATTERING MATRIX 


It is convenient to work with a scattering matrix 
for the two nucleon system which can, in principle, be 
calculated by the Feynman-Dyson techniques. In this 
section we derive a prescription for calculating the 
nuclear potential from this matrix. 

We consider two free nucleons in the center-of-mass 


- 


system, whose momentum energy vectors are (po, Eo) 
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3F, J. Dyson, Phys. Rev. 75, 486, 1736 (1949). 

*K. A. Brueckner and K. M. Watson, preceding paper [Phys. 
Rev. 92, 1023 (1953) ]. 


and (—po, £y). The standard Feynman-Dyson rules 
give a power series expansion of the matrix element 
for the scattering of these nucleons into the states 
(pi, Zo). Let this scattering matrix (whose leading term 
is proportional to g*) be R(py, po). 

Since we shall be concerned only with nonrelativistic 
nucleons, we have Ey= M+ p.?/2M. The & matrix is 
calculated for a scattering from pp to any momentum 
p:, but the same fourth component Eo(p:? po”). 

Let V(p’, p) be the solution of 


V(p’, p)=iK(p’, p) 
hee M 
~i fav V (P,P) 
| dies 


and ¢(p, £) a solution of 


—R(p", p), (6) 
+16 


9 


i , . tie , , . 
( "Eo E)= f dp'V(p, p’)6(p’, E). (7) 


A solution of (7) for E= p,?/M is 


M 
¢(p)=4(p— po) +——— 
p’— po +16 
The spin indices have been suppressed for initial and 
final states, but introduce no complication. &(p, po) 
has been constructed to give the correct amplitude for 
the scattering when p*=/,*. Therefore, for a given 
angular momentum state the solution (8) has the 
asymptotic form in coordinate space: 
V(r 20 )~V 1 m(0, o) (kr) Lexp{ —i(kr— (/+1)x/2} 
+S(k, 1) exp{i(kr—(l+1)x/2}]. (9) 
S(k, 1) is the Heisenberg S matrix’ for the angular 
momentum /. [If the spin indices are included Eq. (9) 
holds for singlet states, and there is an analogous ex- 
pression in terms of m, J, and S(k, J) for triplet 
states. | If S(k,/) can be analytically continued as a 
function of & to the negative imaginary axis, bound 
states correspond to zeros of S.6 When S=0, 


(r+ )~(|k/ 7) exp(— [RI 1). (10) 


5W. Heisenberg, Z. Physik 120, 513, 673 (1943); C. Moller, 
Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 23, No. 1 
(1945), 

®C. Moller, Kgl. Danske Videnskab. Selskab, Mat.-fys. Medd. 
22, No. 19 (1946). 


t(D, Po). (8) 
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Therefore, where a zero of S(—ik’,1), k’>0, corre- 
sponds to a bound state, solutions of Eq. (7), which are 
asymptotic to r-'exp[—r(M|E})'], give the energy 
levels of the bound system.’ The Schrédinger Eq. (7) 
then gives a correct description of scattering and bound 
states when V(p, p’) is a sufficiently short range po- 
tential. In the following the nucleon-nucleon potential 
is, therefore, taken to be V(p, p’) as defined by Eq. (6). 

The Feynman-Dyson prescription gives ®(p1, po) as 
a power series in g’, where g is the meson-nucleon coup- 
ling parameter. In practice this series is approximated 
by including only a finite number of terms. If ® in- 
cludes terms up to g’™ only, it is not sensible to solve 
for V in Eq. (6) to a higher power than 2m. 


II. NUCLEON-NUCLEON AND MESON-NUCLEON 
SCATTERING 

The range of the nucleon-nucleon interaction de- 
pends upon the number of mesons exchanged between 
nucleons. We shall consider only those terms in the ® 
matrix where at most two mesons are exchanged al- 
though a meson may be scattered an arbitrary number 
of times by each nucleon. In general, these scatterings 
have only a slight effect upon the range of forces. The 
correction to the nuclear potential from these multiple 
scatterings can be expressed in terms of the matrix 
element for meson-nucleon scattering : 


(11) 


see Fig. 1(a), where (ko, wo) and (ki, w:) are the 4- 
momenta of the incident and scattered meson, re- 
spectively. (Eo, po) and (FE), p;) are the 4-momenta of 
the incident and scattered nucleon, and @, is the Pauli 
spin operator which acts on the incident nucleon spin 
wave function. Four-momentum conservation gives 


FE; = Ey + WoW 


1(Ca; E1, Pi; EB), Po; “1, ki; wo, ky) 


(12) 


and 


pPi= Pot+ ky— ki, 


but none of the 4-momenta are assumed to be those of 
free particles. 

In terms of Eq. (11) the R® matrix for the exchange 
of two mesons [see Fig. 1(b), (c) ] is 


isi \* 
R® (pr, po) = — ( ) fro Eo, Pi; Lo, Po; 
2\ 2x 


w, k; w, pi— pot k){r (on; Eo, — pr; £0, — po; 

—w, —k; —w, — pit po—k)+r(o; Fo, — pr; 

Eo, — po; @, Pi— pot k; w, k)} (w?— k?— pw? +26)" 

X<[w*— (pi— pot k)’— w+ 16 | 'dkdw. (13) 

GR” (pi, po), the nucleon scattering amplitude when 
only one mesons is exchanged between different nu- 
cleons, can also be expressed in terms of Eq. (11). 
However, it is necessary to give an explicit form to the 
coupling between meson and nucleon fields. If, for 
~ TR. Jost and W. Kohn, Phys. Rev. 87, 977 (1952). 
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(P, Eo) (-R. Eo) 
/ \ 


(P,,€,) (K, ,w, ) 


O--.30 
| 


ty } a 
/ i 
(d) (e) (f) 


Fic, 1. (a) Representation of meson-nucleon scattering matrix; 
(b) and (c) contributions to the nucleon-nucleon scattering matrix 
in terms of (a); (d) lowest-order meson nucleon interaction; 
(e) and (f) all corrections to (d) expressed in terms of (a). 


example, this is taken to be (g/u) SY*o-V>_ "Pir. pdr 
for symmetrical pseudoscalar mesons, then 


KR" (pi, po) = — | (¢/p)Ga° Kota do 


— (g/p) (27) tf dw'dh'on bee 
Xr(oa; ta; Lo, pr; Lo, po; w’, k’, 6’; 0, Ko, do) 
xX (w?— k? — p?+ 15)" (po’y’+ ko’y’— ky’ — M) 


pi] 
(14) 


[as above, with a—b, ko—— ko, po—— po, Pr 
x (ke + 1?) - 


where ko=pi— po, and ¢ is a unit vector in charge 
space, specifying the charge of the meson. 

The simple meson-nucleon interaction Fig. 1(d) is 
corrected in Eq. (14) by terms represented by Fig. 
1(e). Contributions from Fig. 1(f) have been omitted 
since they are the interactions of a free nucleon (Ep 
= M+ po?/2M) with its own meson field, which should 
be cancelled by a proper renormalization program for 
the free nucleon properties. Similar terms from Fig. 
1(e), which are included in Eq. (14), will also be can- 
celled. (Appendix IT.) 

From Eq. (6), the potential is given in terms of Eq. 
(13) and Eq. (14) as 


Yu Vos ym, 
Vo = iR” (pi, Po), 


V®=iR® (pi, po) 
M 
+ f apa (pi, p)- —R (p, po). (15) 
p’— por +t6 


In general, for infinitely heavy nucleons, V®? is real 
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and finite although ®® is infinite, even for a renor- 
malized meson theory. V") and V® are series con- 
taining all powers of g?, but correspond, respectively, to 
the exchange of only one and two mesons between two 
nucleons. 


III. SCATTERING OF REAL AND VIRTUAL MESONS 


In this section we derive an approximation to the r 
matrix for the scattering of real and virtual mesons in 
the limit of infinite nucleon mass. 

In perturbation theory, the r matrix for the scattering 
of p-state mesons symmetrically coupled to nonrela- 
tivistic nucleons is 


go-kya- koe: $12 $0 
-~*¢ 


re 
Be Wo 

g’ a-kyo- ky 2-dot- ds 

+i- — ——, (16) 
we Wy 

where $) and ¢; are unit vectors in charge space specify- 
ing the charge of the incident and scattered meson. 
Equation (16) is valid for virtual mesons, where w,’ 
Hk?P+u? and we’A~k?+yu*. Important higher-order 
effects can be computed by treating Eq. (16) as the 
Born approximation scattering from a meson-nucleon 
potential. The higher-order terms which are then in- 
cluded involve intermediate states which may have 
energies close to that of the incident meson and so can 
give large contributions. The sum r of all order scatter- 
ings from this potential satisfies the integral equation: 


r(o; %; $1, W1, ki; $0, Wo, Ko) 
g o- kyo: kot: di -¢0 go koo- kit- dori 
wa Lj 


9 9 


w Wo we Wy 


revi? o-kyo-ke-¢i2-¢ 
-+- ( ) fet 
pw’ \Qr 2wi'y (Wo— w+ 1) 


gi’ 
Xr(o; 7; ¢, W, k; do, Wo, ko)+ ( ) fat 
w\ Qn 


o-ko-k\<-dt-¢; 
2w (u ow W i+ ib) (wo— w+ 16) 


Xr(o; 2; 9,0, K; $0, wo, Ko). (17) 


Since the nucleon is fixed in space, the dependence of 
ron pand E£ is suppressed. The dependence of r on the 
charge of the mesons and nucleon, omitted from Eq. 
(11), is included in Eq. (16). w; and wo are fixed pa- 
rameters unrelated to ko and ky, but w= k?+p?. 

The r matrix defined by Eq. (17) is the sum of the 
scattering represented by Feynman diagrams (a) and 
(b) of Fig. 2, and by arbitrary combinations of itera- 
tions of (a) and (b) such as (c), (d) and (e) of Fig. 2. 
Before a solution is attempted for all angular momentum 
and isotopic spin states certain mass and charge re- 
normalizations will be performed, which alter parts of 
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(d) 
Fic. 2. (a), (b) Feynman diagrams for meson-nucleon scatter- 


ing in lowest order perturbation theory; (c), (d), (e) higher order 
terms included in Eq. (17) 


Eq. (17). For this purpose it is convenient to separate 
the matrix Eq. (17) into four integral equations for the 
scattering amplitudes ry’, with J=1/2, 3/2 and /=1/2, 
3/2 giving, respectively, the total angular momentum 
and isotopic spin for the meson-nucleon system. Then 
r= (Ae: kyo: ky + Bo: kyo ky) (41> 6: 20° 60) 


+ (¢ vw: k\o- ko + De- kyo: k,) (20° b0t1° $1), (18) 


where 
A =r33/12+93'/6+973/6+91'/3, 


B=r3/44+r,3/2, 
C=r3/4+r3'/2, 
D = 373°/4, 


From Eqs. (17), (18) and (19) 


4g 4g 1\3 
r3°(wi, Wo) =1- ? tT : ( ) 
3w yy? Ss Vs Qn 


kdk 
0 — 
2w (wy— w— W1+ 16) (Wo—wt id) 
2 8 


r3(wW1, Wo) =13'(w1, Wo) = —71 


r3>(w, Wo), (20) 


3 wy? 


2 £( 1 yf R'dkr;!(w, Wo) 
3 Vg Qn 2 (wy — w— w+ 18) (wo—w+i5) 


> 


32" g° 1 3 
r1'(wW1, Wo) = —1 +3 ( ) 
wy p?\2r 
kdk 
xf — ri(w, Wo) +4 
2w (wp— w+ 15) wo 31 


e744" k'dk 
40) eerste 
3 \ 20 2w (wo—w+ 18) (Wo— w— W1 + 16) 


Xr! (w, Wo). 


(21) 


(22) 


The potential obtained from Eq. (16) is sufficiently 
singular that Eqs. (20)-(22) have no sensible solution. 
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If, however, Eq. (16) is assumed to vanish for k> Rinax, 
then solutions do exist.® 

The quantities r;%, 73'!, and r;° contain contributions 
from Feynman diagrams of type (b) and (c) Fig. 1 
only. On the other hand, r;' arises from a variety of 
different kinds of Feynman diagrams [ viz, Fig. 2 (a) 
(d), (e)], parts of which involve nucleon mass and 
charge renormalization. 

To apply the renormalization prescriptions to r;', 
Eq. (22) it is convenient to neglect the two terms with 
coefficient 4 next to those with 3 and later to introduce 
them as a perturbation. The solution of the resulting 
integral equation represents the sum of diagrams of the 
type (a) and (d) of Fig. 2. [After renormalization this 
sum corresponds to the replacement of Sp by Sp’ in 
Fig. 2(a). ] 

The self-energy of a free nucleon of infinite mass, 


e/1\3° ckdk 

3- a, 

uw’ \ Qn Qu)" 
Therefore, the nucleon mass M, in terms of the ob- 
served mass M,x,, is given by 


3¢°/1\° p#dk 
M=Meyp- ( yf 
ww Jw? 


If the Hamiltonian for the meson-nucleon system is 
written in terms of M,x,—>*, then we also have a 
contribution represented by Fig. 3(d) from M— Myx». 
The matrix element represented by Fig. 3(c), when the 
incident nucleon is free, is 


gsirné kdk 1 
+ ( ) f 7 f o- ko. 
ywi\2r 2w (w— wWo— 15) wo 


The sum of Figs. 3(b), (c), (d) thus gives 


g e71\° ekedk 9 
— ( ) f- _ 4'(es) fo ko, (26) 
2\ 207 2* 2 


2 gw 1 ptm k'dk 
A’ (wo) = f I. 
Sadr ward) — w®(w—wy— 16) 


A further correction occurs when the self-energy part, 
Fig. 3(a), occurs for a free nucleon before the inter- 
action o- kp. When both nucleon legs are free (w =O), 
the total contribution of the self-energy part is included 
by putting ga ky—g,o- ko with 


g° 1 3 Redk 
ro) F2) 
w?\2Qr 2w* 


4ig,” Q 1 
1+ 4'(—w)| 
3w yy? ) 


Fig. 3(a), is 


(23) 


(24) 


(25) 


with 


(28) 


r3 (wi, Wo) = 


2)A’ (wy 


a | i 1+ (9/ 
+ 
3 yw? \2r 2w (wWo—w 
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P-WAVE MESONS 


Fic. 3. Feynman dia- 
grams relevant to the dis- 
cussion of mass and charge 
renormalization. 


(e) 
Hence, if the experimental mass, M,x,), and coupling 
constant, gp, are used in the Hamiltonian, then the 
contribution of the self-energy part vanishes on free 
nucleon legs. Furthermore, for virtual nucleon pro- 
pagation we obtain a correction from successive self- 
energy parts [Fig. 3(e) ], which is given by the factor: 


“ Q n Q . l 
pa | _— («| [i+ 4'(w)| . 
? » 


n=() 


(29) 


~ - 


Insertion into Fig. 2(a) gives 
3ig,’ 1 
wou? 1+ (9/2)A' (wo) 
Adding the two omitted terms of (22), we have 


(9/4)A' (wo) | 2° 


8[1 
wl 3wol 1+ (9/2) A’ (wo) ]  2wo(2r)* 


kedk 
Ww) (Wy—-w + w,)[1 + (9 /2) A’ (wo) 


Wo— W 
+ | (31) 


JW 


xf . 
2w (wy 


For a consistent treatment of the renormalization of 
the ry’ matrix it is also necessary to replace g by g, 
and Sp by Sp’ in Figs. 2(b) and 2(c). Otherwise self- 
energy corrections would arise even from the free 
nucleon legs. 

After this substitution for g and S; has been made 
ry' can be written in terms of the two parameters g, 
and Rinax Only. Insertion of the correction Eq. (29) into 


Eq. (20) for r;° gives 


= ' 
w) | ‘| 1 t (9 2)A (i'y WwW Ww) | f 


r32(w, Wo); (32) 
- W 1+ 16) (wo— w+ 16) 


§ This is equivalent to the source considered by Chew (see reference 1). 
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Fic. 4. Real part of A’(wo) for wmax=3.2p. 
then, (appendix I) 


r3°(w1, Wo) 


4ig,? [1—2A’ (wo—w)] 


3Bwyu? | 1—2A’(wo) \[1+ (9 /2)\'(—wo)] 
Similarly 


r13(wy, Wo) = 73! (wy, Wo) 


2ig,” [1—A’(w,— wo) | 


. (34) 
3wyy? [1+ A’ (wo) JL 1+ (9/2)A’(— wo) ] 


For the scattering of real p-wave mesons w)=wy 
= (ky’+-p?)' and A’ (w;— wo) = 0. Equations (32) and (33) 
are then almost the same as those of Chew! for 
p< Wo<Winax- However the factor [1+ (9/2)A’(—wo) F'! 
was not included by him in obtaining a best fit to the 
experimental data, which occurred for 


(35) 


(The neglected factor will increase r;', 7:3, and r3' by 
about 25 percent for free meson scattering and thus 
necessitates a small change in g,?/4m and Wynax.) 

The function A’(wo) is a measure of the departure of 
the matrix r,/ from that given in perturbation theory. 
The real part of A’(w), Eq. (27), is given by 


g” 2 1 | kmaxt Winax 
4 We" in ) + Wokin ax 
An 3 ut ma 


gp/4r=0.2 and Wmax®3.2y. 


Red’ (wo) 


tn | 
. cos-!——_-— R}, 


Winax Wo Winax 


2)} 
In 


we ) ee + WWmax 


an 2 
(Wy 


L(Winax— Wo) 


for we>p?, 
(u? - to”)! 


Tg — WoWinax 7 oy 
R= cos”! ——| for we'<p’, 


Wo M(Winax — Wo 
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and is plotted in Fig. 4. Asymptotically, for |wo|—>% 


2 2 =f wmax R3]o5 
Sr wy 


1 


ReA’ (wo) = 


3m 


Winax + Rinex 
— 148 n( )}. (37) 
m 


For —WinaxSwo<m, (gp*/4r)A’ (wo) is small and ry’ is 
close to the perturbation result. 


IV. THE NUCLEAR FORCE 


The potentials, V“ and V® can be found by sub- 
stitution of Eqs. (31), (33), and (34) into Eqs. (18) 
and (19) to yield r. From Eqs. (13) and (14), ®® and 
®&® can then be found, and Eq. (15) gives V+V®, 
These calculations are performed in Appendix (II). 
The potential is approximately (see reference 14) 

V=V%+V, 


9 


yz eee 


Za' ta VOu'V 
4dr werx 


VO m— 


f1+0.07], (38) 


g° 2 Ly : 
yen ( -P Lim } [ea- Vita‘, Ga: Vora’ | 
Aa J 70771 5 jm 
(xo+-41) Ko (uxot x1) 
X[on- Vite’, oo: Worn? | - 
Qrxox ps 


9 9 


g\?2 
+( ) Lim 0.18{04: 91, Ga: Vo} {on V1, 0° Ao} 


4a 70-*21 


9 9 


e~#(z0t a1) g° 8 3 
x = ( ) M-)\ Ga" Fy) — ~Ko(2ux) 
px ox) 4n/] pox 


2 3 1 23 
+( 4. ) &:(2u2) |-ea-2f ( = ) 
pe pital Nx 4y33 


3 23 
X Ko(2ux)+ ( + ) a2) 
uo 4yuty4 


30° X0,°X 3 
— = : —~—C_° 8, 


2 Pig ng 


x? 
1 15 | a 1 
+( + )Ks(2us +( ) y0.7 
wrx Aytrt dor Qu rx? 


4 12 12 6 
$—4+—- 4 
vi Aas aa” 


Ko(2px) 


} 
{¢ tur (39) 


343 


MX S38 


In Eq. (39), the subscripts 1 or 0 on the V-operator 
means that the differentiation is to be carried out only 
with respect to x, or x, respectively; , ] is the commu- 
tator bracket, and { , } is the anticommutator bracket. 
These potentials are plotted in Fig. 5 for deuterium. 
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The first terms on the right-hand side of Eqs. (38) and 
(39) are the usual second- and fourth-order perturbation 
theory potentials. The correction to V" has the same 
shape and spin dependence as the perturbation result 
with approximately 7 percent of its magnitude. The 
dominant correction to V®? is independent of spin and 
isotopic spin. It gives a short-range repulsion, about 20 
percent of the perturbation theory central force in the 
8S state. The large departure from perturbation theory 
which is found for the scattering of real mesons is not 
reflected in the nuclear force because of the very differ- 
ent behavior of real and virtual mesons with the same 
momentum.? 

The first term in Eq. (39) has also been obtained by 
Taketani, Machida, and Onuma," Klein,'' Feynman 
and Lopes,” and others, but differs in an important 
way from that of Brueckner and Watson,’ who have 
analyzed this difference in detail. Its origin lies in the 
treatment of states with at most one meson at any 
time. The ® matrix, Eq. (13), has been calculated for 
the exchange of two meson with any time ordering. 
That part of it which is relevant to this discussion is 
represented in Fig. (6a), when min(f), f2)>max(¢s, ¢4). 
Substitution of this ® into Eq. (6) gives a contribution 
to the potential of 


gy? t 
( ) (3— deweay) f dkdh’ 
4a 44 


C,° ko, k’o,- ko, ket 
x 


(40) 


se 
ww “uy! 


This term is the difference between the potential 
V®, Eq. (39), and that obtained by Brueckner and 
Watson. It is included in Eq. (39) and is big enough to 
change the 4S attraction of Brueckner and Watson to a 
repulsion. [Addition of a repulsive core nullifies the 
effect of the very strong singular part of (40) at small x. ] 
Brueckner and Watson point out that, in the Tamm- 
Dancoff formalism, this is one of a series of terms that 
comes from an expansion of the ‘velocity dependent” 
part of the one meson interaction. When the entire 
series of terms are included (no expansion), the con- 
tribution is much smaller than (40), and, indeed, quite 


®The perturbation result for V® was valid because the im- 
portant values of wo do not lie between w and Wimax Where A’ (wo) 
contributed significantly. However, the production of a real meson 
in a nucleon-nucleon collision can be altered in an important way. 
The simplest Feynman diagram for this process is the production 
of the meson by one nucleon and the scattering of this meson 
(with energy as well as momentum transfer) by the other. This 
scattering can be expressed in terms of Eqs. (31), (33) and (34). 
The w» is that of the final free meson in the c.m. system of the 
meson and the nucleon from which it scattered. Since 
>wo>p, the correction from A’(wo) are not negligible. Scattering 
is increased in the /=J =} state, otherwise decreased. Therefore 
7* production from p-p collisions will be increased relative to 
production from p-n collisions as observed. 

 Taketani, Machida, and Onuma, Progr. Theor. Phys. 7, 45 
(1952). 

"A, Klein, Phys. Rev. 90, 1101 (1953). 

2 J. L. Lopes and R. P. Feynman, Notas de Fisica, No. 2 Centro 
Brasileiro de Pesquisas Fisicas Rio de Janeiro (unpublished). 
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Fic. 5. V+4+V® for the deuteron V,” is the correction to 
the perturbation theory result. The central forces V, are repulsive 
V, are the tensor forces. 


negligible.4 In this sense, the potential without (40) 
may be expected to be a better approximation than 
that including it. On the other hand, for neutral scalar 
mesons with fixed sources a similar argument can be 
presented, but the required cancellation of the g* po- 
tential comes only when the term corresponding to Fig. 
(6a) is included. 

The neutral scalar theory contains certain features 
similar to the case of interest, and we shall examine it 
following the method suggested by Brueckner and 
Watson. The Schrédinger equation, including the static 
approximation to those parts of the potential arising 
from two meson states, but treating the one meson 
contribution without approximation is 


9 


("-. 6()= f Pole bok 


g° T ot+Tp-x—€ 
+ f _ : (p—k)dk, 
dt (wt Ty+Tp-1— ©) 


where 7, = p?/2M, and V(k) is the Fourier transform of 


(41) 


g° g 2Ko(2ux) 
e #71 1+ 
4x 4r T 


(42) 


repulsive core. 


In this case, the correct potential is obtained by omit- 
ting the second term in (42). For sufficiently small 
repulsive core, or for large g’, the second term of (42) 
contributes the major part of the attractive potential 
[as is the case with the g‘ potential, Eq. (39), with the 
parameters (35) ]. If the second term on the right-hand 
side of Eq. (41) is expanded in powers of (7,+75-«- 6), 
then the leading term of this expansion exactly cancels 
the second term of (42). Since the leading term is large, 
the expansion is, of course, suspect. On the other hand, 


This problem can be solved exactly and V = (,?/ 


Anwje “*/x 


gives 
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if Eq. (41) is solved without this second term of (42) 
for a bound state (e<Q), then the contribution to the 
binding of the neglected term is 


g” dk Ww 
f oro] Jocr—m) 
4daJ w+ Tp +T5-'-€ 


“J 7 
< few ¥(x)dx. (43) 
de - 


This is less than the contribution to the binding of the 
first term of (42). Therefore, for appropriate g? and core 
radius, (43) may be negligible next to the second term 
of (42), even though the first term in the expansion of 
(43) is large. But, if the term giving (43) is neglected, 
then the potential is given by (42), with the inclusion 
of the second term, which, in this example, should be 
omitted, 

The entire term (43) includes contributions to V 
from the exchange of more than 2 mesons, but only 
one at a time [ Fig. 6(b) }. Since the inclusion of all such 
terms almost cancels the e~“*Ko(2ux) contribution 
from [Fig. 6(a)], these higher order terms are not 


(b) 


Feynman diagram for two meson exchange be 
(b) (c) Two types of meson 


Fic. 6. (a) 
tween space-time points 1, 2, 3, 4 
exchange giving a g® term in @ 


negligible. But for the neutral scalar theory, the ® from 
all diagrams representing the exchange of 3 mesons in 
any time sequence gives a zero contribution to the 
potential. Therefore, when Fig. 6(b) contributes sig- 
nificantly, then states with 3 mesons Fig. 6(c) will be 
of comparable magnitude. 

The treatment of the neutral scalar theory thus sug- 
gests that states with three mesons which have been 
omitted by both Brueckner and Watson and by our- 
selves, are important enough to qualitatively change 
both potentials. 


CONCLUSIONS 


Corrections to the usual second and fourth order per- 
turbation theory results of the nuclear force arise in two 
ways: (a) a virtual meson may be scattered an arbitrary 
number of times by one of the nucleons before being 
absorbed by it or by the other nucleon; (b) three or 
more mesons may exist at one time, no one of which are 
emitted and absorbed by the same nucleon. 

The correction (a) is found to be small, but the 
neglect of (6) is unjustified and probably changes even 
the qualitative features of the usual!'*-” g?+-g* per- 
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turbation theory potential. With (g’/4r) adjusted to 
give a satisfactory description of real meson-nucleon 
scattering phase shifts, the calculated potential gives 
unsatisfactory deuteron properties. 
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N. Kroll, S. D. Drell, and Dr. C. Levinson. 
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APPENDIX I 


Since we shall primarily be concerned with ry! (wo, wo), 
it is convenient to first find the solution to Eq. (32) 


when w ;=wo. This is 


?=4 


4 g,7 9 1 
“ [ + 4(—w) [1—2A” (wo) }", 
3wWo we? 2 


where 


” 2 5° Wo 1 k mat dk 
fa Wo) = | 
3m dn ye 4rd w*(w — Wo— 16) 


1+ (9/2)A’(— wo) 
w) [1+ (9/2)A’(—w) F 


| 
[1+ (9/2)A'(wo- 


A’’(wo) differs from A’(wo) by the factor within the 
bracket. Now A’’(w ) is large for wo~2u. Furthermore, 
in the interval of integration for w, A’(wo—w)«1 for 
gp /4r~0.2 [see Fig. (3) ]. Also A’(—w) is small in this 
interval [ A’(—2y) = —0.06 ]. Therefore near the maxi- 
mum for A” the bracket is close to 1 so we shall approxi- 
mate A’’~A’. This can be a bad approximation for 
Wo~Wmax but these wy do not play an important role 
in the nuclear force for x>h/2uc. However, the prime 
justification for putting A” ~ A’ is that an appreciable 
error in A’ does not greatly change the nuclear potential. 
If we define s,°, 


3 3 ~ 3 
sy =73—7Ts, 


then the solution for s;° is 


$33(W 1, Wo) = 2A’ (wo— W1)F 3° (wi, Wo) 
4 eH/ 1 yf Pdkwys;3(w, wo) 
3 Ve ar 2w* (wo— wt 16) (wo— w— W1+ 16) 


$3° (Wo, Wo) 


82g, cc: k’dkA’ (wo—w) 
=+ inl ) 73° (wo, ww) f- = . 
3 we Qn 2 (wo—w) 


In the region —2u<wy<2u, which is important for 
the virtual scattering contribution to the extra-core 
part of the nuclear force, s3°(wo, wo) is less than 0.17;°. 


and 





NUCLEAR FORCES 
It is therefore neglected in the text and only 7,’ is used 
in computing the nuclear force. 


APPENDIX II 


The potentials V® and V® wilt be found below by 
the method outlined in Sec. IV. 

In Eq. (14) the correction to the perturbation result 
for V® contains r(w,, k,;0,k). However, it is not 
appropriate to use expression (18) for r. When intro- 
duced into Eq. (14), the entire expression (18) includes 
terms from Feynman diagrams which give no contribu- 
tion after renormalization. In particular, that part of 
r;' which arises from the 1/wo term of Eq. (22) (re- 
placement of Sp by Sp’) is to be neglected. When sub- 
stituted into Eq. (14), the only part of r;' which will 
be kept is ig?/3w yw. On the other hand, r;', 7°, and 
r;' are unaltered by these considerations. 

When the integration over w’ is performed in Eq. 
(14), the term g,?A’(w’—wy) of Eqs. (24) and (25) is 
evaluated at wo=O0 and w’=—(k?+uy?)!, the relevant 
pole of the meson Green’s function. Since g,?A’(— (k? 
+y°)!)<1 for all k, this correction term can be neg- 
lected. Since furthermore, A’(0)=0, 1,°, r3', and 1,8 
reduce to the perturbation theory result. Inclusion of 
r;' then gives 


: £5 Cq* kyo: ky 
J (ko) = ®a° % 


i" ket 
1g,2/1\* ekdk 
x] 1+ ( yf | (a) 
3u2\2nJ J 208 


In coordinate space, this is 


yz spr 


€ 
V (x)= —[1+0.07 leu: t,—0- Vo (b) 
4dr pex 


which differs from the perturbation potential by the 
numerical factor [1+0.07 ] in front of Eq. (b). 


In evaluating V it is useful to rewrite r of Eq. (18) 


as 


(E{o-ky, 0 ky} + Fl e-ky, oko |) {7,, 7} 


1 


r(ky, ky) = > 


‘ 


tS GCle-k, ob )}+He-k, ek lr. 7 © 


i,7=1 


where { ,} is the anticommutator and [ , | the com- 


mutator of the quantities enclosed. Also, we have 
E=r3/3+9;3/3+9,'/12, 
fF = G= an Fe 6+ r,? 12 + r' eZ: 


H=13/12—1)5/6+91'/12. 
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Also, Eq. (13) may be rewritten as 


BNA 
Re _ ( ) fo (k;, ky) +r (Ko, ki)).(r* (ko, k,) 
2dr] 4 


dk od k dwd (pi— pot ki— ko) 
tr (ki, ko))s en, 
(eg? — Ro? — wu? + 16) (wo? — ki — p+ 16) 
where rt=r(wo, wo) and r-=r(—wo, —wo). In writing 
Eq. (d), use has been made of the fact that only terms 
symmetrical in wo contribute to R®. Substitution of 
(c) into (d) gives for R® 


1\‘1 
RO ( ) fioe tk)? —2(Gt—G )*24- 20 | 
2r/ 4 


XK {oa: ki, oa: ko} {on ki, on ko} —[3(F FY? 
2(Ht+ HH )*24° 2 oa: Ki, oa: Ko |Lon- Ki, on Ko J} 


Lk dk odwd (py— Po + k, a ky) 
x » (e) 
(wg? ke Vg + 15) (wy* k;? Te + 15) 


where E+t=E(wy, wo) and E-=E(— —wy). V® is 
obtained by substituting ®R® into Eq. (15). R® is 
first calculated for a large but finite nucleon mass. On 
passing to the limit of infinite mass in Eq. (15), V@ is 
a finite and well-defined integral of the form 


on) 
WO, 


fta2esdttre Nu bac(x3tt+x5 ? | a2 (x,!+ tx,'>)? 


+ Qarzerg (x 3°* + x37) (PTE KX) 

~ Dargo (xa? xa*~) Or Pex) 

2ayao(x8t+x7-) (x't+x1'-)} 
dk yd kodwd (pi— pot ki— ko) 


—— , @ 
(wo? — ko? — w?-+ 15) (wo? — ky?— w?+- 78) 


x 


where a,(i=0, 1, or 3) is a constant. In this form of 
writing V®?, the effect of the second term of Eq. (15) 
is to remove the infinities which occur from poles at 
wy=0. The function x,/ is related to ry’ by just the 
proper subtraction of these infinities. 

As a typical term of (f) consider a,*[x,'* ?. The in- 
tegration over we can be performed exactly." It is con- 
venient to convert it to contour integration, choosing a 
contour that does not contain the branch points and 
poles of 1/[1+4A’ (wy) ]. 

It can be shown, that the poles and branch points of 
F (wo) =1/[1+aA/ (wy) | always lie in the second and 
fourth quadrant of the complex plane, close to the real 


“Tn the computation of contributions of r;) to V®, Eq. (31) 
was approximated by r,' 
& 2 1 


1 = = omen 
3 pw wo 1 + 4A’ (wy) 


ry 
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axis. Thus, if wy»=«x+1ty, then F(wo) is 


1 
1 t aA’ (wo) 
1 


21/¢\1 ckdk (x+y) (w—x+iy+i6) 
1+-a ) J 
3m 4a \4r J py? w [ (w— x)?+ (y+)? ] 
Necessary, but not sufficient conditions for (wo) to 


have poles is that the imaginary part of the denominator 
be zero and that the real part of the integral be one. 


Thus, 
kdk 6x+ yw 
f : °, 
w* [ (w—x)*?+ (y+6)?] 


21/27\1 aw—x*—y'—by kdk 
a ( ) [ . me es (h) 
3m 4a \ 4a] wd [ (w— x)? + (y+6)?] 


For negative a the conditions (h) are possible only if 
x is positive and y is negative and small; for positive a, 
both conditions may be satisfied if x and y have opposite 
signs. In addition to poles, (wo) has branch points at 
Wo=p ANA Wax. For Chew’s value of g,?/4r=0.2 and 
Wmax=3.2u, the poles occur at wWo~wnax and only for 
r;*, rz! and 7;'. 

For the term a,"{x,'* ? of (f) all singularities of 
F (wo) occur in the fourth quadrant, and can be com- 
pletely avoided by choosing a contour which encloses 
the upper half plane. Then 

dwy 
he?-+ 15) (wo? — Ry? — p?+ 16) 


1 


) | +-a similar term 


1 
«( 
14 4A'( (ky? u’)4) 


with ko—>ki, kiko. (1) 

For the term a,[_x,'~ | of (f), the same result is ob- 
tained by integrating around the lower half plane. 
Most of the other terms in (f) cannot be integrated so 
simply. Thus, for x,'tx;'~, it is impossible to avoid in- 
cluding the branch points of F(wo), since they occur 
symmetrically above and below the real axis. These 
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integrals were estimated by approximating F'(wo) in the 
region —Wmax Wo —m, Which contains all singularities 
of F(—wy). It can be shown that a good approximation 
to the integral obtains if the approximation is accurate 
in this region. A best fit to F (wo) of the form A+ Bw 
+(Cw,? is used in this region. For —maxSwoS —h, 
A’ (wy) is a slowly varying function (see Fig. 4), and this 
approximation should be sufficient. The best fits with 
the constants of Eq. (35) are 


1 
1.0165 — 0.0748 wo/p—0.0080w9?/n?, 
1- 2A’ (wo) 


1 
(0.9885 + 0.0289 wy /u+ 0.003409? /p?, 
1+ A’ (w) 
1 1 
‘ = ().9477+0.0928wy /u 
1+4A’(wo) 1+ (9/2)A’ (wo) 
ao 0.01 182 92/p?. Gj ) 


With this approximation, the integrals over wo, Ko, and 
J ry 


k; can be evaluated directly. The integral over wo 

gives for the coordinate space representation of V°): 

gs | e! ko-ro+ ky -r1 dkodk, 
Lim ; - 

pt ror | (ko? + p?)! (ko? — ky?+- 26) 


x| (E —G tq" 21) (Ga: ky, Ca" ko} {o,- ky, Ch" ko} 


V2. 


-constant 


(Fy — Hyta:t){ oa: ki, 60+ Ko lon: ky, y+ ko | | 


+-terms symmetric to above with Koki, ki: ko 
gt e! ko-ro+ki-r) dkodky 

+ constant Lim { 
ui ro->r} (ke? +y?)(kYe4 py?) 

L.4ey: ty) {oa- ky, 02: Ko} {o> Ky, oy: ko} 

ko |], 


«| (10 


(2.2—1.544:»)[ oa: Kyou: Ko | o,- ki, a: 


where 
Ey = 1.200/u+0.68w9?/p?, 
F = 40—0.45e9/p+0.0209?/p’, 
G,=60—0.670/u+0.03w9?/y", 
IT, =().67 wo ue +0.04w,9" py. 
with wo= (ky?+u?)!. Integration over ky and k, then 
gives Eq. (39) for V®, Only the dominant correction 


to the perturbation result has been kept; wo?/u? terms 
are very small and have been neglected. 
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On the basis of the hypothesis that the same form of interaction acts among any spin-} particles, it is 
interesting to apply the interaction law found for 8 decay to the muon processes. The application is beset 
by two types of ambiguity. The first is due to the uncertainty in measured values of coupling constants, and 
particularly their signs. The second arises from the various ways in which the correspondence between the 
particles of « and 8 decay may be taken. Arguments are presented that the unique correspondence estab- 
lished if two like neutrinos are ejected in wu decay is the correct one. 

It is argued that previous interpretations of the Universal Fermi Interaction have been unjustifiably 
broad. Only processes in which two normal particles (vs antiparticles) are annihilated, and two created, 
should be expected. The positive muon must be treated as the normal-particle (if the neutron, proton and 
negatron are) in order to avoid the expectation that muon capture by a proton may yield electrons, con 
trary to experimental facts. The conclusion that two like neutrinos are ejected in « decay follows immedi 


ately. 


1. 6 AND p DECAY 


N a recent paper,! a “phenomenological derivation” 

of the law of 6 decay led to the conclusion that it 
must be an “\S7P combination.” This means that the 
interaction energy density is a linear combination of 
the well-known scalar (S$), tensor (7) and pseudo- 
scalar (P) forms. Experimental evidence was used to 
conclude that all three forms must be present and that 
the polar vector (V) and axial vector (1) forms should 
not be included. 

The weakest point of the “derivation’ 
one piece of evidence, the singular spectrum of Rak, 
could be offered that the 7P combination must be 
part of the correct law. A VA, ST, or VAP combination 
would otherwise do just as well as the STP combina- 
tion. Since the publication of that result there has been 
experimental confirmation that the 7 component is an 
essential part of the law. ‘This was shown by improved 
measurements’ on the correlation between the nuclear 
recoil and the 8 emission of He*®. A similar measure- 
ment’ on O" is awaited with interest; it should provide 
an unambiguous check on the choice of the S or the V 
component in the coupling. 

Meanwhile, the analysis‘ of RaE which led to the 
choice of the 7P components receives further support. 
Konopinski and Langer® pointed out that the Petschek- 
Marshak analysis of the Rak spectrum yields the 
peculiar deviation from a statistical shape, (which is 
the shape to be expected normally) through the ad- 
mission of an accidental, destructive interference be- 
tween the 7 and P contributions. A corresponding slow- 
ing down of the RaE decay is then to be expected and 


’ 


was that only 


* Supported by a grant from the National Science Foundation. 
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this was found, in comparisons against the similar 
nuclei Hg®*, TP%, and Pb. Now Brysk reports® 
calculations, based on /j-coupled pairs of single-particle 
states, that the destructive interference in Rak is to be 
expected from a 7+ P combination (in the conventional 
definition® of these forms). This contrasts in the ex- 
pected way with the much shorter-lived Tl°*, where 
constructive interference is found instead. RaE has 83 
protons and 127 neutrons, each being one more than 
enough to fill magic shells. Tl* has 81 protons and 125 
neutrons. 

Some evidence for the inclusion of the P interaction, 
independent of the Rak case, has also been reported. 
Nordheim”* finds that once-forbidden transitions with 
AI=0 (no spin change) are distinctly more rapid than 
A/=1 transitions. Considering the lack of such a differ- 
ence in allowed transitions, the extra contributions to 
the AJ=0, once-forbidden transitions are best ascribed 
to the P interaction, which makes its largest contribu- 
tion to just such transitions. 

The fact that the rates of muon decay and capture 
indicate the same interaction strength as does B decay 
and capture has led to the hypothesis of a Universal 
Fermi Interaction :”” the same coupling among amy four 
fermions. It thus becomes interesting to examine the 
STP form of interaction in pw decay. 

One available datum on muon processes which is 
sensitive to the form of interaction is the spectrum of 
the electrons from yw decay. Michel® has shown that, 
whatever specific form of Fermi coupling is assumed, 
the theoretical result for the spectrum can be written 


®H. Brysk, Report of the Indiana Conference on Nuclear S pec 
troscopy and the Shell Model (Indiana University, Bloomington, 


1953); p. 27. Brysk also finds a larger P contribution than re 
ported by Ahrens, Feenberg, and Primakoff, Phys. Rev. 87, 663 
(1952). M. Rudermann, Phys. Rev. 89, 1227 (1953), presents 
other grounds for expecting a sufficiently large P contribution 

71. Nordheim, Report of the Indiana Conference on Nuclear 
Spectroscopy and the Shell Model (Indiana University, Blooming 
ton, 1953), p. 21. 

QO. Klein, Nature 161, 897 (1948). See also references 14 
and 15. (Footnote added in proof.) 


*L. Michel, Phys. Rey. 86, 814 (1952). 
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(valid except for electron energies as low as } Mev): 
dd/ddW = 4(W?/Wo')[3(Wo—W)+39(4W—3W,e) ], (1) 


where W is the electron energy and W’y its end-point 
value. \ is the decay constant and p is a parameter 
which depends on the coupling used. The spectrum (1) 
has a vanishing intensity at the end-point for p=0, and 
larger finite intensities for larger p. 

The experimental measurements of the y-decay 
spectrum disagree with each other. Sagane, Gardner, 
and Hubbard’ reported p= 0. Lagarrigue and Peyrou" 
give p=0.19-+-0.12 as the result of their own measure- 
ments and p=0.075+-0.20 as the value deduced from 
Leighton, Anderson, and Seriff’s data." Finally, 
Bramson, Seifert, and Havens" find p=0.41-+-0.13. 

An application of the STP coupling to the problem 
is handicapped by two sources of ambiguity. In the 
first place, the relative sizes of the S, 7, and P com- 
ponents is known only roughly. According to Blatt," 
G3?/G7? may have any value from ~0.3 to ~1.0, 
where Gs,7 are the Fermi coupling constants for the 
S and T interactions. The pseudoscalar coupling con- 
stant, Gp, is known only to have about the same order 
of magnitude as the others. Moreover, the relative 
signs of the G’s are important and unknown. One indi- 
cation exists that Gp=Gr, in sign and magnitude; that 
is the work of Brysk mentioned above. 

In the second place, the significance of the STP form 
for w decay depends on the correspondence assumed 
between the particles participating in yw decay and 
those of 8 decay. Three different orderings are possible," 
known as “simple charge exchange,” “charge retention” 
and “antisymmetrical charge exchange.” The last of 
these differs from the others in that the two neutral 
particles produced in the w~ decay are presumed like 
neutrinos, i.e., one is not an antineutrino. 


Pp 


\ s + 
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ce” 
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Prac! 
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Fic. 1. p versus Gp/Gr consistent with Gs?/Gr?=0.3 to 1 
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Without some reduction of the ambiguities, no useful 
predictions of the ~4 spectrum can be made from the 
STP law. Any value of p in the range obtained in the 
various experiments can be reproduced. The point of 
interest is that the values predicted for p are surprisingly 
restricted, even with the uncertainties about the G 
values, when one presumes that two like neutrinos are 
emitted in the w decay. We confine our attention to 
this case, not only for the sake of making relatively 
unique predictions, but more important, because a 
proper interpretation of the universal interaction seems 
to indicate that the two neutrinos must be alike. The 
argument for this is presented in the next section; 
here we investigate its consequences for the « spectrum. 

When two like neutrinos are emitted, the S7P inter- 
action gives 
. (Gs—Gp) 
2 ~ * = . 
"2(Gs—Gp)*+ (Gst+ 6Gr+Gp) 


We thus have, with Gs*/G7’=0.3 to 1.0: 
(a) p=O0 for laws of the form Gs(S+ P)+GrT, 
(b) p=3 for G.S+G7(T—3P), 
(c) 0.01<p<0.06 if Gp=0, 
(d) p<0.14 if Gp/Gr= +1. 


These are the cases in which Gp is restricted to more 
plausible values. p is shown as a function of Gp? /G7’? <3 
in Fig. 1. To get as high a value as p~0.4, the largest 
reported by the experimenters, one would need Gp*/Gr* 
26, which is highly implausible. 


2. THE SIGNIFICANCE OF A UNIVERSAL 
INTERFERMIONIC COUPLING 


The attractive hypothesis that a Fermi type of 
interaction exists among any four fermions may have a 
serious drawback. Besides accounting for the several 
known processes, it may lead to the expectation of 
processes which contradict experience—yet are con- 
sistent with conservation principles. Yang and Tiomno!® 
tried to forbid the unwanted processes by defining in- 
trinsic ‘“‘generalized parity’? contributions by pairs of 
fermions, in such a way that a “generalized parity” 
balance is violated in the unwanted processes. They 
were only partially successful in this. They could not 
forbid processes like V+.V—N-+N(N=antineutron) 
or P+yp—P-+e, on their interpretation of the universal 
interaction, without postulating special, “ad hoc’, 
rules against these. 

Caianiello'® reports that all unwanted processes can 
be successfully eliminated by adopting interactions in 
a special way. His procedure amounts to admitting 
coupling constants which are not just numbers, but 
quantities which transform in certain ways during 
18C. N. Yang and J. Tiomno, Phys. Rev. 79, 495 (1950). 

16 EE. R. Caianiello, Nuovo cimento 8, 534 and 749 (1951); 9, 
336 (1952), 
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changes of coordinates. This seems to us undesirably 
artificial and also unnecessary. 

A thesis of this paper is that former interpretations 
of the Universal interaction have been unnecessarily, 
and even unjustifiably, broad. We shall use what seems 
to us a better justified interpretation which makes the 
processes like ..+.\- »N+N and P+yu—->P+e un- 
formulable ad initio. A further concrete consequence 
will be the conclusion that the neutral particles ejected 
in w decay are like neutrinos (i.e., one is not an anti- 
neutrino). 

Consider the electron capture process: 


P+e—N-+». (3) 


When formulating this alone, it is clearly only a matter 
of nomenclature as to whether one considers all these 
to be normal particles, or whether one or more is treated 
as an antiparticle (hole). This follows from the well 
known “charge-conjugacy” of the Dirac equations. 
We shall adopt the convention of calling the particles 
symbolized in (3) normal particles, so that (3) entails 
the annihilation of two normal particles and_ the 
creation of two others. 

When one next formulates a second process like the 
mw capture: 


P+u—.V+y, (4) 
then it has physical consequences to treat the particles 
symbolized here as all normal. It implies that the 
neutrino of this process can be captured by a neutron 
to produce an electron, reversing (3), as well as the 
inverse of (4). It may be that the light neutral particle 


ejected in w capture is an antineutrino (#) instead, 


capable of being captured by neutrons to give muons, 
but not electrons; by protons to give positrons but not 
muons. It will be convenient to write all processes in 
terms of normal particles only, and since the creation 
of > is equivalent to the absorption of v, we write the 
wu capture with antineutrino ejection as: 


P+y-+rN. (5) 


This is an alternative to (4), as a representation of the 
process. 

Our way of writing (4) and (5) implies that the 
negative muon, uw, is the normal particle, while ut is 
the antimuon. In relation to further processes, it may 
instead be more consistent to treat wt as normal and 
pw as the antimuon. Hence, further alternatives to (4) 
and (5) are 


u* normal 
P+voN+yt. (7) 


The corresponding alternatives, normal forms for u 
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decay are: 
we tet+y 


pw normal< uo -+v-e +r 
ps rerroe, 
+e rrr 
wt normal< wt+e +v—yp 


urte tet r—0. 


It is now apparent that the chief distinction between 
the various alternatives is that the corresponding for- 
mulations must variously provide for annihilations of 
one, two, three, or four normal fermions. 

The reaction (3) must first be provided for; an inter- 
action energy operator must be introduced which 
annihilates two normal fermions and creates two others. 
Then (3) is to serve as a prototype of the universal 
interaction among fermions; the same form of operator 
is assumed to act on any fermions. All resulting processes 
consistent with conservation principles are expected to 
occur. In each case, the operator destroys just two 
fermions in occupied states (i.e., normal fermions) of 
the fields. With such a “universalization,” w capture 
and w decay are predicted to occur, and moreover in 
the forms (4), (9) or (7), (11). The fwo-particle an- 
nihilation processes follow unavoidably from (3), un- 
less arbitrary changes of the interaction form are intro- 
duced at each application. 

Now it seems conspicuously unnecessary, and would 
require new justification, to introduce additional terms, 
which would repeat provisions for the w-capture and 
u-decay processes in the other ways, as represented by 
(5), (6), (8), (10), (12), and (13). New interaction 
operators would indeed be needed, capable of annihil- 
ating one, three or four normal particles instead of just 
two. It can be construed as inconsistent with a “‘uni- 
versality” of the interaction, thus to fail to retain the 
prototype annihilation-creation properties, as one does 
the magnitude, and the covariant properties, of the 
interaction. Yet, one, three, and four normal particle 
annihilations have been included in previous inter- 
pretations: the process written V+.V—-N-+N, above, 
is an annihilation of four normal particles, 4V—0; the 
process P+yu-—>P+e may be the one-particle annihila- 
tion, P-+P+yut+e, if u* should be regarded as normal. 

As a physical argument, our objection to the broaden- 
ing of “universality” by previous interpreters seems 
clear. When, for example, a+6—+c+-d occurs, we object 
to the implication that &—c+d-+-a also occurs. The 
last process may be d+-5-%c+d and thus it is implied 
that that a particle 6 can annihilate either against a, or 
its antiparticle d, to produce ¢+d. We object to this 
non-unique behavior of a which is to accompany the 
same behavior of 6, c,d in the cases compared. 

On the formal side, the situation is more complex. 
The contact interaction which gives a+6-—+c+d must 





1048 KONOPINSKI 
be proportional to the annihilation operators ., Y and 
also the creation operators y.*, ~.*. The interaction 
energy density will be the sum of invariant contrac- 
tions of like covariant operations, 2; 


Cb Oba Wat QW, 


When each participating fermion is in a_ positive 
ift/h) and (14) is proportional 


(14) 


energy state, p~exp/( 
to 
~Ky)t/h }. 


exp| i(E, kK, t | 


One thus can get a permanent transition, rather than 
virtual oscilJations, only if #,—/.4-Fi—2y,=0; hence 
the interpretation a+6—%c+-d. If, for example, a is ina 
negative-energy state, L,= —K, then Ky= EAE. + Ea 
as expected for b-c+-d+d. Now, to formulate bc 
+-d+-a one must substitute the creation of a for its 


annihilation in (14): 
GY QW Pa* Pat Qn. 


Here W is whatever operator is needed to preserve in- 
variance. As is plausible, it can be shown that!? 
WK =C, where K is the operation of complex conjuga- 
tion and C is the well-known charge-conjugation 
operator; W is a symmetric, unitary matrix which is 
W =cBay in a Dirac representation and merely a phase 
factor W=c in a Majorana representation. Thus, it is 
shown that, indeed a new interaction operator (GQC -Q) 
has to be added to the prototype (G2-Q) in order to 
have b—c+d+a as well as a+b—c+d. The inter- 
action (15) owes its interpretation as giving bc+d+a 
to its being viewed as an operation (GQC-Q), acting on 
a positive energy state y, (and interpreted as creating 
it, because of the complex conjugation due to operator 
C). Now, it is well known that the negative energy state, 
as used in (14) to give b->c+d+d, is just!’ Cy, when 
Wa is a positive energy state. Hence, the expression (15) 
with WY. a positive energy state is formally identical 
with (14) when y, is a negative energy state. Thus it 
is only a forced reinterpretation which allows (15) to 
describe b->c4+d+-a instead of b->c+d+d. It seems 
that one cannot!® formulate b->c+d-+-a at all, together 
with b->c+d+d, without this forced reinterpretation 


(15) 


17 As an alternative, a factor 7, may need to be included, de 
pending on the properties of the spinor Ya under space inversion 
This would yield the type of interaction introduced by 
Yang and Tiomno as an alternative to the conventional “even’ 
type, (14). This point has no bearing on our conclusions 

18 This is strictly true only for free particles. However, tlie 
number of particles is well-defined (diagonal) only in the field 


. odd” 
’ 


free case. 

’ This conclusion is unchanged when the charge-conjugate 
description of antiparticles is used in place of the hole theory. 
Proper use of the charge-conjugate formalism needs care to make 
it consistent; the unavoidable existence of negative energy 
solutions, or their equivalents, forces consistency with the hole 
theory. We make the exposition briefer, and avoid discussion of 
what constitutes a proper interpretation of the charge-conjugate 
formalism, by adhering to the hole theory. We make explicit here 
only the point that in the charge-conjugate formalism, the energy 
operator is —ihd/dt and the momentum operator — (4/1) Y, Le., 
the complex conjugates of the usual operators. 
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of a formally identical expression. This adds support to 
our view that one should not include 1, 3, and 4 normal 
particle annihilations when “‘universalizing” the Fermi 


interaction. 

Our restriction to two normal-particle annihilations 
of course simplifies the task of eliminating unwanted 
processes. First, it is clear that it would always be 
difficult to eliminate the nonexistent” process, P+-y7 
—P-+-e-, if it is the negative muon that is a normal 
particle; certainly no procedure of the Yang-Tiomno 
type could do so. For the existence of P+y->—N+ v—P 
+e~ implies the unwanted process immediately. On 
the other hand, if u* is the normal muon, then P+y> 
«V+ (7), rewritten in an appropriate non-normal 
form |. Now, the unwanted process cannot even be 
formulated, on our interpretation of the universal inter- 
action; it would have to be the rejected one normal- 
particle annihilation, P-+>P+yut+ e~ instead. 

The conclusion that uo is the antimuon has concrete 
physical consequences. It would imply that energetic 
antineutrinos could not produce muons when captured 
by protons, in an experiment of the Reines-Cowan# 
type. Of course, pile antineutrinos are not sufficiently 
energetic to test this. There is a chance, however, that 
the large cosmic background contains sufficiently 
energetic ones. Antineutrinos would have to be dis- 
tinguished from neutrinos by comparisons of electron 
productions in hydrogen and deuterium. There is also 
the problem of distinguishing muon and _ electron 
production to be solved. 

For the uw decay, the conclusion that u* is the normal 
muon implies that the two neutral particles ejected are 
like neutrinos, as in (9). Hence, the chief ambiguity of 
the u-decay theory is removed. The “simple charge 
exchange” and “charge retention” theories are elimi- 
nated in favor of the “‘antisymmetrical charge ex- 
change.”’ This conclusion was already employed in the 
previous section. 

Another unwanted process, u-e+et+e~ is 
mediately eliminated. If w+ is normal, this cannot be 
expressed as a two normal particle annihilation. If yt 
were the antimuon, the process could not be forbidden 
by a procedure of the Yang-Tiomno type. 

A further attractive feature of the proposed theory is 
that all unwanted processes can be forbidden and by a 
less explicit procedure than Yang and Tiomno’s. In 
addition to the hypothesis that ut is the normal muon, 
only the “conservation of heaviness’’ is needed to for- 
bid all unwanted processes. The latter principle ex- 
presses the observation that the disappearance of a 
normal nucleon must result in the appearance of a 
neutron or a proton. Whatever deeper principle is the 
cause of this, aside from the Yang-Tiomno theory, its 
acceptance forbids all the types of unwanted processes 
which remain to be considered. All that can be formu- 
lated (consistently with charge conservation, two 

%” A. Lagarrigue and C. Peyrou, Compt. rend. 234, 1873 (1952) 

21 F, Reines and C. L. Cowan, Phys. Rev. 90, 492 (1953). 
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normal-particle annihilation, uwt-normal, etc) violate 
the conservation principle for nucleons. 

The Yang-Tiomno theory assigns definite (relative) 
phases to the transformations undergone by each 
spinor field in space inversions. The transformation is 
y’=c8y with c an undetermined phase factor, |c|?=1, 
in general. The indeterminacy cannot be removed” as 
for proper transformations, in which continuity with 
the identity transformation can be demanded. Nor is it 
necessary that on repetition, cBy’=y, because of the 
well-known two-valuedness of spinors: in rotations by 
27, YY’ = —y! If one limits oneself to chy’ = +y, then 
c=+1 or c=+1. These four are the possibilities to 
which Yang and Tiomno restricted themselves in 
defining their four “types” of spinor fields; it is suffi- 
cient for most purposes to consider only relations among 
the c’s characterizing each spinor field, without specify- 
ing their values. The idea is to assign such values to 
CN, Cp, Ce, Cy, and c, that the interaction (14) exhibits 
invariance under inversion when applied to the wanted 
processes (3), (7), and (11), but not for any unwanted 
two-normal-particle annihilations (the parity conserva- 
tion is contained in the requirement here). 

The invariance of the interaction (14) in space in- 
versions is easily seen to require 


(16) 


Calh = CL d- 
Applied to (3), (7) and (11) this gives cpc.=cye, and 
CyuCe=c,. Following Yang and Tiomno, we can derive 
the condition ¢p=cy from the pion-nucleon interaction. 
The result is that cp=cy=cy and ¢,=c,=¢,=C, are 
required by the wanted processes (the subscripts 7, L 
stand for “heavy” and “light”’). 

An elementary but tedious review of all the possible 
unwanted processes shows that, for most of them, (14) 
loses the required invariance if ¢#c,. The prevention 
of processes of the type V+.V-—>v+-v seems to require 
the stronger conditions: c,’*c,?. In the Yang and 
Tiomno scheme, c?= +1 only, hence cy and cy are re- 
quired to differ by 90° of phase. This is the Yang- 
Tiomno expression of the principle of nucleon conserva- 
tion. 


3. CONCLUDING REMARKS 


It should be pointed out that the above discussion 
did not include the possibility that the neutrino and 


_®See, however, the discussion of E. R. Caianiello’s attempt 
[Phys. Rev. 86, 564 (1952) ] in the concluding section. 
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antineutrino are indistinguishable, i.e., a Majorana 
rather than Dirac particle. We believe that this possi- 
bility is remote. The repeated failures to find the com- 
paratively short-lived double 8 decay expected with 
Majorana neutrinos indicate this; moreover, the one 
case in which the existence of double 8 decay may have 
been proved conforms to expectations for a Dirac 
neutrino.” 

It is interesting that the sum of interactions (14) 
and (15) is proportional to (1+C)ya, if equal magni- 
tudes and phases are given to the two interactions. 
Now (1+C)y is just the Majorana wave function. 
Hence, the inclusion of (15) together with (14) implies 
at least partial behavior by particle a as a Majorana 
particle. Since the Majorana formalism is certainly in- 
correct for charged particles and neutrons, and highly 
questionable also for neutrinos, this adds to the doubt 
that anything but the double-annihilation interaction 
(14) should be part of the Universal coupling. 

The failure of the Majorana formalism to conform 
to anything in nature adds interest to Caianiello’s” 
argument that a Majorana field is non-covariant in 
inversions. ‘To show this, Caianiello had to make a 
partial determination of the phase factor, c, of the 
spinor inversion transformation. He concluded that 
c?=-+1, hence c=+1 only, by requiring that the in- 
version be continuous with the identity transformation 
when the space inversion is defined as a continuous 
rotation through an arbitrary fifth dimension. 

The conclusion that the inversion phase is c=+1, 
only, throws doubt on the conclusion of the last sec- 
tion: that cy and c, should differ by a factor 7. This 
depends on whether the strong requirement ¢y?#c,” is 
actually needed to forbid processes like V+-N—>v-+- v or 
whether cc, is sufficient. The latter is adequate if 
one requires that a factor like p*Qy, of (14) preserve 
the proper covariance under inversion or whether only 
the invariance of the product (14) should be demanded. 
It should further be pointed out that the same condi- 
tion (16) must be obeyed” for the phases generated by 
time reversal or charge conjugation. On these, there is 
no limitation to real ¢ as, perhaps, for the space in- 
version. Further, for our essential conclusions we have 
only the requirement of the “conservation of heaviness” 


regardless of what specific basis this is given. 


%H. Primakoff, Phys. Rev. 85, 888 (1952) 
* A. Gamba, Nuovo cimento 7, 919 (1950) 
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The complete specification of th: spin states of a particle of spin 7 resulting from a nuclear reaction requires 
a knowledge of ali irreducible spin tensor moments 7,4() «| <q <2i). A general calculation is made of the spin 
tensor moments arising from a nuclear reaction initiated by an arbitrarily polarized initial beam. All sums 
over magnetic quantum numbers are performed by the use of the S matrix and Racah formalisms. The 
results are expressed in terms of the G function which is related to the Fano X function. All selection rules 
follow from the properties of the G function. In particular, a generalization of the Eisner-Sachs selection 
rules are given, The problem of the detection of polarized particles is considered. 

The S-matrix formalism is extended to include the possibility of gamma-rays in nuclear reactions. Anal- 
ogous formulas to those of Blatt and Biedenharn are given for the angular distribution of gamma-rays. A 
simple recipe yields a general result for the polarization and angular distribution of radiation from aligned 
nuclei. Finally, the theory is extended to include the possibility of an arbitrarily polarized target nucleus as 


well, 


I. INTRODUCTION 


HE spin state of a beam of particles of spin i may 

be specified by giving the elements of its density 
matrix. The density matrix, however, can always be 
written as a linear sum of the irreducible spin tensor 
moments 7°“, where g is the rank of the tensor and x 
<q < 21). Ina previous paper! an 
expression was given for the spin tensor moments 
arising from a nuclear reaction initiated by an un- 
polarized beam; i.e., one in which all initial tensor 
moments other than g=«=0 vanish. It is the purpose of 
this paper to generalize the result to the case of an 
arbitrarily polarized initial beam. 

In Sec. II an expression is obtained for the expecta- 
tion value of a spin tensor operator resulting from a 
nuclear reaction. The complete dependence of the 
expression on the magnetic quantum numbers of the 


is its component (|k 


initial and final states is contained in Clebsch-Gordan 
coefficients. All sums over these magnetic quantum 
numbers are performed in Sec. III, and the final result 
is expressed in terms of the S matrix and a geometrical 
function for the initial and final states. Several general 
selection rules, including the generalization of the 
Kisner-Sachs rules, are listed in Sec. IV. 
Applications of the general result to the problems 
of the angular distribution and polarization of particles 
in nuclear reactions, detection of polarized particles, 
and radiations from polarized nuclei are made in Sec. V. 
Section VI discusses the extension of the formalism to 
include gamma rays in nuclear reactions. Section VII 
indicates the modifications which must be made if the 
as the incident particles, are 


selection 


target nuclei, as well 
polarized. 

This paper can properly be regarded as the generali- 
zation of the results of Blatt and Biedenharn? to include 


* This paper is based on work performed for the U.S, Atomic 
Energy Commission at the Oak Ridge National Laboratory. 

1A. Simon and T. A. Welton, Phys. Rev. 90, 1036 (1953); 
references to this paper will be designated by I. 

2J. M. Blatt and L. C. Biedenharn, Revs. Modern Phys. 24, 
258 (1952); references to this paper will be designated by BB. 


’ 


the observation of the spin polarizations of the initial 
should be 
pointed out to the reader that there is a complete cor- 


and final states of a nuclear reaction. It 
respondence between this theory and the theory of 
angular correlation.’ In this regard it should be noted 
that, although the Y coeflicient of Fano is the natural 
function to use in angular correlation problems, the 
geometrical G function introduced below seems to be 
more convenient for the problem of nuclear reactions in 
which the initial state is a plane wave. This same effect 
is apparent in the results of BB where the Z coefficient 
is a more natural function for the angular distribution 
than the Racah The G function is the 
generalization of the Z coefticient and bears the same 
relation to the Fano XN function as the Z coefficient 
does to the Racah function. 


coetticient. 


II. NOTATION AND GENERAL EXPRESSION 
FOR THE POLARIZATION 


As in Sec. I, we consider the reaction 


a+-X—Y+6), (2.1) 


in which particle a collides with nucleus X. Particle 6 
emerges at an angle @ to the direction of the incident 
beam, and ¥ is the residual nucleus. All quantities are 
measured in the center-of-gravity system. It is assumed 
that the spin polarization measurements in the final 
state are made upon particle 0. 

The system before collision is described by the 
channel spin s, the relative orbital angular momentum 
/, and the channel index @ which detines the type of 
incoming particle (neutron, proton, etc.) as well as its 
energy and the state of the target nucleus. The channel 
spin s is the total spin angular momentum in the 
entrance channel and is formed by the vector addition 
of the intrinsic spin ¢ of the incoming particle and the 


3U. Fano, National Bureau of Standards Report 1214 (un- 
published). The author wishes to take this opportunity to thank 
Dr. Fano for permission to see a manuscript by Fano and Racah 
in advance of publication. 
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spin J of the target nucleus. The state of the system 
after the reaction will be described by primed quantities. 

A convenient expression for the asymptotic form of 
the outgoing wave is provided by the use of the S-matrix 
formalism. If the colliding system, which is taken to be 
a plane wave along the ¢ axis, has the initial quantum 
numbers a, s, and m,, the corresponding final wave 
function in the state a’s’m,’ has the form | see BB (3.12) ] 


Va } exp (itka'Ta’) 
Wlasm,, a’s’m,’, 06) ~iXal — 


v.’ , 
Va a 


XK ha'glasm,, o’s’m,' ; Ob) x(s'm,’), 
where v, and k, are the relative velocity and wave 
number, respectively, in channel a: ¢,’ is the product 
of internal wave functions of nucleus ¥, and particle 6 
corresponding to the specification a’; x(s’m,’) is the 
final channel spin wave function and 


q(asm,, a’s’m,'; 09) 
L J+s 


=ty ¥ 


J=—O l=|J 
xX (lsOm,\lsJIm,)(U s’ pm, |l' s’ I m,) 
X Riasl, a’s'l’; In) V py (Ob). (2.3) 


J+a’ 
i. & 


a| U’=|J—s'| r=+i 


i" (214-1)! 


The quantity (Js Om,/1.s J m,) isthe Clebsch-Gordan 
coefficient detined as in Condon and Shortley.4 The 
R matrix, which is related to the scattering matrix S by 
R=1—S, is evaluated in the representation specitied 
by the quantum numbers aslJm, and m. Here J is the 
total angular momentum of the colliding system, m, is 
its orientation, and is the parity. It has been assumed 
that no external forces are acting on the system. As a 
result, then, S must be diagonal in J and w and must be 
independent of m, as has been made clear in the nota- 
tion. In this representation the S matrix is symmetric 
and unitary. The summations over / and /’ in Eq. (2.3) 
are to be extended only over those values which satisfy 
the parity condition. For pure elastic scattering S is 
related to the phase shift 6 by S=exp(2i6). 

The initial spin state of the colliding system in 
channel a is most conveniently specified by the use of 
the density matrix. For our purposes this may be 
defined as follows. The initial system may be described 
as a statistical mixture of channel spin states x’, and 
the results of any physical measurement are obtained 
by performing a suitable average over the elements ¥ 
of the statistical ensemble. If we now expand the sta- 
tistical spin states in terms of the basic channel spin 
functions x(sm,), we have 


v=2 


a,mMea 


ay(sm,)x(sm,). 


An element of the density matrix is then defined as 


p(S\m,; Syme) = (a7(sym,)*a7(some))y, (2.4) 


where the brackets denote an average over y and where 


4E. U. Condon and G. H. Shortley, The Theory of Atomic 
Spectra (Cambridge University Press, Cambridge, 1951). 
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for simplicity ms; is replaced by my, etc. It is clear that 
the measured value of any operator O in the final channel 
a’ is now given by the average over the elements y of 
the initial ensemble of the expression 


> a7 (symy)*a? (some) (Y* (asym, a’sy'my’ ; OD) 
X |O|P(asemy, a’se’my’ ; O)), 


where the sum is over $11\Somos;/my'so' and mye’. Hence, 
by Eq. (2.4) the resultant expression, after averaging, 
becomes 


> p(symy; some) (Y* (asim, a’sy’my' ; Op) 


X |O| Wb (asomy, a’s9'me’ ; 0p)). 


If it is assumed that the operator O corresponds to a 
measurement upon the spin i’ of particle 6 at an angle 8, 
we have 

O=O0(0')rg?dQ 
where dQ is the solid angle. This expression, combined 
with Eq. (2.2), yields the following result for the 
measured intensity (note that normalization is to unit 
incident flux) 


(O(V)) =A? SS p(symy; some)q* (asym, a’sy'my' ; Op) 
X g(asyme, a’sy’my’ ; Op) 


XK (x (s1'my') OW) | x (s2'my’)). (2.5) 


Complete statistical information on the spin states 
of a particle of spin 7 may be obtained by specifying the 
elements of the density matrix or alternatively by 
specifying the values of the irreducible spin tensor 
moments 7,4 (/«! <q <27). Note that there are (2i+1)? 
independent elements in each description. It is especially 
convenient to use the tensor moments since the low- 
ranking tensors correspond naturally to such physical 
quantities as the differential cross section and polari- 
zation and since these elements transform covariantly 
under rotation. As in I, all tensor operators are detined 
so as to agree with the definitions given by Racah® and 
are so normalized that 


T= P,(i,//[7' (+1) }}). (2.6) 


A partial listing of these operators is given in Sec. V. 
Since the tensor operators and the elements of the 
density matrix form complete sets, it should be possible 
to expand the density matrix in terms of the initial 
tensor moments. ‘This expansion is performed in 
Appendix A. For the case of an unpolarized target 
nucleus the result is 

[ (25)+ 1) (2s2+-1) }! 
p(S\m 1; SoM2) ( 


(27+-1) 
(21) !(2q44 1)! 


1)” i+] 


(S\S2— MyMy| $\Soq— K) 
2i— gq) !(2i+-q4+1)!}! 

W (is,ise; Iq) 
(2.0) 


x T!, 
P,((i/ (é+1) }}) 


°G. Racah, Phys. Rev. 62, 442 (1942) ; references to this paper 
will be denoted by R. 
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where the tensor moments 7, are with respect to the 
incoming particle of spin 7. Note that «= m,— mz. Hence, 
for a definite input tensor moment, all dependence on 
the magnetic quantum numbers is contained in a 
Clebsch-Gordan coefficient. 

The operator O(i’) will now be chosen to be any spin 
tensor operator 7,-*’. The reduction of the resultant 
spin matrix element (x (s;'my’) | T%' | x (S2"mz')) has been 
performed previously in Appendix A of I. It was shown 
in I (A.2) that 
(x (s1'my') | Ty | x (s9’my’)) 

(—1)!’-«'-#'+' (29+ 1)-§[ (27’) LJ? 
 [ (251'+ 1) (252+ 1) (27’—q’) 1(27’+-q’+1) 1]! 
XW (t’sy't’so’ 5 1g’) (5'52’ — my’ my! | 5)'59'q'— x’) 
x Py ((i’/ (+1) }'). (2.8) 
If we combine Eqs. (2.3), (2.5), (2.7), and (2.8), as 


well as Eq. I (2.8) for the product of two spherical 
harmonics, the following result is obtained: 


(ar) *Xq2(2i) !(2q+-1)[ (2t’—g’) !(20’+-q’+1) 1]! 

(T.1’) ; sa : 

2(21-+-1) (2i") !(2g’+1)8[ (2i—g) (2i+-g+1) 1} 

PeG/@+))) 
P.(Ci/ (+1) ) 


( 1)* a’ + i—¢’ I+I'jl yl’ +h’ 


% (2524+ 1) (25)'4-1) (2s2’+-1)/ (2r’+-1) }# 
* R(alysy, a’ly’sy’ ; Jy )*R (alesse, a’le's9’ ; Je2) 
XW (tsyise; Tg) W (i'sy't'ss’ ; I'q’) (1)'1'00| 1)'L,’r'0) 


Vv, «x (06)T 4 > & [(s182— mymy| 51529) 


m, mj)’ 
X (54/52 — my'my' | $1'52'q'— x’) 
4 (1,'14" 


X (/25,0me | Lose] omy) (Ly'sy'u1/my’ | 1,'s\’Tymny) 


ype’ | Ly'le’r’k’ K) (L\5,0my | Lis;J ym) 


X (lo’S2'19’2me" | le’sa’ Tome) ], (2.9) 
where the first sum is over /;lol,/lo’s595y'59’J \J eye and 
the auxiliary variable 1’. 

It has been assumed in this expression that there is 
only a single input tensor moment 7,¢. (The effects of 
several input moments are additive.) Note that only 
two magnetic quantum numbers are still independent, 
since k= m,— my and x’ =m,'— my’. The remaining geo- 
metrical sums are eliminated in the next section. 


III. ELIMINATION OF MAGNETIC SUMS AND GENERAL 
EXPRESSION FOR TENSCR MOMENTS 


The sums over m, and mj’ may be eliminated by the 
repeated use of some Racah identities which have been 
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summarized in a review paper by Biedenharn ef al.* In 
particular, the identities BBR (1), (14), (18), (19), and 
the properties of the Fano X coefficient [reference 3 and 
also I, Appendix B] are needed. The details of this 
procedure, which is laborious but not illuminating, 
will not be given here, since the specific steps for a 
similar reduction were given in I. 
The magnetic sum can be shown to reduce to the 

following expression 


DY (— 1) 22-0212 (274-1) (2S 04 1)[ (2g+ 1) (29'+1) 
r,L 


 (2r’+- 1) (2r4+-1) ]8 (1,00 | Ly/270) 


xk’ | rq’ Lx) 


X (rg rgLx) (r’'q’k 


XX (Shs; Lrg; Jolos2)X (SIuli'sy'; Lr’! ; Jole's2'), (3.1) 
where X is the coefficient defined by Fano,’ and LZ and 
r are auxiliary variables. This expression is the generali- 
zation of I (3.1). 

If Eq. (3.1) is substituted in Eq. (2.9), there results 
an expression for the final tensor moment 7,-*’. The 
tensor moment 7/2’, however, is measured with respect 
to the coordinate system with g axis along the direction 
of the incident particle. A more convenient and sym- 
metrical form results if the final tensor moment is 
measured with respect to a coordinate system along the 
direction of the final particle. If the incident beam direc- 
tion is denoted by k and the scattered direction by k’, 
let us choose a new coordinate system with 2’ axis along 
k’ and with the y’ axis along kXk’. The Euler angles of 
this rotation are then (¢, 6,0) relative to the original 
coordinate system. 

The spin tensor operator 7,“ in the new system is 
then related to the spin tensor operators T,-* in the 
original coordinate system by the relation’ 


is Dy wt (gp, 6, O)T ye”, 


where Dy ,“@? is an element of the three-dimensional 
rotation group. The complete dependence on x’ of the 
expression for 7, is now contained in the factors 


(—1)-* (r'q'x—K'k' [rq Lx) Vv, (0, o). 


Hence, the new tensor moment contains the transformed 
factors 


> (—1)-" Dew (¢, 8, 0) (r'q/ x — w’r’ | rq Lk) 
XV, 2, $). 


The sum over «’ may be performed by expressing 
Y,.,’-. as a D function and using a relation for the 
product of two D functions [see the paragraph in I 


6 Biedenharn, Blatt, and Rose, Revs. Modern Phys. 24, 249 
(1952); references to this paper will be designated by BBR 

7E. Wigner, Gruppentheorie (F. Vieweg, Braunschweig, 1931), 
p. 165. 
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following I (6.5) ]. The transformed factors become 
(—1)*(r'q'Op' | r’q’ Ly") Dy, wr (o, 8, ODE (2r’ +1) /4r J}. 


The complete expression for the final spin tensor 
moment 7,-*’ (measured with respect to the scattered 


Ws ‘= 


u 


Ra?(2i) If (2i’—g’) (22 +9’ 1) S29 +1) PY C#/ +) Y) 


4(20-+1) (27) ![ (28—g) !(2i-+-g+1) !](2q’+1)!P,(Li/ (i+1) }) 
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axis) resulting from an initial spin tensor moment 7,¢ 
(measured with respect to the incident axis) is obtained 
by substituting Eq. (3.1) in Eq. (2.9) and making the 
transformation described in the previous paragraph. 
The result is 


» S R* (als, a’l,’s,’: J \r) 


X R(alos2, a’le's2’, Tom2)W (isy ise; Tq) W (i'sy'i’se"; I’q’) (— 1) tee’ tHe’ D), L(g, 0, 0) T 4 


XGA (Sis, L 


where the sum is over J,lol;/ls's\se5y'Se'J \Jomymol, and 
where the G function is defined in terms of the XY func- 
tion as (note that this definition has been changed 
somewhat from that given in a previous communica- 
tion’) ; 


G,(J hs, E q; J alos) 


= [ (21,41) (2lo+ 1) (25,4+1)(2s2+1) ]} 
* [(2Fi4+ 1) (2J 24+ 1) (294+ 1) (2L+1) }} 
«ith SY (11,00 | L070) (gx — x| gL) 


XX (Jilisi, Lrg, Jolese). (3.3) 


Equation (3.2) is the most general result derived in 
this paper. All selection rules are contained in the 
G coefficient. These selection rules are discussed in the 
next section. A short summary of the properties of the 
G function is contained in Appendix B. In addition, 
two alternative expressions for G are given in Eqs. 
(B.7) and (B.8). Although these expressions are less 
symmetric than Eq. (3.3), they are much simpler for 
computational purposes and for many algebraic reduc- 
tions, such as occur in changes of representation. 


IV. SELECTION RULES AND DEGREE OF 
ANGULAR COMPLEXITY 


The selection rules for any nuclear problem, corre- 
sponding to specific choices of q, g’, x, and x’, can easily 
be read off from the properties of the G coefficient. 
Some of these are mentioned in the next section. A few 
general statements may also be made. 

(a) If the subscripts 1 and 2 are interchanged in Eq. 
(3.2), the resulting expression may be restored to its 
original form by the use of the symmetry properties of 
the G function and BBR (14). The only new factor 
appearing after this process is the phase factor (—1)#*@’, 
Hence, if g+q’ is even, the elements of the R matrix in 
a calculation can always be written in the form 
R*(1)R(2)+R(1)R*(2). If g+q’ is odd, an interference 
term R*(1)R(2)—R(1)R*(2) always results. 

It was pointed out in I (footnote 13) that the elements 
of the S matrix resulting from the use of perturbation 


8A. Simon, Phys. Rev. 90, 991 (1953). Equation (1) of this 
letter has a misprint in it. The phase factor should be (—1)* 
rather than (—1)*’. 


q; J olose)Gy (J yly’sy’, L 7; J Io's’), (3.2) 


theory or the Born approximation are all real. Hence, 
in these approximations, there will be no contribution 
to a process in which g+q’ is odd. 

(b) If both « and x’ are zero, Eq. (B.4) along with 
conservation of parity requires that g+q’ be even. Thus, 
for example, there can be no transitions from q=0, 
xk=0 to g=1, x=0. This is the reason why the polariza- 
tion produced in a nuclear reaction lies along the 
tangent plane. 

(c) The maximum complexity of the angular de- 
pendence is given by the largest permissible value of L. 
If there is a largest incident orbital angular momentum 
linax, total angular momentum Jmax or final orbital 
momentum /’,,.x, the largest value of L is given by the 
simultaneous conditions 


Zinax +4 
Zax t+q— 1 
L<4 2 max 
| 20 max +9’ 
QI max tq — 1 


These rules are easily seen to follow from Eqs. (B.2), 
(B.3), and (B.4). 


V. APPLICATIONS TO SPECIFIC PROCESSES 


(x’=0,x #0, g+q' odd) 


(x=0, x’ #0, g+q/ odd). 


An expression for a given reaction measurement is 


_obtained by a particular choice of q, q’, x, and x’ in Eq. 


(3.2). For example, an initially unpolarized beam is 
specified by 7,¢=1 for g=x=0 and zero for all other 
values. It is convenient to list the values of some of the 
simpler tensor moments in terms of spin operators s: 


TP=1, To'=s2/[s(s+1)]}, 
T4'= ¥ (s;+is,)/[2s(s+1) ]}, 
T2=[38.2—s(s+1)1/[2s(s+1)], 
Ty°= F(/6/4)((s,+is,)s.+8,(s,+is,) |/[s(s+1) ], 
T,2= ( +/6/4) (s,+is,) (s,+is,)/[s(s+1) ]. 
Angular Distribution of Nuclear Reactions 


The angular distribution resulting from an unpolar- 
ized initial beam corresponds to qg’=q=«x’=x=0. The 
result given in BB (3.16), (4.5), and_(4.6) is obtained 
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from Eq. (3.2) by use of Eq. (B.9) and BBR (30). 


da + ig 


>, ( 
4(2i+1) (274-1) 


R* (asl,, a’s'ly! ; Jy) 
dQ 


X Rlasle, a’s'ly’ ; Some) Z (LJ lod 2, sL) 


XZ (Ly I le’ Jo; s'L)P1(cos8), (5.1) 


where .the sum is over ss‘ljloly{lo’J J omyre and L. 


Polarized Particles From Nuclear Reactions 
The result given in 1(3.2) for the polarization result 
ing from a reaction initiated by unpolarized particles is 
easily obtained by setting g’=1, «=+1 and q=x=0. 
Note that I(3.2) is the expectation value of the operator 
i /{i'(i’+1) |). This is related to f, the percentage 

polarization in the tinal state, by 


d\P [7a’/(a’+1) |) fdo, 


where da is the differential cross section for the reaction. 


(5.2) 


Detection of Polarized Particles of Spin 1 2 


The most convenient way to detect the polarization 
of a spin-} particle is to observe the angular distribution 
of a subsequent reaction initiated by this particle. A 
general expression for this cross section can be derived. 

Let k; be the direction of an initially unpolarized 
beam, which produces a polarized particle of spin 7 
(i=}). The intermediate particle 7 is taken off in the 
direction ky, which is specified by the angles 0, @ with 
respect to k,, and allowed to bombard an unpolarized 
nucleus of spin 7. The final reaction product which is 
of spin 7’ is observed in the direction k3, which has the 
angles 0’¢’ relative to ky. The spin of the final residual 
nucleus is 7’. (Note that only the intermediate particle 
i need be of spin 3.) 

The initial system in state 1, being unpolarized, will 
contain only the tensor moment g=0, x=0. The inter- 
mediate system then contains the three tensor moments 
T°, Ty', and 7T_,'. (Note that 7! is excluded by selec- 
tion rule (b) of Sec. IV; all tensor moments are measured 
with respect to the beam axis.) These tensors contribute 
additively to the final angular distribution, which is the 
expectation value of 7° in the final state. 

One component of the final measurement can be 
written symbolically as 79°(1)—>70°(2)—>7T0°(3), which 
is clearly equivalent to do(0)do(6’). Here do(@) is the 
differential for the first reaction, and 
da(0’) is what the cross section would be for the second 
reaction tf the intermediate beam were unpolarized. The 
remaining components are simplified if one verifies that 
by the symmetry properties of the R matrix, the proper- 


cross. section 


(2J)!f (27 — 9’) (27 +-9' +1) !02g4+- 1) Py (L’/ (+1) J) 
q) (2+ q+) !(2q'+ 1) PPALI/ (J +1) J) 
XW (a'sy/t’se’ ; I'q’)(— 1) 2°" 


4x (23’) [QI 


*y. V. Lepore, Phys. Rev. 79, 139 (1950). 
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ties of the D function,’ and Eq. (3.2) 
>To (3) = 3(2i’+-1) (27’+-1)/[ (21+ 1) (27+1) J 
X [70° (3)—>T = 1'(2) J. 


T ,1'(2) 
(5.3) 


Now by Eq. (5.2) the last bracket in the above ex- 
pression can be written essentially as 


li/(i4 1) }if(3 »2)da(3—2), 


(5.4) 
where /(3—+2) is the percentage polarization which 
would result if the second reaction were reversed in 
time, with the system in state 3 being unpolarized. But 
clearly 

(27’+1)(21'+1)da(3 »3) 


(5.5) 


»2) 


(21+1)(27+1)do(2 
(27+-1)(274+-1)da(6’). 


If we combine Eqs. (5.2), (5.3), (5.4), and (5.5), the 
second component of the final angular distribution can 
be written as 


T° (WT 4.1'( 


2)—T9°(3) 


n,n» f(1—+2) f(3->2)da(0)da(6'), 


where ny~k, X ky and n»~ kX k; are unit vectors along 
the indicated normals to the scattering planes. 

The observed angular distribution has the complete 
form 


da (0)da(0')I (5.6) 


[1+m,-n,f(1—2) f(3—2) ]. 


Hence, the polarization is directly related to the azi- 
muthal asymmetry of the second reaction. A similar 
result was given by Lepore® for the special case of the 
double elastic scattering”of spin 3 particles by spin zero 
nuclei. With these restrictions f(3—+2)=f/(2—3), and 
Lepore’s result follows. 


Radiations from Polarized Nuclei 


The problem of the decay of an arbitrarily polarized 
initial nucleus can be regarded as a special case of the 
general result given in Eq. (3.2). If the radiating nucleus 
is taken to be in the state designated by aJ/z, the 
specialization is made by the following recipe: 

(a) Replace S(adis1, ali's\’, Ji) with 

S(adJ, a’l,'sy' > In)i(lh, 0)5(s), ey. 


(b) Set t=J and J=0. 

(c) Divide Eq. (3.2) by wx,?. 
This recipe assures that there will be only a single 
initial state of the entire system of angular momentum 
J. In addition, the amplitude of this state is chosen to 
be unity. 

The application of this recipe to Eq. (3.2) results in 
the following expression 


R*(aOJ, a’ly's\'; In) R(aOJ, a'le' 59’; Jor) 


40 +4), @(h, 0, O)Ge(Th’sy’, qq’, Jle'ss’)T4, (5.7) 
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where the sum is only over /;'/o’s;' and so’. Here 7,4 is 
a spin tensor moment of the arbitrarily polarized initial 
nucleus. The tinal tensor moment 7,“ of the particle 7’ 
is measured with respect to its direction of motion k’. 
The angles 6, @ relate K’ to the initial axis of quantiza- 
tion of J. 

Expressions for the angular distribution (q’=x’=0) 
and polarization (q’= =+1) of the emitted par- 
ticles are easily obtained from Eq. (5.7). Up to the 
present time, chief interest been centered on 
gamma radiation by polarized nuclei. In this case, the 
channel spin representation is not convenient; and, 
instead, one must use a representation involving the 
multipole expansions of the gamma-ray field. This point 
is treated in the next section. It is worth noting that, 
when the nuclear polarization has been accomplished by 
magnetic or electric fields, the resultant cylindrical 


, 


Poe 


has 


symmetry requires that only initial tensor moments 
with «=0 appear. The angular dependence then sim- 
plities since 


Do ,§? (6, 8, 0) = (— 1) *"'~ 


XL (g— | «lV (q+! «!)! Py), 


where P,* is the usual associated Legendre function. 
VI. GAMMA RAYS IN NUCLEAR REACTIONS 


The S-matrix formalism may be extended to include 
the possibility of gamma rays in nuclear reactions. In 
this case, the vector potential A plays the role of the 
“wave function” for the particle. A formal proof of this 
equivalence which will not be given here requires the 
procedure of second quantization.” 

The vector potential field is customarily expanded 
in terms of electric and magnetic multipoles, A(L, M, p). 
The total angular momentum of the multipole and the 
z component are denoted by 1 and M. The “parity” 
symbol p, which is defined to have the value 0 for 
magnetic radiation and 1 for electric radiation, is 
related to the actual parities in the vector field by 


—1)" for p 
(— 4) +! p 


The specific detinition of the multipoles which will be 
used in this section is as follows: 


kK Li LM) 


parity = 0, magnetic 


1, electric. 


A(L, M, p)=—v2D'(11 M 


al 
K(L1—-11)L£110)i-"uV i uO, ) 
XexpLi(kr 


} 
} 


lx/2)], (6.1) 
where the prime on the summation symbol indicates 
that only the term /= L is to be included in the sum if 
p=0 and only the terms /= L+1 if p=1. The symbol 
u, denotes an irreducible component of the vector part 
of A and is defined in terms of the unit vectors e,e2e; 


See, eg., J. 


J. A. Spiers, Directional Ejfects in Radioactivity 
(National Research Council of Canada, Ontario, 1949), 


\ppendix 
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along the coordinate axis as 
uii= F(e:tier)/V2, uo=e3. 


Note that A(L, M, p) as written above consists of 
outgoing spherical waves only. The incoming spherical 
waves have the same definitions, but with a reversed 
sign in the exponential. 

The normalization of A(L, M, p) has been chosen so 
that its absolute square integrates to unity over the 
solid angle. The first Clebsch-Gordan factor has the 
algebraic values: 


(L1—-11/L1L0)=—1/v2; 
(L1—-11/L12410)=[L/2(2L4+1)}}: 
(L1—11/£L12—10)=[(£41)/2(2L+1)}}; 


and in this form the multipoles may be recognized as 
essentially those given by Goertzel.'' We prefer to keep 
this factor in the form of a Clebsch-Gordan coefilicient, 
since a single algebraic expression will then suttce for 
all multipoles. The multipoles as detined above are 
everywhere transverse to the radial direction, as may be 
easily veritied. The remaining longitudinal multipoles, 
which are excluded in the case of the electromagnetic 
field, are obtained immediately by replacing 


(L1—-11/L111) by (L100;/L170) 


in Eq. (6.1). 

The composite system consisting of a gamma-ray 
and a residual (or target) nucleus of spin J is now 
specified by the quantum numbers aJm Lp, where J 
and my are the total angular momentum and zs com 
ponent of the entire system. This representation is very 
similar to the representation in which the angular 
momentum and spin of a bombarding “particle” (in 
this case a gamma ray of spin 1) are combined to form 
a detinite 7 (which is the 1 of the multipole), which 
then combines with the nuclear spin J to form a total 
state specified by J and my. Our previous formulas for 
the particle reactions may now be extended to include 
gamma rays by simply changing from the channel spin 
to the multipole representation. Let us consider first 
the case of a reaction in which a particle comes in and 
a gamma ray comes out. 


Particle In and Gamma Ray Out 


For this reaction we wish to use a mixed represen- 
tation for the R matrix in which the initial states are 
still in the channel spin representation, and the final 
states are in the multipole representation. By the usual 
transformation theory, 


Rials, a’l's’, In) >> 


L’ p’ 


Rials, a’ Lp’; Jr) 


K(L'p' Ini I's’ Iw). (6.2) 
Racah” has shown that the transformation matrix, 


70, 905 (1946). 
63, 367 (1943). 


'(G. Goertzel, Phys. Rev 
2G. Racah, Phys. Rev 
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which represents the recoupling of three angular 
moments (/, 1, and J) must have the form of a Racah 
function. It is easy to show that the exact relation is 


(L'p'In\\l's' Ir) 
v2 (2041) (2541) WW AT; L's!) 


x(L'1 —11{L'10' 0)i*’-"8(V, p’), (6.3) 


where the 6 symbol vanishes if l’ does not have the 
proper parity corresponding to p’ and has the value 

Xa? (27)! (2—q') 134+’)! ]8(2g+ 1) Py (V3) 
Ty 
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unity otherwise. If Eqs. (6.2) and (6.3) are now sub- 
stituted in the general expression of Eq. (3.2), the 
sums over 5)’, 52’, /;’, and Jo’ may then be performed 
without any detailed knowledge of the R matrix. 
(Note that i’=1.) The*sum over 5" is performed first 
by the use of BBR (17). Then this identity is used 
again to obtain the sum over sy’. 

We prefer not to do the sum on /,’ and /,’ explicitly 
in order that a single expression be valid for all choices 
of the multipole “parity.” The final result is 


2 R* (als), a’ Ly’ py’; J ym) 


12(21-+1)[(2i—q) (2i-+-g+1) !(2q’ +1) PP, ((i/i+1]) 
Rares 2, La! po! ; Java) (Ly! 1 — 1.1 Ly 1b 0) (Ly 1 — 1:14 Le! 1 Ly’ 0)5 (ly, pr’)5(le’, po’) 


[ (20 + 1) (2 a$ 1) Phila bv tte’ (— 4) Sebant bata’ Lt TU WY (isso; Tg) W (I yLy' Joly’ ; I'L) 


KD, eo (900) TGF (Iylisy; L 


where the sum is over /;l5\52J J yrymel.y' Lo’ py po'l’ and 
1’. It is worth reminding the reader that the 6 symbols 
signify that for magnetic multipole radiation, p=0, we 
have /=L. For electric multipole radiation p=1, we 
have /=L+1. 

The meaning of the final spin tensor moments 7,” 
for the gamma-ray case requires some clarification. It 
is clear that a pure gamma-ray state requires only two 
states U,; and U_4, corresponding to right and left 
circular polarization respectively for its description. 
Hence the statistical density matrix will have only four 
independent components, rather than nine as would be 
the case for the usual particle of spin one. Since our 
selection rules appear to allow all tensor moments up 
to g’= 2, it is also clear that only four of these moments 
may be independent in the gamma-ray case. 

A comparison with the listing of spin operators at 
the beginning of Sec. V resolves the ambiguity. First 
of all, it is easy to recognize that the tensor moments 
T,', T-,', TY, and T_,? must be identically zero. To see 
this, note that these four operators are proportional to 
the spin operators s, or s_ which have nonzero matrix 
elements only between states whose magnetic com- 
ponents differ by unity. The only available states for 
the gamma ray are U, and U_, which differ by 0 or 2. 
In addition, the operator 7°)? is equivalent to 7° since 
both these states have s,2=1. Hence, the four inde- 
pendent operators are 7°, To', 7°, and 7_,*. These 
have simple relations to the physical measurements 
which are listed below: 


T° intensity 
v2 Ty! 


4/3 T? 


circular polarization intensity 


Ae~**) where A is the intensity of the 
llinear polarization, and @ is its 

Ae“* {azimuthal angle relative to the nor- 
mal to the scattering plane. 


4y/9T_2? 


G3 Jolese)Ge(Lyh1; Lg’; Le'ls'1), (6.4) 
These parameters are essentially the Stoke’s parameter 
description of the polarization of a beam of light as has 
been clearly pointed out by Fano.* A more complete 
discussion may be found in Appendix A of this reference. 

The relations given above between the polarization 
of a gamma-ray and its tensor moments allows several 
selection rules to be read off from Eq. (6.4). These are: 

(a) Circularly polarized light cannot result from a 
nuclear reaction initiated by unpolarized particles (i.e., 
no 7,°—+T>)'). This is a special case of the selection rule 
given in Sec. IV (b). 

(b) Linearly polarized light cannot be the product of 
a nuclear reaction initiated by s-wave particles of 
spin 3.'° To see this, note that the “tetrad” condition 
on the first G function (/;/, Lg) requires that L be either 
1 or 0. However, «’ = +2 for linear polarization. Hence, 
the second G function must vanish by Eq. (B.5). 


Gamma Ray In and Particle Out 


The derivation of this result follows in a manner 

similar to the previous case. The only added difficulty 
is that one must recall that incident gamma-rays of 
right and left circular polarizations, upon expansion 
into multipoles, have opposite phases for the amplitudes 
of the electric components. In particular, if one expands 
a plane wave along the z axis of circular polarization P 
(P=+1) into multipoles, the probability amplitude 
of the state of multipolarity Z and parity p (=0 or 1) 
is (P)Pi4t"[(2L+1)x/2}!X, which differs from the par- 
ticle case by the extra factor (P)?. 
83 This result was also obtained by Biedenharn, Rose, and 
Arfken, Phys. Rev. 83, 683 (1951), by invoking Lloyd’s theorem. 
The use of Lloyd’s theorem, which is only an approximate relation 
[see F. Coester, Phys. Rev. 89, 620 (1953) ], is unnecessary in 
this problem since the result is an exact selection rule. To see 
this, note that the sums over m and M in Eq. (3) of Biedenharn 
et al. can be performed and reduce the anisotropic term to zero 
identically. The alternative proof of Lloyd’s theorem given in 
footnote 5 of this reference is then invalid. 
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Now if the initial density matrix is expressed in terms 
of the averaged amplitudes of the states of circular 
polarization a(+1) and a(—1), we have: 

D,1= a\ a Epi: 
D L-1—= a(—1) . 
D,,1=a*(+ 1 ja(— 1 3 
D_1,:=a(+1)a*(—1). 
As we have just seen, however, the terms a(—1) will 
have the factors (—1)” in the multipole expansion. In 
addition, it is clear from the spin operator definition of 
the tensor moments that 


T°=D114+D_1,-1, 
T)'~ Dy 1- D 1,—1) 


x7 (27 
2(27+ 1) (27’) ![ (2 
xX (1,1 
x | 

XGA 1; L 


where 
f(Pipogx) = [1+ (— 1) r+P2]/2 
=[1-(-1)my/2 
= (—1)? 


=(—1)> 


Gamma Ray In and Gamma Ray Out 
This expression follows immediately from the pre- 
vious results. 


XL (2—9') 1(3+-9') !(2g +1) Py (1/v2) 
] y)s(2q 


T 0 = 


6(21 + 1)[ (2—q) !(3+q) !(29’+1) }}P,(1/v2) 
XK R*¥ (aL ipi, a’ Ly’ py’; Jim )R(aLops, a’ Le’ pe’ ; Joy) 


x (1,1 —-11/2,11,0)(121 —-11/2,11,0) 

x (Ly 1 —11/ 2,’ 11,’ 0) (Le 1 —11! Le’ 11,’ 0) 

5 (11p1)6 (lopo)d (Ly pr )5 (Lo' po’) (2I 14-1) (2J24+-1) 

«Ki Le litle—L1'+Le’+ly'—l2’ | 1)/ I'+ 

KW (SI LJ ole; IL)W (J Ly Sole’; I'L) 

K Dye) (6, 0, OT PG ALN; Lg; Lelel) 
KGe(Li11; Lg’; La'le'1) f (pipeg), 


where f has the same definition as in Eq. (6.5). 


Li'+Litetg’ +n’ 


(6.0) 


Angular Distribution of Nuclear Reactions 
Involving Gamma Rays 


The most frequent use of the previous general results 
are in the analysis of angular distributions of nuclear 
reactions. For this reason, it is convenient to list the 


q') (2 +g’ +1) (2g I Py (Ci /’ +1) 


g) (34 q) !(2q’ +1) PA ‘V2) 


q; Lolz WGe (Iihi’sy; L 


PARTICLES 


T?~D,-1, 
Tr °~ D 1, 1- 
Hence, the proper initial tensor moments for the 
gamma-ray case are: 
— 1) ter ]/2, 
Tift —(— 1) ]/2, 
-])P2, 


-1)”, 


T_3?( 
In addition, the new expression must be multiplied by 
3 to correct for the statistical factor. The final expression 
for the case of a gamma-ray incident and a particle 
emerging is then: 


> zi R* (aL ip, a'l,'s;': J yr )Ralope, a’ls'so': J ots) 


— 


11/21.11,0)(Lo1 —11] L211, 0)6 (A, pr)6 (le, po) (201+ 1) (2024-1) Pt ib tet 
1) Jaton thitan hte Pie W (Ji LJ ob; [LW (i’sy'i’se’; Ig’) Dy, ™ (¢, 8, 9) 


q'; J ola'so') f (pipogn) T 4, (6.5) 


results for the special case of the angular distribution 
(q’=«’=0) resulting from a reaction initiated by un- 
polarized beams (¢=x=0). The results are expressed in 
terms of the Z coefficient detined in BB (4.3). 


Particle In and Gamma Ray Out 
da = (X*/2)(2i+1)'(27+-1) 
. * R* (als, a’ Ly' py’; J im) 
x R (ales a’ Ly! po! ; Jom.) (Ly' 1 
x (Ly 1 —11] Le’ 11,’ 0)5(L, 


11/1)’ 11, 0) 
5 (L,", p2’) 
44 


Lo’ Ly’ +l’ I2' ( 1) I’—L+L)'—L3 


l 
XW (ILS oL2': 'L)Z (J led 2; sL)P, (A) 
xZ(1’L, le Le : 1 ie 


* [ (2d +1) (2J2+ 1) dQ, (6.7) 


where the sum is over J,loL4'Lo'l)le' py po'sJ J mim, and 
y iS 
Gamma Ray In and Particle Out 

do (Xx? 4)(27 + 1) > R* (aL yp, a’l,'s’: Jy) 

X Rlalop, a’le's’: Jome) (Ly 1 . 1 1 L 1 l 0) 

K (Le 1 —1 1 Le th, O)6 (i p)b(lep) 

xf (2; } 1)(2J > } 1) |hjee Lith-l2 

K (—1) 8° be lH (JF LJ eho; IL) 

KZ (UL leLe: 1 L)Z (hy Ile’ Je; s’L) 


* P1(0)dQ, (6.8) 


where the sum is over LyLoll2J\J arymil)'l,’s’p and L. 
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Gamma Ray In and Gamma Ray Out 


do = (X*/2)(21+1) 


KGL, pr ble’, po’) (QI, +1) (2S 24- Die ete 


XW IL SL’: VL)Z UL, LyleLe: 1L)Z RG By A BE 1L)P,(@)dQ, 


; >: R*(alip, a’ Ly' py’; Jr )RlaLop, a’ Ls’ po’ ; Jomo) (Ly 1 
K (L2 1 — 11) £.112,0)(£y' 1 —11! Ly 11,' 0) (L2' 1 


11] £,11,0) 
11 Ly’ 11s’ O)6 (1 p)b (lop) 
+ Le’+li’—l2! (_ 4 I-14 Li'+ Li-Le 


WW (J, LyJoLe; IL) 
(6.9) 


where the sum is over LyLoLy Le'hlbly'L/S J ayroppy pe’ and L. 


Gamma Radiation from Polarized Nuclei 


The general result for gamma radiation is obtained by applying the recipe given under the last subheading 


of Sec. V to Eq. (6.4) .The result is 


(23+-1)'[ (2—q') '(34+-q') !(2g4+1) }}Py (V4) 
et 
12x[ (2J 


KX (L)' 1 —11/ 2, 11, 0)(Z,' 1 


x 1)hity iY 


where the sum is over L,'Lo'l)'l.’p;' and p.’. Note that 
the polarized nucleus has spin J and parity 7. Its initial 
tensor moments are 7,%. If polarization is achieved by 
electric or magnetic fields, only the terms with «=0 
are present. 

If we specialize the above expression, we obtain 
several results already given in the literature." 


VII. POLARIZED TARGET NUCLEI 


The previous results in this paper have all been 
specialized to the case of a polarized beam of particles 
of spin 7¢ incident upon an unpolarized target nucleus of 
spin 7. The more general problem is one in which the 
target nucleus is polarized as well. (We assume, how- 
ever, that the incident particle and nucleus are inco- 
herent.) The expansion of the density matrix in terms 
of tensor operators is no longer that given in Eq. (2.7) 
but rather has the form: 


p (SM, 3 Some) 


( ])#t-s2-atm 


= (5\Sg— mymy| SSeg—K) 2.9, (7.1) 


where 
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~ 
2 2 
~« 


a) !(2i-+a+4+1) !(27—6b) !(27+-64+1)!] 


ns 
abd [ (2: 


(~—1)*(ab\x—A|abge) 
x f . . 
P, (| 2/t4 


1 }')P,({7/T+1}) 
XX (iat; sigse, TOIT (OTP (I). (7.2) 


4 NR. Steenberg, Proc. Phys. Soc. (London) 65, 791 (1952) 
and 66, 391 (1953); H. A. Tolhoek and J. A. M. Cox, Physica 29, 
101 (1953). These authors treat the angular distribution and 
polarization of gamma rays from aligned nuclei for the case of 
pure multipoles only. The correspondence to the notation of 
Tolhoek and Cox is as follows 

T®=1; To =Pé3/v2; 
i(7'?— T_.*) 


24T_2=—-V6PH/4; 
\ OPk, 4. 
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tartatete TD), oO (ob, 6, O)T AW (SLY IL2'; 'g)Ge(Ly'l'1; ¢ 
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1 fiz. 1 ls’ O)6 (Ly, pr')6(Ly’, po’ il?’ Li’+ly’-la 


q’; L2'le'1), (6.10) 
This result is derived in Appendix A. Equation (7.2) 
expresses the generalized tensor moment for the initial 
system in terms of the individual tensor moments 
7y*(2) and 7,.°(/), detined in the usual manner, of the 
incident particle and target nucleus respectively. 

All previous results in this paper are generalized to 
the case of polarized target nuclei by replacing 7,¢ with 
I, along with a change of normalization which is 
obvious from a comparison of Eqs. (7.1) and (2.7). 

The author wishes to express his thanks to Dr. 
Theodore A. Welton for many valuable discussions and 
suggestions. 

APPENDIX A. EXPANSION OF THE DENSITY 
MATRIX IN TERMS OF TENSOR OPERATORS 

An element of the density matrix in the channel spin 
representation may be written as an average of the 
expectation value of an operator over the statistical 
ensemble. If x(sm) is a channel spin wave function of 
channel spin s and z component m, an element of the 
density matrix is 


p(symy3 Symes) = (x (Sym) x* (Some) av. (A.1) 


The channel spin wave function is defined in terms of 
the spin wave functions for the incident particle 7 and 
target nucleus J as 

> (i Tm, m—m,\il s m)x(im,)x (I m—m,). 

san (A.2) 


If Eq. (A.2) is substituted in Eq. (A.1) and if it is 
assumed that wave functions of the target nucleus and 
particle are incoherent, @ne immediately 


x (sm) 


incident 
obtains 
m,'t I s,m) 


p(symy; som > (lm, m, 


min 


x (il m,’ my 


m,'|tT $2 my») 


(A.3) 


pi (my, m,')pr(my— m;, m2a—m,), 





POLARIZED 


where p, and p; are the density matrices for the indi- 
vidual particles. 

The general covariance properties of p may be ob- 
tained directly from Eq. (A.1), however. If ?, denotes 
the operation of a rotation r of the coordinate system, 
there follows immediately : 


P,p(symy; sym2)= YS Dy, my? (1) Dx, ma* ® (r) 
A,r’ 

X (x (SA) x* (52d") avy (A.4) 
where D is an element of the rotation group. By Eq. 
(16a) of reference 7, the product of two D coefficients 
may be expressed as a single D coefficient. If we use 
this, Eq. (A.4) may be written 


> (—1)-™(s; 52 my 


Nd? 


My| $1 S2q My— My) 


«* Dx ’, my mo (r)Z) nr", (A.5) 
where the sum on J and ®’ has been replaced by a sum 
on A—N and X’, and where 


—ee= > (- 1)*’(s; sA—A' I Sy S2gX- N) 
v 
XK (x (siA)x* (Sor) ay. (A.6) 
It is clear from Eq. (A.5) that I, _,-? transforms under 
rotation as a tensor of rank g. Hence in the limit of zero 


rotation, Eq. (A.5) goes into the desired expansion. 


p(s\my,; Sym2)= > (—1)-™ 
q 


XK (S$; So my 


~My! $1 S2g My— My) Smy—myt.  (A.7) 


By the unitary property of the Clebsch-Gordon coef- 
ficient, this may be written 


Ty —mot= DY (— 1)" (sy So my — my! Sy So gq My — My) 


m 


X p(s; m1; 52m»). (A.8) 


If we substitute Eq. (A.3) in the above, there results 
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(A.9) 


m, tl sym)(ilm, my 


«* (iT mm, 


< pi(mi, m,’)p1(m,— mi, M2—m,'), 


where the sum is over m2, m;, and mj. 
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where the first sum is over a, 6, and m,—m;,’. The 
second sum is over mz and m,. 


The details of the elimination of the second sum will 


b 
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It is now necessary to express the particle density 
matrices in terms of their tensor moments. Once again 
this follows from the operation P, upon the density 
matrix for the particle 7, say. The analogous result to 
(A.7) is 


S| mi’ 


a 


=35) 


pi(m,, m,’) 


X (iim; —m,'\itam, (A.10) 


where 
1)’ (ftrX —N lita wy (IN)x* (IN) ww. 

Since J,“ transforms as an irreducible tensor of rank a 
under rotation it must differ from the usual spin tensor 
operator 7,*, detined in Eq. (2.6), by a normalization 
factor only. In order to determine this factor, let us 
evaluate J,¢ and 7,“ for the special case of an ensemble 
having only the single state x(7, 7) and for c=0. Then 

, 


o@=(—1)i(Gtt—itiad). 


From the definition of 79% given in Eq. (2.6), 
To*= Po((i/i+1]}). 
Hence, in general, 


(—1)'(@i@tt —iliiaO) 


(A.11) 
P,({i/i+1 ]') 


If we combine Eq. (A.11) with a relation obtained from 
BBR(1) and R(16), 
(iti —1 tta0) 


(2i)!(2a+1)3{ (2i—a)!(2i+a4+1)!}-4, (A.12) 


and substitute in (A.10), we have 
(27) '(2a+1)! 
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(iim, —m,\iiam, 


x (A.13) 


P.((i/i+1})) 


An analogous formula holds for p;. If Eq. (A.13) is sub- 
stituted in (A.9), we have an expression for the gener- 
alized tensor moment of the system in terms of the 
individual particle tensor moments. 


Tm, —mjy* (4) Tm, —m2—my +m," (1) 


+1)!}) Pa(li/i+1 PoC /T+-1))) 


—m;|iT s; my) 


$1 52g M\— My) 


m, m,’—me|T Tb my—m2+-m,'—m,) |, (A.14) 


not be given here since several similar reductions have 
been illustrated before. The final result is in the form 
of an X function, as might have been anticipated. The 
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entire second sum becomes 


= (— 1 )** HIT (2a 4 ] )(2b4 1)(2s,+ 1) (25241) }! 
K(abm, m,|a by m,—my) 


(A.15) 


mat+m | - 
XX(iai;sigs;1bT). 


m,' m, 


If we substitute Eqs. (A.15) and (A.14) in Eq. (A.7) 
we obtain the result given in Eq. (7.2).4 

The special case of an unpolarized” initial nucleus 
corresponds to 6=0. Equation (2.7) of the text then 
follows immediately from Eq. (7.2) by the use of 
1(B.1). 

APPENDIX B. SOME PROPERTIES OF THE 
G FUNCTION 
The G function may be defined in terms of the Fano 


X function" as 


a b ( 
GA d i 


{ (2a+-1)(2b4-1)(2c4+-1) (2d+1) 
ght 


(2 f+ 1) (2¢+ 1) (2h+4-1) (214-1) Jhibr* 
xd. (bh00 bheO) 


abe 


def 
ght 


K(fdk—K fdeD)X (B.1) 


By the use of BBR (1), (5), and the symmetry 
properties of the X function, it is clear that the inter- 
change of the two outer rows of the G function or of 
the two outer columns simply multiplies the G function 
by the phase factor (— 1)¢t¢tetet +", 

The “triad” conditions for the nonvanishing of the 
X function also immediately yield the condition that 
the elements of each of the outer rows and columns of 
the G function must form possible vector triads in 


order that G shall not vanish: 


(abc), (adg), (ght), (c ft) “triads.” (B.2) 


In addition, the two “triad” conditions involving e 
yield a less restrictive condition on the G function 
which is that the four central elements (d 6 fh) must 
form a possible vector “tetrad :” 


(db fh) “tetrad.” (B.3) 
In the special case of x= 0, this last condition becomes 
more restrictive. By BBR (5) we must have 6+h+e 


=even integer and {+d-+e=even integer. Hence, 


b+h+ f+d=even integer for «=0. (B.4) 


From the properties of the Clebsch-Gordon coefficients, 


16 For the properties of the VY function see reference 3 and also 
Appendix B of I 
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it is also clear that d and f must satisfy the conditions: 


d>x, f2rk. (B.5) 


Two alternative expressions for the G functions are 
often useful. These are obtained by first substituting in 
Eq. (B.1) the expression for X in terms of Racah 
functions.” The resultant expression is 
G,(abe;d_ f; ghi) 

= i+" (2a+ 1) (264-1) (2c+ 1) (2d+1) 
X (2 f+ 1) (2g4+-1) (2h+-1) (2i+-1) ]! 
KEL (— ietetetetetsttoth+s (224-1)! 


XW (bdeg ; za)W (db fh; ze)W (gchf ; ct) 


X(bhOO bheO)(fdx—x| fdeO)]. (B.6) 


For simplicity in printing, we have written the argu- 
ments of G on a single line. The two expressions for G 
are now obtained by performing the sum on e by the 
use of BBR (18) in either of two possible orderings of 
b, h and f, d. The two expressions are 
G,(abe;d_ f; ght) 
= i+ (2a+ 1) (264-1) (2c+ 1) (2d+1)(2f+1) 
X (2g+ 1) (2h4- 1) (2¢4- 1) }8(— 1)atetetit« 
Xv (— 1) (fan 0! fhen)(dbxO|dbzx) 


x W (bdeg; za) W (gchf; 2) ], (B.7) 


and 
G,(abe;d_ f; ghi) 
= i+" (2a+ 1) (264-1) (2c4+ 1) (2d+1)(2f+1) 
X (2g+ 1) (2h+ 1) (27+ 1) }8(— 1)4+4« 
Kv (1) (fbx 0! fbckn)(dhxOldhzx) 


x W (hdia; zg)W (aibf; 2c) }. (B.8) 


The G function reduces to a simpler form when one 
of the elements is zero. The following forms are ob- 
tained from Eqs. (B.1), (B.4), and (B.5) by the use of 
BBR (30) and I(B.1): 


Go(abc;d 0; ghi) 


= 6.;(— 1)" (2e+1)4i4Z (bahg; cd); (B.9) 


G,(a0c;d  f; ght) 
= Baci*{ (2i+ 1) (2a+- 1) (2g+-1) (2d+-1) (2f+1)]}} 
xX (fdx—«| fdhO)W (dahi; gf); (B.10) 
G,(Obc;d — f; ght) 
= by Bagi?" (2h+-1) (2d+-1) (2 f+ 1) J'(—1)4t! 


X(fix—x| fibO\(dhxOldhix), (B.11) 


where the Z coefficient is defined in BB (4.3). The 
remaining forms follow by the use of the symmetry 
conditions. 
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Solutions of the Meson-Nucleon Equation 
in the Adiabatic Limit 


R. ARNOWITT, 


Radiation Laboratory, Department of Physics, 
University of California, Berkeley, California 


AND 
S. Deser,* 
Harvard University, Cambridge, Massachusetts 
(Received July 7, 1953) 


HE relativistic meson-nucleon equation,’ [(yp+m) (k?+-?) 
—I}/=0, upon reduction to three-dimensional form, may 
be used to examine the stability of meson-nucleon systems (bound 
and virtual states) as well as scattering. Such an investigation 
has been made for the isotopic spin 3/2 state, with lowest order 
interaction (crossed meson graph) in the adiabatic limit, but 
keeping both “large” and “small” components in the resulting 
equation. In momentum space, the three-dimensional equation 
becomes 


&t 4 A 


(K —wp—H)¢i(p) = ——— : 
; “ ais (2r)3L2u, K+wpt+E, 


TjTs 
Bm +a-(p+p’) — (ui ma) K : 
r 24 An. > 0) (p )dp’, (1) 
J m+ (p+p’)?— (ui pe)? AF 
where K=m+u+E is the total energy of the system, w:=p/ 
(m+n), wo=m/(m+p), H=a-p+hm, and A~ is the negative 
energy free particle projection operator. Multiplying by K -H+-wp 
(to rationalize the kinetic energy term) and returning to coordi- 
nate space, one obtains an equivalent Dirac equation of the form 
, ee P ‘ P r E( E+-2yp) . 
W—W6(e)= [Vile, e)o,()de; Wm =, (2) 
‘ 2(m+p+ FE) 
where 


2 eae : 
Vij(r, vr’) = 2 [KQOm(r+r')+(K —Bm—@-p 


T) 
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a Ko(ur). (3) 

2r’r Or 


On (t4 r’')) ]X (Bm — (uw 


¥(r)=(1/r) exp(—r/p); Qult 
The range of the Yukawa well, p~' =[[m?— (ui —2)?A? J}, is energy 
dependent. The integral operator, V(r, r’), was approximated by 
a multiplicative exchange potential. In so doing, mOm(r-+ r’) was 
replaced by 6(r+r’) and the terms proportional to Oy—Qm 

neglected as Oy 


were 
Om is logarithmic at the origin (and hence not 
. The pote ntial for the 3/2 state then becomes 


V = (x? wo) K JV (r) P, (4) 


highly singular 
f / 
Sam) LH — (ui 


where P is the exchange operator. The angular parts of the wave 
function may be separated out in the usual fashion, via the con- 
stants of motion J, K=8(e-L+1). The resulting coupled radial 
equations for the two components u/r, v/r are 
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In order to examine the structure of the solutions, the Yukawa 
potentials were replaced by “equivalent”? square wells, V, de- 
fined by Jo*Vrdr= V fi’r’dr.2 Eliminating v(r) from the equations, 
one obtains a Schrédinger equation for u of the form 


[< k(k—1) 2k “+o ©) 
dr? r? ote 4a 


e2\2 
te Yew mlu(r)=0, r<p (7) 
4 


) 
+W? mt |u(r)=0, r>p (8) 


| d? k(k 1 
dr? r 


The coefficients a, 6, ¢ are energy dependent. The appearance of a 
g* term in Eq. (7) reflects the elimination of » from Eqs. (5) and 
(6). Replacing the 1/r term in (7) by a square well, one obtains 
a total well which is repulsive for 7=1/2, 5/2, 
for certain ranges of g?/4m for 7=3/2, 7/2 ---. 

Assuming the V,° particle to be a virtual state of the p, 
system at an energy E~40 Mev, with isotopic spin 3/2 and an 
angular momentum of /=5, a lifetime of 2X10°" second was 
obtained. The allowed values of the coupling constant that give 
this result are g?/4r=9.0, 13.5. For the latter case no other virtual 
or bound states can form in the low-energy region, 

The above equations were also applied to calculate the total 
x*—p cross section at 37 Mev. The result (for g?/4r= 13.5) is 
19.3 mb.3 

First-order nonadiabatic corrections to the potential have been 
examined and appear not to change the results qualitatively. 
More detailed calculations are now in progress. 


- and attractive 


* Now at The Institute for Advanced Study, Princeton, New Jersey. 

1S. Deser and P. Martin, Phys. Rev. 90, 1075 (1953). 

2 The 1/r and 1/r? singularities were smoothed to a lnr and 1/r respec 
tively near the origin, as suggested by the integral operator Om. 

4 This result may be compared with the experimental values of 10.943 
mb and 11.8+1.0 mb at that energy obtained by C. FE. Angell and J. P. 
Perry (Phys. Rev. 91, 1289 (1953); 92, 835 (1953) ], and the value 7.9 42.2 
mg obtained at 33 Mev by S. L. Leonard and Ll). H. Stork [ Bull. Am. Phys. 
Soc, 28, No. 4, 19 (1953) ] 


Production of Acceptor Centers in Germanium and 
Silicon by Plastic Deformation 
W. C. Exits ann E. S. GREINER 
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JLASTIC deformation of germanium and silicon by bending 
and in tension has been reported by Gallagher! and by Treut- 
ing.2 In recent experiments compression has been used to deform 
N-type germanium crystals of 5 and 26 ohm-cm resistivity about 
5 percent at 509° and 650°C, respectively. X-ray studies showed 
that the deformation produced a range of orientations grouped 
about the principal one for the crystal. In both specimens the 
conductivity was changed to P-type, and the resistivity values 
for the deformed germanium were 1.5 and 3 ohm-cm, respectively. 
These changes correspond to the introduction of about 10! ac- 
ceptor centers/cm’. 

Control germanium specimens that were only heated, and not 
compressed, were included simultaneously in the furnace. No, or 
insignificantly small, changes in resistivity were obtained for the 
controls. This is considered conclusive evidence that the acceptor 
centers have an origin in the deformation. They may be at dis- 
locations, introduced into the small regions, or on the small 
angle boundaries between regions, in the deformed structure. Dis- 
location models in deformed germanium have been discussed by 
Seitz’ and by Shockley.‘ 
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A similar introduction of acceptor centers has been obtained 
with silicon of V-type and 6 ohm-cm resistivity. When this silicon 
was compressed 2.5 percent at 725°C, it remained N-type but the 
resistivity increased to 150 ohm-cm. When the same silicon was 
compressed 18 percent at 850°C, the resistivity increased to 50 
ohm-cm and both N and P regions were found in the sample 
These resistivity changes correspond to an introduction of about 
10° acceptor centers/cm*. As in the case of germanium, controls 
that were heated only were included simultaneously in the furnace 
No significant change istivity were obtained in the controls 
Values of mobilities used in calculation were for undeformed 
material.®-6 The number of acceptor centers may be different to the 
extent that mobilities are different in deformed structures.’ 


in re 


'( J. Gallagher, Phy Rev. 88, 721 (1952); Bull. Am. Phys. Soc. 28, 
No, 4, 10 (1953 
2k. G. Treuting, J 
tk. Seitz, Phys. Kev 


4W. Shockley, Phys 


Metals 4, 1944 (1952), 

88, 722 (1952) 

Rev. 91, 228 (1953). 
*J. RK. Haynes and W. Shockley, Phys. Rev. 81, 835 (1951). 
*J. R. Haynes and W. C. Westphal, Phys. Rev. 85, 680 (1952) 
7D. L. Dexter and F. Seitz, Phys. Rev. 86, 964 (1952). 
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yrs years ago, Heer and Daunt initiated measurements on 
the thermal conductivity of metals below 1°K, their first ob 

servations being on Sn and Ta.' This work led immediately to the 
practical realization of superconducting thermal “valves’”® and to 
an understanding of the significance of lattice conduction at ex 

tremely low temperatures. Subsequently, similar measurements 
by us have been made on Pb and Cu. Whereas many other ob 

servations below 1°K on the thermal conductivity of supercon 

ducting metals, such as Pb, have since been reported,‘ data below 
1°K on normal metals, such as Cu, are unavailable. It is considered 
that the results, given below, for Cu are of twofold interest, first 
in relation to the theory of electrons in metals, and second, as a 
guide in technical problems arising in cryogeny below 1°K. 

The experimental arrangements for the observations below 1°K 
were similar to those used previously,' consisting of two approxi 
mately equal chromium potassium alum cylinders of about 15 cc 
each, separated from one another by a distance of approximately 
30 cm and connected thermally to each end of the specimen of 
interest by copper mountings of large cross section. The thermal 
contact between the salts and their copper mountings was made 
by high-pressure molding. The two salt cylinders were simul 
taneously cooled to low, but different, temperatures by the mag 
netic method, and the thermal conductivity of the metallic speci 
men linking the two was calculated from observations of the rate 
at which the cylinders equalized temperature. The dimensions of 
the specimens were so chosen that the time for equalization was 
long enough (about 1 hour) to enable observations to be made to 
at least 0.001°K. The stray influx of heat from the surroundings 
was kept low in order to minimize errors of computation. The tem- 
peratures of the salts were obtained from susceptibility measure 
ments, using an ac bridge method.® The ac bridge, using a decade 
mutual inductance constructed by Hayes,® has a sensitivity such 
that, with a primary field of 0.1 gauss rms at 28 c/s, temperature 
differences of less than 0.1 milli-degrees can be readily observed 
at, for example, 0.5°K. 

For the temperature range 1°K to 4.2°K, customary steady 
heat flow techniques were used for the conductivity measure 
ments, employing carbon thermometers and direct ohmic heating. 

The thermal resistance between the salts was found to be com 
posed of two terms; (a) the resistivity of the Cu sample and (b) 
the thermal contact resistances between the salts and their copper 
mountings. This term (b) was found to be proportional to T~?, as 
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has been discussed previously by Mendoza’ and by Goodman,‘ 
and the factor of proportionality was obtained from our observa 
tions made at 0.5°K. As will be seen from the table of results 
given below, this term (b) represented only a small correction to 
the results down to 0.5°K 

In order to calculate the heat flow between the samples, it was 
necessary to estimate the heat leak from external sources into each 
On the assumption that these heat leaks were 
temperature between each 
(6) the area of each salt, 


salt individually 
proportional to (a) the difference in 
salt and the surrounding chamber, and 
the constant of proportionality could be obtained by calculation 
from the observed total heat leak at any one instant. It was found 
that a unique value of this constant allowed computations to be 
made, regarding the heat leak, which were in good agreement with 
the experimental data over periods of time exceeding one hour and 
corresponding intervals of temperature 

The copper sample was a polycrystalline wire of 27.2-cm length 
and 0.025-cm diameter, and was of commercial grade high-purity 
supplied by General Electric Company. The ob 
served thermal conductivity, A as a function of temperature is 
1 and Table I. It will be observed that within the 


magnet wire 


shown in Fig 


Pane I, Observed thermal conductivity as a function of temperature. 


Thermal 

cond. o 

Cu watt 
units 
1.30 
1.17 
1.09 
0.87 
0.92 
0.91 
0.79 
0.55 
0.53 


Barrier temp. drop 
at salt A at salt B 
kK 3 


Corrected 
mean 
temp. °K 


Temp. 
diff. along 
Cu °K 


Obs. Obs. 
mean temp 
temp. °K diff. °K 


0.001 

0.004 
0.003 
0.009 
0.001 

0.023 
0.019 
0.008 
0.010 


0.009 
0.050 
0.029 
0.091 
0.093 
0.143 
0.114 
0.030 
0.155 


0.001 
0.005 
0.004 
0.014 
0.014 
0.076 
0.047 
0.008 
0.077 


0.810 
0.787 
0.673 
0.660 
0.615 
0.443 
0.414 
0.346 
0.293 


0.011 
0.059 
0.036 
0.114 
0.108 
0.242 
0.180 
0.046 
0.242 


0.810 
0.787 
0.672 
0.657 
0.008 
0.416 
0.400 
0.346 
0.259 





® Fic. 1. Thermal conduc- 
tivity (in watt units) of 
pure copper as a function 
of absolute temperature. 


THERMAL CONDUCTIVITY OF COPPER IN WATT UNITS 











2 3 
TEMPERATURE °K 


limits of experimental error K is a linear function of T down to 
0.25°K. If one puts K =a7, then our observed value of a is 1.76 
watts/cm deg?. Previous results in the temperature range 1.2°K 
to 4°K give a=0.6;8 a=0.58;9 a=4.7; and a=2.0." The fact 
that our value of a is somewhat less than that observed by the two 
latter groups of workers is due probably to small differences in 
purity of the samples. 

At temperatures below those reported herewith, the thermal 
resistance between the salts appeared to include more highly tem- 
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perature dependent terms than those given by terms (a) and (6) 
above. This additional temperature dependency was not consid 
ered to be due to any primary processes occurring in the copper 
specimen, since similar dependencies were separately observed in 
experiments on the thermal conductivity of superconducting Pb 
in the same temperature region. It is possible that these effects 
were due to diffusional or relaxational processes in the salts 
themselves. 

The observed linear dependence of K on temperature indicates 
that the thermal conductivity is electronic in character and is 
limited only by impurity scattering. Moreover, the linear tempera 
ture function is a direct reflection of the linear dependence of the 
electronic specific heat on the absolute temperature. It is of in 
terest to note, therefore, that this linear function appears experi- 
mentally to be valid down to as low a temperature as 0.25°K, 
especially in view of the possible deviations from linearity which 
have been considered to occur due to exchange and correlation 
forces. 

We wish to thank Dr. J. G. Daunt for his aid and discussions 
in the work and Messrs. W. L. Pillinger and R. C. Sapp for their 
generous assistance in the experiments and computations. We 
thank also the Research Corporation for their continued support. 

* Assisted by a contract between the U. S. Atomic Energy Commission 
and the Ohio State University Research Foundation 

t Now at Amherst College, Amherst, Massachusetts 
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HE two-dimensional freedom of the carriers in graphite is 
very suitable for the study of graphite’s electronic structure 
by magnetic resonance techniques. Recently the author has ob- 
served, with Yale University’s spectrometer,'! magnetic resonance 
absorption in several samples of graphitized materials at 9242 
Mc/sec and room temperature. Each sample showed only a single 
absorption line. The preliminary data are presented now in order 
to report the first observation of magnetic resonance absorption 
in systems that are approximately two-dimensional 
The graphite samples were prepared from powdered materials 
so as to have all of the graphitic planes throughout each sample 
aligned normal to a selected direction. The samples, in the form 
of thin films, were mounted on thin dielectric strips. Sample A 
contained well-purified Ceylon graphite which was powdered, 
mixed with liquid polystyrene, and oriented with almost all the 
planes parallel to the supporting film. Visual inspection indicated 
a high degree of alignment. Samples B, C, and D contained powder 
made of coke which was milled to a mean particle size of 1-2 
microns and graphitized to 3000°C. The graphitic planes in sample 
B were oriented parallel to the supporting film and in C, perpen 
dicular. For D, the powder was not imbedded in a dielectric 
medium. Sample E contained machining dust from well-purified 
aritificial graphite, oriented parallel. 
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The magnetic field was measured by observing the proton 
resonance absorption in pure mineral oil. The positional error in 
the proton frequency was less than three kc/sec. The modulation 
amplitude of the magnetic field was less than the observed half 
widths. 

Ihe g-value for sample A is 1.003 times that of a system of free 
electron spins, each with the moment uo (1.00115). The absorption, 
described in Table I, can be attributed to the spin resonance of the 


Tasie I, Spin resonance absorption in graphite at 3 em 


Half-width at 
hall. power 
gauss 


Crossover 
proton trequency 
Sample Me/sec 


Ceylon 14.016 40.005 S414 
,? 


14.000 4 0.008" 942 
14.008 ~20 
14.000 40.008 942 
14.008 


® Slightly asymmetric 

carriers in graphite. The lines are quite sharp and the frequency 
of collisions with the edges of micron-size crystallites (assuming 
the small estimated effective mass for motion parallel to the 
graphitic planes) is of the order of the observing frequency. 
Therefore, the mechanism of carrier spin absorption requires that 
the collisions of the carriers with the edges of the planes do not 
frequently disturb the carriers’ spin orientation 

Measurements of the static susceptibility? of the same powder 
as in B, C, and D gave the density of ferromagnetic impurities. 
On the basis of this density, the amount of ferromagnetic impurity 
in each of these samples was estimated to be less than fifty milli- 
micrograms. Even in larger amounts, ferromagnetic impurities 
would not have seriously interfered with the observed line shapes 
for the modulation used. 

With the graphitic planes arranged parallel to the static mag 
netic field, as for sample A, B, D, and probably FE, the cyclotron 
resonance’ was undoubtedly quenched. Since the intensity of the 
line in sample C was approximately the intensity in B, it is unlikely 
that the cyclotron resonance predominated in sample C. Further 
more, the small effective mass for motion parallel to the graphitic 
plane, requiring as it does a rather different g-value, dictates 
against the observed lines being associated with the cyclotron 
resonance of the carriers 

There is apparently very little artificial broadening of the mag 
netic resonance lines in graphite as has been observed in metals.‘ 
The two-dimensional freedom and the sample orientation em 
ployed lead one to expect no broadening from the diffusion mecha- 
nism and no shift of the g-value due to eddy currents. Several 
interesting details of the absorption in graphite are under further 
experimental study. 

The author is grateful to Professor Robert Beringer for the use 
of his equipment and to Mark A. Heald for considerable assistance 
in taking the data. 
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ALCULATIONS of Herman! and Herman and Callaway? 
indicate that for diamond and germanium a triple degeneracy 
occurs at the band edge for both the conduction and valence bands, 
and that the degeneracy in the conduction band is probably six 
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fold. Such degeneracies, if they exist, will require a modification 
of the interpretation of certain experimental results to a significant 
extent 

It is easily shown that if there are g, 
bands and g, degenerate valence bands, the usual formula relating 


v 


degenerate conduction 


the carrier densities becomes 


kT), (1) 


nnp=4(2amkT /ah)* 2-2, exp(— Ey 


in which a= m/mer, is the geometric mean of a, and aa, the effec 
tive mass ratios for the electrons and holes, respectively, and the 
other symbols have familiar meanings. Equation (1) with g-=g,=1 
has been used to interpret experiments designed to determine the 
change of FE, with temperature.*4 Writing E, as Eo—8T, it is seen 
that the factor exp(8/k) occurs in Eq. (1) in just the same way as 
the factor gege. Accordingly, if geg» is different from unity the value 
of 8 deduced from the experiments must be corrected. 

On the basis of Herman’s results we would choose and 
g-=3, 6. The uncertainty in g, arises from the circumstance that 
there are two points of lowest energy in each conduction band 
The expected behavior depends 


£0=. 


with a low maximum in between 
strongly height of the maximum, have considered 
two values of g, to indicate the range of uncertainty. Thus the 
combined effect of the degeneracies is a factor 9, 18 in Eq. (1). 
as a correction to B we get values AB= — 1.9, 

2.5X10™4 ev/°K. The presently accepted value’ is B=1X10™ 
ev/°K corresponding to a “pre-exponential” factor of 3.5. 

Since 8 has been determined in several ways with substantial 


on the so we 


Expressing this factor 


agreement among the various experimental values, it seems reason- 
factor by a changed interpretation 
of another quantity in Eq. (1). The most natural assumption is 
that the effective mass factor is actually much smaller than unity. 
values a=2.1, 


able to absorb the degeneracy 


In order to leave 6 unchanged one must postulate 
2.6. 

It is not clear how the change in a should be divided between a, 
and ay. There exists some evidence® that most of the change is due 
to the difference of a, from unity. If we adopt this assumption and 
take a,= 1 we find a,=4.4, 6 which values are probably consistent 
with the data on impurity scattering.® It should be noted that 
although a value of a.~3 has been suggested by Fan,‘ the present 
considerations should not be considered as improving agreement 
between the optical data and the electrical data. On the contrary, 
the value of a we deduce is one which leaves the disagreement 
A mass still smaller than we suggest would 
re to be in agreement with the inter 


exactly as it was before 
be required if Fan’s results a 
pretation of the electrical data. 

According to the deformation potential theory the electron 
mobility is proportional to a,5/*/82 if 8. denotes that part of B 
which arises from the conduction band. The smaller values of the 
effective mass which were deduced above would imply consider 
ably larger theoretical mobilities. With the most optimistic ad 
justment of values the theoretical mobilities would be too large 
by a factor 5. Thus, our smaller effective mass values would force 
the conclusion that some other mechanism of energy loss, e.g., 
band-to-band scattering, is more important than the scattering 
due to the deformation potential. 

The discussion above may be summarized as follows: the addi 
tional density of states resulting from the degeneracy of bands 
predicted by Herman would require a changed interpretation of 
existing data on carrier densities. Effective masses would have to 
be smaller than unity, the range of values being such that aa, 
~4-6. The deformation potential as the dominant source of lattice 
scattering would have to be abandoned. 

Since silicon probably has the same band structure as germanium 
and diamond to the approximation of Herman’s calculation, the 
considerations and 
mutandis. Since the 
to experiment is satisfactory, 
appear when account is taken of the degeneracy. 

While the current theoretical situation in germanium and silicon 
undoubtedly needs to be improved upon, it seems to be rather more 


above conclusions apply to silicon mutatis 
present situation as regards relation of theory 


the existing harmony would dis 
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satisfactory without the additional degeneracy predicted by Her- 
man. We think it worth while to point out, therefore, that even 
if the predicted band structure should eventuate, a relatively 
weak mechanism may be acting to at least partly remove this 
degeneracy. The spin-orbit coupling,’ for example, might provide 
the requisite splitting of the degenerate P bands, since the over- 
all splitting of the corresponding P levels in Ge is of the order’ 
of 0.2 A band structure split by spin-orbit coupling would 
permit a number of interesting possibilities for special properties 
in the infrared. However, putting aside the question of mechanism, 
we believe that the considerations discussed above provide weak 
but definite evidence that the predicted degeneracy in the band 
structure of Ge and Si does not in fact occur.® 


t This work supported in part by the U. S. Air For 
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2, Herman and J. Callaway, Phys. Rev. 89, 518 (1953). 
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4H. Y. Fan, Phys. Rev. 82, 900 (1951) 
§W. Shockley, Electrons and Holes in Semiconductors (D. Van 
Company, Inc., New York, 1950), p. 336. 
P. P. Debye, and E. Conwell, Phys. Rev. 87, 1131 (1952). 
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possibility. I believe that he plans to give a detailed discussion of the spin 
orbit coupling in Ge in a forthcoming paper 
*C. Moore, Ultraviolet 6 Tables 
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on the assumption of nondegenerate bands and the deformation potential 
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then there son to suspect that the degeneracy is not actually 
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HE behavior of the properties of a number of insulators ex- 

posed within a nuclear reactor is currently under investiga 
tion.! Among other effects which take place, changes in properties 
have been observed which are attributed to phenomena such as 
those discussed by Seitz,? resulting from processes initiated by the 
passage of energetic neutrons through the material. Some of the 
changes thus far determined have been—in diamond: increases in 
energy content, increases in lattice constant, decreases in density; 
in silicon carbide: density, an increase in lattice 
constant, an increase in energy content; in quartz: a decrease in 
density, an increase in lattice constant and a marked diffuseness 
in the back-reflection region of the x-ray diffraction patterns (not 
present in diamond and silicon carbide), a marked change in 
rotatory power and a decrease in refractive index, a change in 
heat capacity;? in vitreous silica: increases in density, and 
creases in the refractive index. The energy content increases 
produced in diamond and silicon carbide were of the order of 
magnitude 100 cal/g; the density changes in all these substances 
were of the order of magnitude of one percent. These changes were 
found to be progressive. They cannot be described in terms of the 
product of slow-neutron flux and time. A complete description 
requires specifying the neutron flux as a function of energy which 
is not available; but as well as it is known, it gives in conjunction 
with Seitz’s theory the correct order of magnitude for the number 
of displaced atoms one estimates from some of the property 


a decrease 


changes. 

The changes in properties which take place on heating the ir- 
radiated substances are termed annealing phenomena. It has been 
found that the different properties of a substance may not all 


anneal simultaneously and different substances may behave 
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quite differently. As examples of this complexity, the increases in 
energy content of diamond and silicon carbide were found to begin 
to anneal at 150°C and were progressive (though not uniform) 
over some hundreds of degrees while the changes in lattice constant 
(and density) seemed to anneal less readily, requiring somewhat 
higher temperatures. On annealing irradiated quartz, two of the 
properties, the density and refractive index, were found to exhibit 
further decreases below temperatures of about 600°C, and it was 
not until higher temperatures were reached that a change in the 
direction of the properties of unirradiated quartz began to take 
place. Annealing of the major properties in quartz was sluggish 
below the quartz-Tridymite transition, and it is therefore pre- 
sumed that restoration of the original state of the substance by 
annealing may not be possible after extensive irradiation. All of the 
observed effects are similar to those described for the metamict 
minerals.* Magnesium oxide, spinel, and sapphire have been 
irradiated and show effects which are an order of magnitude 
smaller than for the above substances, as might be expected 
from conclusions reached in studies ef metamict minerals. The 
damaging which is here described may therefore be termed, in the 
older nomenclature, an artificial metamictization. 

Radiation damage in quartz has been reported by Berman® 
who measured its thermal conductivity. Wittels’ recent announce- 
ment of the marked alteration in its x-ray diffraction pattern’ has 
made it desirable to make our results on this subject more widely 
known even though the work is still in progress. Wittels’ work and 
ours seem to be in substantial agreement although we have found 
that small changes in the x-ray diffraction patterns are easily ob- 
served between 500 and 600°C, somewhat lower than reported by 
him, and small changes in the density occur by 450°C, the region 
in which Berman observed substantial annealing of the thermal 
conductivity changes. 

The results announced here were obtained by a number of 
people. The irradiations were prepared by L. H. Fuchs and W. 
Primak, who with P. Day measured some of the properties. W. H. 
Zachariasen and later S. Siegel and J. Taylor made the x-ray 
diffraction studies. The energy contents were determined by E, J. 
Prosen, W. H. Johnson, W. A. Fraser, and L. B. Eddy at the 
National Bureau of Standards. The results will be reported in 
detail in several papers. 

1 An oral paper on this subject was delivered by W. Primak at a Ceramic 
Conference, Battelle Memorial Institute, October 28, 1952 (unpublished 

2 F. Seitz, Discussions Faraday Soc. 5, 280 (1949). 

4It has been brought to our attention that M. H. Wittels has recently 
also observed such a change in heat capacity. 

4A. Pabst, Am. Mineralogist 37, 137 (1952). 

§P. Pellas, Compt. rend. 233, 369 (1951) 


6 R. Berman, Proc. Roy. Soc. (London) A208, 90 
7M. H. Wittels, Phys. Rev. 89, 656 (1953 
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N preparation for a study of the effect of fast neutron bombard 

ment on the magnetic properties of Ge, the specific magnetic 
susceptibility x of both p- and n-type Ge with various impurity 
concentrations has been measured as a function of temperature 
in the range from 65°K to 300°K. The Faraday method was used 
throughout and the specimens were single crystals cut in the form 
of cubes 0.5 cm on edge.' The susceptibility balance was a refine 
ment of the type used by Hutchison and Reekie? as modified by 
McGuire and Lane,’ special features of which will be described 
elsewhere. The balance is sufficiently sensitive to detect differen 
tial weight changes of 0.2 wg. An Arthur D. Little Bitter-type elec 
tromagnet furnished the inhomogeneous magnetic field, (HdH /dz 
~108 gauss? cm™). The field was controlled to better than 0.05 
percent by means of the Hall voltage developed across a germa 
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nium crystal.‘ The value of HdH/dz was determined for each 
specimen by the magnetic buoyancy effect of oxygen, whose 
volume susceptibility « at 760 mm Hg and 20°C is 1.434+0.004 
X10-7 cgs unit. The absolute precision of the calibration is 
+0.6 percent. The relative precision of x vs 7 data on any one 
sample, however is better than +0.1 percent. Measurements of x 
as a function of field strength indicated the absence of ferro- 
magnetic impurity. 

Curves of the diamagnetic susceptibility vs temperature for 
representative specimens are shown in Fig. 1. Curves 1, 2, and § 








— 
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Fic. 1. Diamagnetic susceptibility vs temperature curves for single 
crystal cubes of germanium. Curves 1 and 2 are for low-resistivity n-type 
material, while 3 and 4 are for low-resistivity p-type material. Curve 5 is for 
high-resistivity -type germanium. 


are those of n-type samples whose room temperature electron 
concentrations were 7X10'7, 1X10! and 1.310" cm ~*-respec 
tively, while curves 3 and 4 were obtained for p-type Ge in which 
the hole concentrations were 5.4 10" and 2.1 10" cm *-respec- 
tively. The carrier concentrations were inferred from Hall coeffi 
cient measurements made on plates cut adjacent to one of the 
cube faces.® 

In their treatment of the magnetic behavior of gray tin, Busch 
and Mooser?’ divide the magnetic susceptibility into three parts: 
(1) the diamagnetic contribution x, due to the tin atoms alone 
which they assume to be temperature-independent, (2) the para 
magnetic contribution xX; due to those impurity atoms or ions 
which possess an unpaired electron, and (3) the free carrier contri 
bution x, which has both a paramagnetic spin component and a 
diamagnetic Landau orbital component, the latter being greater 
the smaller the effective mass of the carrier. In the case of Ge it 
appears from Fig. 1 that in contrast to the assumptions concerning 
a—Sn the term X, is temperature-dependent, the slope of all of 
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being ~2.5%107" cgs units/deg in the high 

The curve of the high-resistivity material 
(curve 5) shows vnward curvature which is character 
istic of both n- and p-type high-resistivity germanium. The curves 
for low-resistivity material are markedly concave upward, this 


the x vs 7 
temperature range 


curves 


concave do 


being more pronounced for the n-type specimens. This difference 
in curvature is presumably due to the sum of the impurity and 
x, and X,) which would be negligible in 
Thus, it appears that the Landau orbital 
dimagnetism of the free carriers exceeds the paramagnetism of the 


carrier contributions 
the case of curve § 


free carriers and impurities with unpaired electrons in both electron 
and hold 
Busch and Mooser for the case of a 


From considerations similar to those of 
Sn it can be shown that for 


conduc tors 


germanium the ratio of the free electronic mass to the carrier 
effective 
A more detailed report of this work based on more extensive 
data will be submitted for publication in the near future. 
One of the authors (D. K. Stevens) is indebted to Professor 
H. D. Crockford for his aid in the capacity as advisor from the 


University of North Carolina. 


mass is ~4 for holes and ~6 for electrons. 


to the University of 


* Part of ad ition subm by DD. K. Steven of 
for the Ph.D. 


North Carolina in partial fulfilln t of the requirement 
degree 

t kormerly Oak Ridge Institute of Nuclear 
Studies from the Univer Carolina. Present addre Oak 
Ridge National Laboratory, Oak Ridge, Tennessee 

! The authors are indebted to Miss Louise Roth of Purdue University for 
preparing sample 

27. S. Hutchison and J 

T. & 


t i North 


} ‘ } 
a predoctoral llow of the 
i 


Reekie Sci. Instr. 23, 209 (1946) 
McGuire and ©, 7 Rev. Sci. Instr. 20, 489 (1949 
4 Thanks are due to J. ¢ laboratory for the design of the field 
control equipment, detail t wh ire being submitted for publication 
*P. W. Selwood, Mag Interscience Publishers, Inc., New 
York, 1943), p. 29 
We are indebted to J 
cient measurement 


7. Busch and Ek. Mooser, Z. Physik 


Cleland of this laboratory for the Hall coeffi 


Chem, 198, 23 (1951). 


The Contribution of Solar x-Rays to E-Layer 
Ionization 


Byram, T. A. Cups, AND H. FrRiIepMAN 
Naval Research Laboratory, Washington, D. ¢ 
(Received September 24, 1953) 


I I 
United States 


TTEMPTS to attribute /E-layer ionization to absorption of 

solar ultraviolet radiation lead to serious difficulties. The 
most recent rocket measurements! of the intensity of the solar 
continuum in the neighborhood of 1200A indicated an upper limit 
of about 0.01 ergs cm™? sec”! per 100A corresponding to a black 
body temperature of 4500°K. The extrapolated intensity at 
1000A would be less than 0.0004 ergs cm™? séc™! per LOOA, and the 
intensity of radiation capable of ionizing the atmospheric con 
stituents (300<A<1000A) would be entirely inadequate to ac 
count for E-laver ionization. On the other hand, it has been known 
for some time that the soft x-ray spectrum between 10A and 100A 
furnishes a source of ionizing radiation with absorption coeffi 
cients appropriate for layer formation between 100 km and 120 km. 
The x-ray possibility was first indicated by Hulburt? and by 
Vegard’ in 1938. Since Edlén,‘ in 1940, identified the lines of the 
visible coronal spectrum with highly ionized atoms such as Fe xv 
and Ca xu, it has been recognized that the solar corona may be a 
source of x-rays of sufficient intensity to make an important con 
tribution to &-layer ionization. More recently, Hoyle and Bates® 
treated the x-ray absorption process in detail and concluded that 
conditions for E-layer formation were satisfied by an x-ray spec 
trum with a maximum either near 38A or near 9.5A. 

Rocket experiments performed since 1948 have provided posi 
tive evidence for soft x-rays in the ionosphere. Detection was ac- 
complished with photographic films,’ thermoluminescent ma 
terials,? and photon counters.’ In the latter type of experiment, 
intensity data were telemetered to a ground station continuously 
throughout the flight. The first photon-counter experiment® was 
performed in V-2 No. 49, September 1949, using counters with 
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beryllium windows capable of transmitting an appreciable per- 
centage of the x-ray flux up to a wavelength of about 10A. X-rays 
were detected only above 87 kilometers, from which it was con- 
cluded that the spectrum had a short-wavelength limit at about 7A. 
Between this limit and the spectral cutoff of the photon counters 
at 10A, the x-ray flux incident on the earth’s atmosphere amounted 
to between 10 and 10° ergs cm™? sec"!. 

In May 1952, counters flown in two Aerobee rockets again gave 
indication of x-rays above 90 km. These tubes also used beryllium 
windows, but the apertures were larger than those of V-2 No. 49 
and the sensitivity at 7A was about ten times greater. The results 
emphasized again the fact that the x-ray spectrum of a quiet sun 
had a well defined short-wavelength limit at about 7A. No infor- 
mation however was obtained regarding the x-ray flux beyond 10A. 

An experiment to determine the x-ray intensity out to LOOA was 
attempted in a Viking rocket (No. IX) in December, 1952. A 
number of tubes were prepared with windows of graded x-ray 
spectral transmission characteristics, utilizing thin films of beryl 
lium, aluminum, soft glass, and nitrocellulose. Tube dimensions 
and gas fillings were selected in combination with the above 
window materials to produce bands of spectral response peaking 
in different parts of the spectrum. Although the rocket attained 
an altitude of 218 km, it developed an excessively high roll rate and 
faulty telemetering, which left only a small portion of the experi 
mental data suitable for interpretation. Sufficient information was 
obtained from three tubes, however, to indicate a large flux of 


x-rays above LOA within the E-region. A photon counter with an 


sensitive to radiation be 
1 


aluminum window, 0.00025 inch thick, 
tween 8 and 20A, measured a flux of about 0.6 erg cm”? sec 
The variation with altitude is shown in Fig. 1. Two tubes with 
nitrocellulose windows, sensitive to wavelengths as long as 60A, 
detected about 1.0 erg cm? sec"! at the top of the atmosphere. 
Although none of the attempts to measure the full x-ray spec 
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trum have thus far been entirely successful, the partial results 
described above do show that the solar x-ray spectrum supplies 
of the order of one or two ergs cm™? sec!, which is adequate to 
account for all of E-layer ionization. If the effective rate of elec 

tron production g is computed from the simple recombination law 


g=aN2, 


where a, the effective recombination coefficient," is taken as 
2X10°8 cm’ sec™, and N,, the electron density, is about 105 cm=3, 
then q must be about 400 electrons cm™ sec™!. The production of 
this rate of ionization would require only about 107! erg cm™? 
sec”. The excess energy observed in the Viking IX experiment may 
therefore be indicative of a relatively high ratio of negative ions 
to electrons'*'* in the E-layer, or a higher value for the effective 
recombination coefficient than has been deduced from radio 
reflection measurements. 
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Nonsymmetric Unified Field Theories 


Ww. B. 
University of Liverpool, Liverpool, England 
(Received April 6, 1953; rev 


BONNOR 
ised manuscript received October 5, 1953) 


URSUNOGLU' has recently proposed an interesting modifi 

cation of Einstein’s nonsymmetric unified field theory. 
In the modified form the doubts about the compatibility of the 
field equations do not arise because the latter can be derived from 
a variational principle; and it is claimed that the new field equa 
tions imply the Lorentz equations of motion for an electric charge 
To derive the equations of motion, Kursunoglu uses the assump 
tion that mass is entirely electromagnetic in origin. It appears, 
however, from a study of the static, spherically symmetric solu 
tions of the field equations, that this assumption is not justified 
by the theory. I have not succeeded in obtaining the exact solu 
tions of Kursunoglu’s equations, but it is not difficult to obtain 
an approximation which gives an insight into their probable 
nature 

The proposed field equations are 


Rag= t 


2 
P* (dag %a8), 


Rag.y+Rsy,at+Rya, p= — fPlapy; 
u » i 


af 


qa’ 
in which p? is a fundamental constant and all the other quantities 
have the same meanings as in Einstein’s theory except 


3=0, 


das fas, 
per = q7?/( ~ detg®?)4. 


The approach to the problem is similar to that in the case of the 


static, spherically symmetric solutions in Einstein’s theory.?4 
Using spherical polar coordinates and considering the purely 
electric case (magnetic field zero), we may take as the only non 
ZeTO La8: 

£32= f sind, 


B sin’@, £ua=V; 
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where a, 8, y, and f are functions of r only. Equations (1) and (2) 
reduce to 
(1+ /7/8?)~4], 
(1+ f2/p*)4), 
Rua= y[ (1+ f7/pt) 9) 


R» p? [Tr e, 
where c is a constant of integration, and the Rag have the values 
calculated previously’ (with w=0). Equation (3) is empty in 
the purely electric case. We assume that the tensor dag determines 
the metric of the space (though the same conclusions follow if bag 
is taken for this purpose), and that for large values of the radial 
coordinate r, this metric shall tend to that of the Schwarzschild 
solution for a point mass m. We suppose also that the electric field 
for large r shall be that of a point charge e, so that, as we are using 
spherical polar coordinates, g23 must have at large r the form 


ie sind. These suppositions are met if we assume a solution of the 
form 


- 
2 h,/r®, B=r, 


» 
n~2 


a=1+4+2m/r4 


© 0 
ZR r®, f=tet+i > e,/r" 


n=2 n=l 


2m/r- 

hy», kn, €n being constants. These expansions in powers of 1/r will 

give no information about the fields in the neighborhood of the 
origin, but will be of interest for distant regions. 

Substituting (5) into (4), and supposing that p?#0, it is found, 

after a long but straightforward calculation, that the solutions are 


a=[1 


1—2m/r+4e?p?/r?+O0(r-4), (6) 


2m/r+hep?/r+O(r) T', 


=iLe—4me/ pr +O(r) ]. 


L 
The constants m and e are arbitrary, and it becomes clear during 
the course of the calculation that no further arbitrary constants 
will arise. 

It thus appears that the static, spherically symmetric solution 
has two distinct arbitrary constants, corresponding to mass and 
charge. If this solution is taken as referring to the electron and if 
mass is electromagnetic in origin, a relation between the constants 
would be expected. If m is taken as zero so that the solution con 
tains only the arbitrary constant e, the terms in 1/r in the metric 
tensor vanish and the form of the gravitational field for large r 
does not allow any concentration of mass near the origin. It is 
noteworthy that since for large r the gravitational field is deter 
mined by the terms in 1/r in a and y, and the electric field by the 
numerical term in f, the constant p does not affect the fields at 
large distances 

The electromagnetic origin of mass would be attractive in a 
nonsymmetric unified field theory because the charge density, 
which is defined, would presumably determine the mass density, 
which is not explicitly defined. If, as appears from the above, the 
hypothesis cannot be sustained, one has to consider how masses 
are to be represented. In Kursuneglu’s theory it seems at first 
sight possible that part of the component T,‘ of the pseudo stress 
energy-momentum tensor density might represent mass density. 
However, if, as is suggested by the above solution, the masses and 
charges of particles may be assigned separately, the theory ought 
to give an account of the gravitational fields of uncharged masses; 
but if one abolishes the electromagnetic field by putting gyy,=0 
the field equations reduce to those of general relativity for empty 
space, and T,' reduces simply to the term ty! of the pseudo tensor 
density t,*, which certainly does not represent mass density 
Thus T&T,‘ cannot in general contain 
density, and matter must presumably be represented by singu 


a term representing mass 


larities in the field quantities. It is then necessary to suppose, 
since the charge is spread out over space (the charge density in 


(6) is proportional to df/dr), that charge can exist not associated 
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with matter; this is the case in all the static, spherically symmetric 
solutions in Einstein’s form of the theory.?4 

88, 1369 (1951). 


(London) 209, 353 (1951). 
(London) 210, 427 (1951). 


1B. Kurgunoglu, Phys. Rev 
?W. B. Bonnor, Proc. Roy. Soc 
§'W. B. Bonnor, Proc. Roy. Soc 


The de Haas-van Alphen Effect in Arsenic 


Teo G. BeERLINCOURT 
United States Naval Research Laboratory, Washington, D. 
(Received September 30, 1953) 


HE de Haas-van Alphen effect (periodic dependence of 
magnetic susceptibility upon magnetic field) has been ob- 
served in a single crystal of arsenic. The torsion balance method! 
was used, the crystal being suspended in a horizontal magnetic 
field with a binary axis vertical and its trigonal axis horizontal. 
The measurements were carried out at liquid helium temperatures 
in magnetic fields between 22 and 25 kilogauss. The specimen, 
which exhibited good crystal development, was cleaved perpen- 
dicular to its trigonal axis from a large crystalline mass of Fisher 
A892 “Purified Arsenic.’ Earlier failure to observe any effect in 
arsenic? can probably be ascribed to poorer crystal quality and the 
unavailability of sufficiently high fields. 
The nature of the de Haas-van Alphen effect in arsenic is 
illustrated in Fig. 1, where CH™*, the couple per unit mass (in 


x 10° Gauss" 


Fic, 1. Arsenic: CH~*, the couple per unit mass in dyne-cm per gram 
acting on the crystal divided by the square of the magnetic field, versus 
the reciprocal of the magnetic field. 


dyne-cm per gram) acting on the crystal divided by the square of 
the magnetic field (a quantity proportional to the difference in 
magnetic susceptibility along and at right angles to the trigonal 
axis) is plotted against the reciprocal of the magnetic field for an 
angle of ¢= —56.3° between the trigonal axis and the magnetic 
field. (The sign of @ was determined according to the convention 
adopted by Shoenberg! in his study of antimony.) The data pre- 
sented in Table I for the angular dependence of the period 8/Eo 
of the oscillations suggest that the constant energy surfaces for the 
de Haas-van Alphen electrons in arsenic probably fit the general 
scheme proposed by Shoenberg for bismuth and antimony. 
The amplitude a of the oscillations in CH at 24 390 gauss is also 
listed in Table I. The degeneracy parameter Eo for the de Haas- 
van Alphen electrons was calculated from the temperature de- 
pendence of the amplitude and was found to be Ey=26X 10™ erg. 
From the field dependence of the amplitude, the value for the 
temperature damping parameter x was found to be approximately 
6°K at ¢=—56.3° indicating high impurity content in the 
crystal. A spectrochemical analysis of fragments from the same 
batch of arsenic revealed impurities of approximately 1 percent 
Sb, 0.1 percent Bi, 0.1 percent Pb, and traces of Cu, Mg, Si. 
However, since addition of comparable amounts of impurities to 
tin,’ which has parameters 8 and Eo comparable with those of 
arsenic, had the etfect only of increasing x (and consequently 
decreasing a), while leaving 8 and £» unaltered; the values quoted 
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Taste I. Angular dependence of the period B/E» and the amplitude a of the 
oscillations in C/H? at 24 390 gauss. 





aX108 
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39 ~0.05 
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here for the latter parameters are probably also characteristic of 
pure arsenic. 

It should be pointed out that the slow shift of the mean of the 
oscillations (See Fig. 1) cannot as yet be explained. It seems un- 
likely that ferromagnetic impurity could account for the shift, 
since it should presumably be saturated at fields well below 25 
kilogauss, and since a broad maximum in this shift was observed 
for two different orientations. It would be tempting to attribute 
the shift to a very long period de Haas-van Alphen term, but the 
presence of such a term was not at all obvious in a graph of CH? 
versus @. Since such a long period term would likely be more de- 
pendent upon purity,‘ investigation of this feature is being re 
served for experiments on high purity arsenic. 
1), Shoenberg, Trans. Roy. Soc. (Lo 245, 1 (1952). 

Ted G. Berlincourt, Phys. Rev. 88, 242 (1952 
I. Croft, Annual Project Report, University of Pennsylvania, 
(unpublished 

41D. Shoenberg and M. Z, Uddin, Proc. Roy. Soc. (Lor 

(1936). 
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Paramagnetic Resonances in Irradiated Glasses 


KE. L. YASAITIS AND B. SMALLER 
Chemistry Division, Argonne National Laboratory, Lemont, Illinois 


(Received October 2, 1953) 


ARAMAGNETIC resonances have been detected in glasses 
which had been exposed to gamma radiation. The experi- 
mental data were taken over a frequency range of 18 to 375 
Mc/sec. The equipment used was }-A coaxial line regenerative 
detector developed for the 100- to 375-Mc/sec frequency range 
while the 18- to 100-Mc/sec range was covered by a cathode- 
above-ground regenerative detector with conventional tank coil 
wound around the sample. Both circuits were used in conjunction 
with a dual field modulation technique! designed for previous 
experiments. The detection limit was 2X10" spins, requiring a 
103 r exposure. The free radical diphenyl picryl hydrazyl was used 
both for intensity and field calibration. 

The glass samples used fell into two groups: those containing 
borosilicate, and the boron-free glasses. The non-boron glasses, 
lead, lime, vitreous silica, and boron-free Pyrex (Corning No. 728) 
showed a prominent resonance at a gyromagnetic ratio of g=2.0, 
with minor differences in their subsidiary spectra. While the boron 
free Pyrex spectra consisted of a singlet line, the lime and lead 
glasses at 375 Mc/sec doublet structure centered at 
g= 2.00. A detailed study of the vitreous silica resonance yielded a 
precise value of g of 2.004+0.004, independent of frequency. 
Subsidiary resonances were noted at lower g values. 

The borosilicate glasses, Pyrex, Kovar, Vycor, Nonex, and 
uranium glass, when irradiated and investigated at 375 Mc/sec, 
displayed four distinct resonances having line widths of 1 to 2 
gauss separated by 10 to 15 gauss. The complex structure may be 
presumed to be due to the presence of B", with 7=3/2. However, 
although the strong field spectra correspond to a splitting constant 
of 80 Mc/sec, at weak fields anomalous effects remain to be ex 
plained. 


showed 
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All glasses except the vitreous silica showed a strong irradiation- 
independent resonance at g=4.00+0.20 and this is presumably 
due to some paramagnetic impurity. 

Measurement of the optical densities of a series of gamma- 
irradiated samples of lime glass revealed that the paramagnetic 
resonance amplitude varied linearly with optical density. Like- 
wise, with annealing at 200°C, the signal amplitude decreased 
proportionately with bleaching. For the gamma-ray excitation, 
the dependence of spin concentration on total radiation showed a 
saturation characteristic with an initial efficiency of, roughly, 20 ev 
per spin created. 

Further studies on the processes involved will be published more 
completely in the near future. 

Instr. 24, 991 (1953) 


‘1B. Smaller and E. Yasaitis, Rev 


Visible Light from Localized Surface Charges 
Moving across a Grating 


S. J. SmitH* AND FE. M. PurcELL 
Lyman Laboratory, Harvard University, Cambridge, Massachusetts 


(Received September 25, 1953) 


T occurred to one of the authors (EMP) that if an electron 

passes close to the surface of a metal diffraction grating, 
moving at right angles to the rulings, the periodic motion of the 
charge induced on the surface of the grating should give rise to 
radiation. A simple Huygens construction shows the fundamental 
wavelength to be d(8-!—cos@), in which d is the distance between 
rulings, 8 stands for v/c as usual, and @ is the angle between the 
direction of motion of the electron and the light ray. If d=1.67 
microns, as in a typical optical grating, and if electrons of energy 
around 300 kev are used, the light emitted forward should lie in the 
visible spectrum. As for intensity, if we assume that the surface 
charge traversing the hills and dales is equivalent to a point charge 
e oscillating with an amplitude d/10, we find that in the forward 
direction the radiation (in laboratory coordinates) should amount 
to 40X 10°" erg (about ten photons) per sterad per millimeter of 
electron path. Only if the electron path lies within perhaps d/2 
of the grating will the surface charge be so well localized. Neverthe 
less, with a reasonable electron current density over the surface an 
easily detectable amount of light should be produced. In fact, 
under the assumed conditions, the total radiation per cm? of 
grating surface, in milliwatts, should be about four times the elec 
tron current density parallel to the surface in amp/cm?. 

We have tried the experiment, using a small pressure-insulated 
Van de Graaff generator and electron accelerator tube. A 5-micro 
ampere beam, focused electrostatically and magnetically to a 
diameter of 0.15 mm and diverging less than 0.004 radian, is 
adjusted by deflection coils to pass over a flat grating,' just grazing 
its surface. The 48-mm long path across the grating, viewed from 
a forward position 10 or 20 degrees off the beam, appears as a 
sharp, luminous, colored line on the surface of the grating. The 
color of the light changes with angle of observation and beam 
voltage in the manner expected. The light is strongly polarized 
with the electric vector perpendicular to the grating. The effect 
of varying d can be investigated by rotating the grating in its own 
plane (a test suggested by E. H. Land) and here, too, the color 
changes as predicted. 

The spectrum of the light has been recorded at low dispersion 
by photographing the source through a transmission grating 
Light from the electron track is collected by a collimating lens, 
where an arc-shaped aperture restricts the range of angles @, 
passed through the analyzing grating and received by a 35-mm 
camera (f=90 mm) focused for infinity. With this arrangement 
only one point on the line source is in good focus. Figure 1 shows 
a sequence of such photographs in which only the electron velocity 
was varied. Within the accuracy of our still rather crude measure 
ments of wavelength and voltage, the predicted dependence of 
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Fic. 1. Spectrogram of the light emitted from the grating surface at 

=20°. Central images are vertically aligned on the left. First-order spectra 
appear on the right. Light was accepted over an interval of 3.5° in 6; 
this corresponds to a spread in wavelength of about 350° and accounts for 
the width of the first-order line. Striations in the first-order line are pre- 
sumably due to vertical irregularities on the surface of the grating. The 
exposure time for each spectrum was about 60 seconds, on Linagraph Pan 


wavelength on 2, d, and @ is quantitatively confirmed by the spec 
trograms. On spectrograms taken at 0=30°, radiation of half the 
fundamental wavelength is detectable. Higher harmonics appear 
in considerable intensity at 90°, where we find radiation of one 
third, one-fourth, and one-fifth the fundamental wavelength. 

Although many details remain to be studied, we believe these 
observations establish the reality of the effect and suggest that it 
may have interesting applications. 


* Recipient of a General Electric Fellowship in Applied Physics for 


1952-53. 
! Obtained from Baird Associates, Cambridge, Massachusetts 


Derivation and Renormalization of the 
Tamm-Dancoff Equations*:} 
BEHRAM KURSUNOGLU 


Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 
(Received August 10, 1953) 


N this note we show that (1) the derivation of Tamm-Dancoff 
(T.D.) equations for two nucleons (as well as for meson- 
nucleon scattering) from the covariant Bethe-Salpeter' (B.S.) 
equation can be simplified to a remarkable degree, and (2) the 
renormalizations in the T.D. method can be achieved in a co 
variant manner without having the difficulties presented by the 
original T.D. method 
We introduce the spinor function ¥(12) by the relation 


x(12) = f Spea(1t)Bay (1'2)d1' + f Sp-o(22')Bw (12")d2’, (1) 


where x(12) is the B.S. wave function for two nucleons. By using 
(1) in the B.S. equation we obtain 


[(BypOpt+BM at (BypOy+BM)» (12) 


=~ f 9(121'2)y(1'2')d1'a2’, (2) 
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where 9(121'2’) is the interaction operator and M is Schwinger’s? 


mass ope rator 
In momentum space, neglecting radiative corrections to the 
nucleon propagators, the wave functions x(12) and y(12) are 


| } 


related by 
Xx (Py) arty. = = |o(Pa) (3 
” H.(p)-4E—po Hy(—p)—4E+po = 
One of the ways of deriving a 3-dimensional equation from the 
covariant B.S. equation consists in (i) defining an equal-time wave 
function by x(p) = S°x(p, Po)d po, and (ii) using the approximation 
of replacing ¥(p,) in (3) by a 3-dimensional ‘wave function” 
¥(p). The procedure (ii) differs from that of Klein? only by way 
reducing the B.S. equation by one degree with the use of the trans 
formation (1) which in¢ also radiative corrections to the 
nucleon propagators. The use of (i) and (ii) in the B.S. equation 
leads to the T.D. equation. The use of the approximation (ii) is, 
of course, the only drawback of the theory. A step forward of not 
and (ii) has recently been taken by Dyson,‘ and it may 
well avoid some of the difficulties about the physical meaning of a 
4-dimensional two-body wave function. Despite that, one is in 
clined to believe that a 4-dimensional wave function must have 
leep-seated implications. In any case, Dyson’s equation for 


some a 


positive energy projection of his wave function is equivalent to 


ludes 


using (1 


the above approximation. 
With the radiative corrections, the relative energy po-de- 


pendence of the B.S. wave function will assume the form 


x (Py) =LSra Kut py)BatSro(hKy— pu)Bo Wy (p). (4) 


From (3) one obtains 
A_*(p) ]¥ (p) = 2riA_*°(p)y(p). 


2ril Ay*(p)Ay?(—p) 


scattering the po-dependence of the wave 


x (|p) 
For 


function can be defined 


meson-nucleon 
ny 


Pu) (Pp), (5) 


where ¢ is a constant and a +b=1. The B.S. equation for meson- 
written down without much difficulty 


Ye (aK yt puB+Ar (Ky 


nucleon scatte ring can bye 
and such an equation has already been used.®* 


Now the B.S. equation for two nucleons, in the c.m. system, in 


momentum space reads 


SF ia Ky + pyu)Sr 6(4Ky Pu) | Ir (py, Pu’, Ky) 
x(py')d'p’. 
The complete T.D. equation is obtained by two steps in the follow 
(a) we integrate both sides of (6) with respect to po; 
and then integrate the interaction operator with 


x (Py) 
(6) 


ing order 
(b) we use (4) 
respect to the remaining relative energy variables. The resulting 


equation 1s 

| | SF a(hKy tPy)Bat or (4K, ©, Bo k Do (p) 

| dp dp! S (Ky + Pin) Siro bKy pull r (Pus pu, Ky) 
Srp GK y— pu’) Bo W(p’). 


are neglected, (7) reduces to 


x | SF'a ‘Ky, t o.” Bat 
When the radiative corrections 


ah, 1 . , 
A Y (p Ay PP Word Ky Pw) 


Ky p,)Br 


THE 
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by noting that, e.g., an expression like (A — po) or (A — po— po’)! 
under the integral sign can be written as i./,* exp[ —ia(A — po) da, 
in which A has a small negative imaginary part. In the G* term 
of the B.S. kernel, for example, one has 4 terms with 10 factors of 
the above form in each of the 4 terms, and when all the fo integrals 
are performed, the resulting 6-functions under the integral sign 
provide 3 linear algebraic equations for 10 positive parameters 
a, B, y, etc. Because of the positive character of the parameters 
a, B, y, etc. there are only 6 possibilities of eliminating 3 of the 10 
parameters a, 8, y, etc., and these lead to 6 matrix elements for 
each of the 4 terms of the Gt-order B.S. kernel. The actual per 
formance of the above method of calculation and writing down all 
of the 24 matrix elements corresponding toa B.S. diagram (meson 
the iterated ladder) takes very little time, and the 
parameters a, 8, y, etc. can be correlated with the T.D. diagrams. 
The extension of the above method, with the use of (5), to meson 


lines crossed or 


nucleon scattering is straightforward. 
A thorough examination of the non-adiabatic terms and the 
5 
radiative corrections for the two-nucleon problem is in progress 


and will be reported in the near future. 
The author is grateful to Professor H. A. Bethe for interesting 
disc ussions, 
* Research suppo * Turkish Government and the U. S. Office of 
Naval Research 
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Velocity Distribution of the Pair Components 
in x’ Decay 
kK 


ompany 


BAUMANN 
Ziirich, Switzerland 
1953) 


O. HALPERN AND 
in Express ¢ 


Recei 


Ameri 


: ies alternate modes of decay of the neutral meson (7°—>2y, 
w—yt+te +e") have recently been the subject of various 
theoretical! and experimental® studi 
A closer theoretical investigation has shown to us that charac 
teristic differences may be expected to occur if comparison is 
made, e.g., with the process of nuclear conversion’ of a y ray. While 
in this last-mentioned process the energy of the pair created equals 
that of the otherwise directly emitted photon with the total 
momentum of the pair remaining indefinite, we encounter a very 
different situation in the process 7°—>y+e~+-e* which can most 
easily be visualized in the rest system of the decaying meson. 
The process in que stion can be th yught of as « onsisting of two 
steps; the first is emission of two equal photons with opposite 
directions of propagation, the second the creation of a pair by one 
of these photons. The conservation theorems allow a range of 
photon energy between 0 and joc? 
neutral meson). The pair created must therefore 
lving between pyc?/2+-2m?c?/o and poc?, while its 
1al photon by which 
therefore range fr po to 0. 
the conservation rules valid for the creation 


tune 


the 


ul 


2—2m?c?/uo (m=electron mass, 


po = mass of the 
have an energy ig 
total momentum must equal that of the virt 
it is created and will 


This difference in 


om poe /2—- 2m 


f 
-EW(p’), (8) : at ; 
Wi), of the pair accounts for certain deviations from the customarily 
between the two compo- 


utPyu )BaSrr sKy 
f distribution of energy 
: of all processes lead to a 


X| Hal(p')+Hs(—p’) 

projection of the wave function observed faw of 
nents of the pair. One finds that about 
of which differs from the maximum energy 
Although energy is almost 


which for the positive energy 
leads to the same results as that of Lévy? and Klein.’ We note that 
Eq. (7) isin a form for carrying out the mass and charge renormal 
and then by integration 
to the relative energy 


real photon, the energy 
possible by not more than 
conserved in the creation of a large fraction of all the pairs, in 
about 40 percent of all processes the energy limit of the slower pair 
*. This behavior is most pronounced 


me percent 


izations first in a covariant fashion 


of the resulting with 
variables, leading to the renormalized T.D. equation. The integra 
tion of the renormalized parts of the kernel over the relative energy 
variables will not be very easy, but the procedure is unambiguous 


expression respect 
component is larger than Sm 
for those processes in which the photon energy lies either very near 
The integrals over the fo’s in (8) can be simplified considerably its maximum value or deviates from it by at least Smc?. 
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It should be pointed out that the magnitude of the kinetic 
energy of the decaying meson can be calculated from the conserva- 
tion laws, if one is able to measure the energies of the pair com 
ponents as well as the angles between the direction of propagation 
of the decaying meson and the pair components. This assumes 
that one can, at least approximately, draw a line from the star in 
which the 7° 
the pair components. No recourse needs to be had in this case to 


meson is created to the intersection of the paths of 


the previously observed energy distribution of charged m mesons; 
one can measure directly ihe primary energy of the individual 
neutral meson. 

A detailed report on the calculations leading to the results 
quoted and to their extension to the decay of moving mesons will 
soon be submitted to The Physical Review. 

One of the authors (O.H.) wants to express his gratitude to 
Professor C. F. Powell and his collaborators Dr. Perkins and Dr. 
Anand for much interesting information on the experimental 
status of these questions. 

'R. H. Dalitz, Proc. Phys. Soc 

2? Daniel, Davies, Hulvey, and Perkins, Phil. Mag. 43, 753 
Lindenfeld, Sachs, and Steinberger, Phys. Rev. 89, 531 (1953); other 
by the Bristol group on the present subject are in the proces 


tion 
3 J. R. Oppenheimer and I 


(London) A64, 667 (1951 
1952 
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Nedelski, Phy Rev. 44, 948 (1939 


Total Cross Sections for 169-Mev Neutrons 
A. E 


Gustaf Werner Institute for Nuclear Chemistry, 
University of Uppsala, Uppsala, Sweden 


(Received September 21, 1953) 


TAyYLor* 


HE present work has been the first of a series of experiments 

with high-energy neutrons produced by the 230-cm syn 
chrocyclotron at the University of Uppsala. Neutrons were pro 
duced by proton bombardment of an internal Be target, and the 
experiment consisted of good-geometry transmission measure 
ments in a well collimated neutron beam. A coincidence counter 
telescope was used to detect recoil protons from a thin poly 
ethy lene disk place din the beam. This counter teles« ope ¢ onsisted 
of three scintillation counters feeding a diode bridge type coin 
cidence circuit.! Aluminum absorbers were placed between the 
second and the third counters in order to set a lower-energy limit 
to the recoil protons detected, and the effective neutron energy was 
calculated? to be 169 Mev with a possible error of 4 Mev. 

The hydrogen cross section was determined by measuring the 
attenuation of the neutron beam in samples of polyethylene and 
graphite containing the same amounts of carbon. Similarly the 
difference between the deuterium and hydrogen cross sections was 
found from samples of ordinary and heavy water containing the 
same amounts of oxygen. The cross sections determined are as 
follows: 

49,2 +1.6 mb 
23.14-2.0 mb 
32343 mb 
43045 mb 


Hydrogen 
Deuterium 
Carbon 
Oxygen 


hydrogen 


The quoted errors are standard deviations based on the total 
number of counts. A more detailed account of the work will be 
published later 

The author wishes to thank Professor The Svedberg for extend 
ing the facilities of his laboratory; Professor Niels Bohr and Sir 
John Cockcroft for the opportunity of working under CERN 


auspices; and many members of the Gustaf Werner Institute, in 
particular Dr. H 
R. Alphonce, A. J yhansson, and members af the cy¢ lotron operat- 


ryrén for active encouragement, U. Tallgren, 


ing crew for help and assistance. 


* Now at the Atomic 
shire, England 

1 Dickson, Salter, Gunnill, Dolley, and Cassels, Harwell 
Research Establishment Report G/R 1938, 1952 

2A, E. Taylor and E. Wood, Phil. Mag. 44, 95 
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The Interpretation of Bhabha’s Theory of 


Particles of Maximum Spin 3/2 


W. A. HeEPNER ann D. R 
Vathematics, Imperial College of Sctence, Le 
Received September 8, 1953) 


WORKMAN 


Department of ndon, England 


| HABHA’S theory! of particles of maximum spin 3, charac 

terized by the representation scheme Rs (3, 4), has the pecu 
liar feature that the normalization is negative for all states with 
the higher of the two possible values (u, 34) of the rest mass, and 
the application of the customary probability interpretation leads 
to the difficulty of negative probabilities. For this reason, and 
doubtless also because of the greater complexity of the noncom 
mutative algebra involved, very little has been published on the 
results of this equation, apart from Le Couteur’s work? on the 
scattering of mesons by these particles. In order to get some clue 
about a possible interpretation, it may be helpful if some of the 
peculiar consequences are brought out in high relief in a very 
simple, illustrative case. We have therefore studied the magnitudes 
and behavior of the reflection and transmission coefficients of 
Bhabha’s particles at a discontinuity V (>0) of the electric po 
tential, the well-known problem treated by Klein for the Dirac 
electron. Similar considerations will apply to other cases with 
static potential, e.g. Coulomb scattering. 

The analysis of this problem‘ shows that, with incident particles 
of the lower mass u and of energy w, the states of higher mass and 
negative normalization can occur only in conjunction with states 
of lower mass such that the total current is conserved in accordance 
with the equation 1 = R,—R3+7;,—Ts, where Ri, Rs, (11, Ts) are 
the magnitudes of the reflected (transmitted) currents of particles 
of lower and higher mass, divided by the incident current. For 
example, with w=5u and eV =3y, one obtains R;=52, R;3=59, 
1,=8, Ts=0. This would mean that, apart from ordinary reflec 
tion and transmission of the original incident current, the barrier 
also gives rise to a concomitant creation of pairs of particles of 
different mass and opposite charge, which are also reflected and 
transmitted, the energy of each particle being the same as the 
incident energy. Now it is clear that the energy of these pairs can- 
not be obtained from the static field, and they cannot, therefore, 
be considered as real. This indicates that physically interpretable 
results may be derived from this theory by subtracting the con 
tributions arising from the unreal created pairs and applying the 
ordinary probability interpretation to the rest. The calculation 
shows that the ratio of the created to the incident current increases 
from zero, at w=3yu, to a maximum, which may be of the order of 
several thousands, and then decreases to the finite limit eV/2u 
for very high incident energies. On the other hand, the proportion 
of the created particles of lower mass in the reflected and trans 
mitted currents follows no simple pattern, While under conditions 
of total reflection of the incident current the created particles, too, 
are totally reflected, in the other extreme case of total transmission 
(that is, in the limit of very high incident energies) all the created 
particles go into the reflected current (Ri -R;-eV/2p, T,-1, 
T';-0), as though they were totally transmitted from the barrier 
region into free space. 

Whatever the interpretation of the higher mass states, it is of 
some interest to note that, in the energy regions where no states 
with incident energies 


2u), the ordinary 


of higher mass can be involved (that is, 
less than 3 and potential energies less than 
probability interpretation can be applied without modification. 
This leads, first of all, to the 


relativistic limit of incident particles of the lower mass, and with 


significant result that in the non 


small potentials (so that the transmitted kinetic energy is small 
and positive), the particles actually behave like Dirac electrons. 
Moreover, as long as no states of higher mass are involved, this 
unmodified interpretation can consistently be continued even in 
the relativistic region where significant deviations from the be 
havior of Dirac electrons occur. In the present illustrative case 
one finds that, with the values of eV/u of 0.5 and 1, the reflection 


coefficient R is always much greater than for the Dirac electron; 
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for example, with eV=0.5u and w=1.6u, one obtains 0.33, as 
compared with 0.14 for the Dirac electron, while with w=1.85y 
the values are 0.16 and 0.03, respectively. Apart from this differ 
ence in magnitude, there is also a typical minimum of R with 
increasing incident energy below w=3y, which is impossible with 
the Dirac electron, where R drops montonically to zero for such 
high values of w. Similar marked effects in the region of validity 
of the ordinary interpretation can be found in other more realistic 
problems (e.g., Coulomb and Compton scattering, details of 
which will be given elsewhere), and they may thus lead to tests 
of the theory regardless of questions of interpretation in other 
regions. 

1H. J. Bhabha, Revs 17, 200 (1945); Proc. Indian Acad 
Sci, A21, 241 (1945) 

7K. J. Le Couteur, Proc. Cambridge Phil. Soc. 44, 63 (1947). 

§Q. Klein, Z. Physik 53, 157 (1929). Without discussing intensities, the 
energy regions of total reflection of a particle with two mass states have been 
considered by G. Pétiau, Rev. Sci. Instr. 85, 135 (1947) 

4 For the calculation of the required expansion coefficients it is convenient 
to use a basic orthonormal set of (16-component) solutions that are also 
eigensolutions of the spin in the direction of motion. This is most readily 
obtained by transformation from the rest system, and by use of a certain 
canonical transformation, See W. A. Hepner, Phys. Rev. 81, 290 (1951); 
84, 744 (1951) 
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The Single-Time Bethe-Salpeter Equation 
WILHELM MACKE 
Instituto de Fisica Te6rica, Sao Paulo, Brazil 
(Received September 8, 1953) 


N a recent issue of this journal, Dyson! published a note about 
the Tamm-Dancoff method for treating the interaction of two 
particles in bound states. In this note he proposes to replace the 


usual wave function 
a(N)=(o, A(N)W), (1) 
by another one, 
a(N’, N)=(Wo, C(N’)A(N)®), (2) 
and get 
(W—Ent+Ey )a(Nn’, 


as an equation of motion for a(N’, N). The notation here is the 
same as in Dyson’s letter. By comparison of (2) with the paper of 
Gell-Mann and Low? it can be easily seen that a(0, 2) is the single 
time form of the Bethe Salpeter wave function for two particles in 


N)=(%o, [C(N) ACN), HWW) (3) 


positive free-energy states 

To find an equation for a(0, 2) only, there are two possibilities. 
First, it can be developed by solving Eq. (3) and eliminating after- 
wards all components a(V’, NV) with the exception of a(0, 2). The 
other way consists in the transformation of the Bethe-Salpeter 
equation, given in its most general form, into a single-time four- 
component equation, as was proposed by the author® and out 
lined in three papers*® the first of them (I) giving the general 
derivation of the single-time equation. The second paper (II) is 
concerned with possible transformations of that equation into 
other forms, and in the third paper (IIT) the process of renormal 
ization for this single-time equation is described. 

The results show that the wave equation for a(0, 2) can be 
given by 

a(0, 2) = fa(0, 2) (4) 


’ 


just as in the Tamm-Dancoff case, where fis an integral operator 
which can be represented by a totality of “time-ordered graphs” 
given by Lévy. This totality does not contain vacuum graphs, as 
Dyson shows. But further on, the analytical meaning of / is 
rather different from the Tamm-Dancoff case, as is shown ex 
plicitly in (IT), where the two methods are compared. Here, aswell, 
the totality of graphs is different, and also the energy denomina 
tors are different in some cases 

The derivation of (4) from Dyson’s equation of motion can be 
found directly by, first, writing out the interaction operator H’ 
of (3) and eliminating all the a(V’, NV) with the exception of 
a(0,'2). Then the graphic representation for all virtual states 
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and transitions can be constructed in the same way as Lévy did, 
but here it will contain also the “absent particles’ V’ with nega 
tive energies. These particles V’ now can be represented by lines 
running backward, and by application of the rules of partial frac 
tion decomposition, as given in (I), Eq. (4) is obtained, with an 
operator f which is identical with the operator ’fr’+'fa¢’ in Eq. 
(14) of (IT) 

As was discussed in (II 
relations between the different wave function definitions given 
in (1) and (2). As there is a connection between the two vacuum 


states, 
Vo= P exp( -if Wat)o ' (5) 


there follows from (1) and (2) a relation of the form 


, something can also be said about the 


a(O, 2) =ga(2). (6) 


The quantity g is calculated in (IIT). Here it can be found also as an 
integral operator, representable by Lévy graphs, if one substitutes 
(5) into (2). The exponential function needs to be expanded, the 
time integrations to be performed, and H’ to be represented by the 
related creation and annihilation operators. Ali a(V) for N#2 
can then be eliminated by the Tamm-Dancoff method and so 
finally an explicit form for g can be found 


iF. J 
*M. M 


Dyson, Phys. Rev. 90, 994 (1953 
Gell-Mann and F. Low, Phys. Rev 

3W. Macke, Phys. Rev. 91, 195 (1953 

*W. Macke, I and II, Z. Naturforsch (to be published) 

§’W. Macke, III, Nuovo cimento (to be published 
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The Fission Yields of Ru'® and Ru'°® 


W. H. Harpwick 
Atomic Energy Research Establishment, Harwell, Berkshire, England 
(Received September 14, 1953) 


HE generally accepted values for the fission yields of Ru" 

and Ru! for natural uranium using pile neutrons were ob 
tained by Glendenin and Steinberg.' These fission yields have been 
redetermined for natural uranium irradiated in the Harwell pile 
Under the experimental conditions the contribution from fast 
fission was considered to be negligible. Ru'® (as Rh") and the 
reference standards Ba! and Cs"? were determined by 8 counting. 
The disintegration rate of Ru! was found by y counting, assum- 
ing the decay scheme proposed by Kondaiah? and Mei,’ and with 
allowance for the y’s arising from the Ru! present. This allowance 
was determined by 8 and y counting pure Ru!* separated from old 
fission products. 

An end-window geiger tube was used for 8 counting. It was 
calibrated against a “42”? counter of Isotopes Division, Atomic 
Energy Research Establishment, and checked using a Ra D-E-F 
source whose disintegration rate was known from a@ counting. The 
Ru" aliquots for counting were evaporated on thin plastic film 
and always contained less than 0.1 mg of carrier. Under these 
conditions scattering and self-absorption corrections are less than 
1 percent. 

The y scintillation counter employed a sodium iodide crystal 
1.75 inches in diameter, and 0.75 inch thick. It was calibrated 
using sources of Au’ and Cs'’?, These two isotopes were chosen 
because y emission from Au’ is almost wholly 0.41 Mev, and ¥ 
emission from Cs'7 almost wholly 0.66 Mev. The Ru! + energy 
of 0.49 Mev is intermediate, and it was assumed that the effi- 
ciency of the y counter for the Ru’ y would thus lie between the 
values found for the Au and Cs!87 y’s. Story’ has reviewed the 
published data and, allowing for conversion, has estimated that 93 
percent of 8 emissions from Au! are accompanied by 0.41 Mev 
y’s, and 82 percent of the 8 emissions from Cs!*? are accompanied 
by 0.66 Mev y’s. Using these data, the efficiency of the y counter 
was found to be 2.88 percent for Au’, and 2.73 percent for Cs'87. 
The efficiency for Ru’ was taken to be 2.8 percent. 

Four samples of uranium metal were irradiated, one for seven 
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days, one for a month, and two for six months. The samples were 
dissolved in warm nitric acid. Aliquots were evaporated with 
ruthenium metal carrier, and fused with a KOH—KNO; mixture 
to ensure exchange between fission product and carrier. The 
ruthenium was then converted to RuO, by periodate oxidation 
and purified by distillation and solvent extraction. 

The Ba' activities in the 7-day and one-month irradiations were 
determined by the method of Glendenin and Steinberg,’ modified 
by Cook.® The Cs!*? activities in the six-month irradiations were 
determined by J. G. Cuninghame and M. Sizeland, using a 
perchlorate separation followed by 8 counting. 

From the saturation activities, the fission yields of Ru’ and 
Ru! were calculated relative to Ba' for the seven-day and one 
month irradiations. The fission yield of Ba! was taken to be 6.2 
percent. The saturation activities for Ru!® and Cs? were calcu 
lated for the 6-month irradiation, and assuming a fission yield of 
6.15 percent’ for Cs'*7, the fission yield of Ru'® was found. The 
values obtained are given in Table I. 


TaBie I. Fission yields of Ru'® and Ru! 
Summary of experimental results 


7 days 1 month 6 months 


Irradiation period 


Standard Bal Bale 
Fission yield Ru! 2.8 2.9 
Fission yield Ru! 0.37 0.38 


The probable error in the determination of the value for Ru! 
is +5.7 percent and for Ru'!&+7.6 percent. These errors are largely 
due to the uncertainties in the fission yields of Ba and Cs! and 
the half-lives of Ru! and Cs’, 

Thus the values for the percentage fission yields were found to 
be 2.85+0.16 for Ru! and 0.38+0.03 for Ru. They are lower 
than Glendenin and Steinberg’s values which were 3.7 and 0.52 
for Ru’ and Ru, In both determinations the ratio of the Ru'® 
and Ru! yields is nearly the same, being approximately seven. 

I am grateful to Dr. J. M. Fletcher for suggesting this work and 
to him and Dr. G. B. Cook for most helpful discussions; also to the 
Director of the Atomic Energy Research Establishment, Harwell, 
for permission to publish this letter. Full details are being given 
in Atomic Energy Research Establishment Report C/R 1180, 

'L. E. Glendenin and E. P. Steinberg, Radiochemical Studies: The Fission 
Products (McGraw-Hill Book Company, Inc., New York, 1951), Paper No 
103, National Nuclear Energy Series, Plutonium Project Record, Vol. 9, 
Div. IV. 

E. Kondaiah, Phys. Rev. 79, 891 (1950) 

3J. G. Mei, Phys. Rev. 79, 429 (1950) 

4J. M. Fletcher and J. Story, Harwell Atomic 
lishment Report C/R 1078 (unpublished). 

*L. E. Glendenin and E. P. Steinberg, reference 1, Paper No. 288. 


*G. B. Cook and H. Willis (unpublished). 
7H. G. Thode, Can. J. Phys. 31, 517 (1953). 
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The Total = — p Cross Section at 840 and 470 Mev* 


CHEN 


A. M. Suapiro, C. P. Leavitt, AND F. F 
Brookhaven National Laboratory, Upton, New York 
(Received September 10, 1953) 


HE total x — p cross section has been measured at 840 Mev. 
Since this value appeared considerably higher than that 
measured at 450 Mev,! the measurement was repeated at the lower 
energy to confirm the difference with the same experimental 
arrangement and apparatus. 
The experimental arrangement is shown in Fig. 1. A Be target, 
6 in.X2 in.X2 in., was placed in a straight section of the Brook- 
haven cosmotron and bombarded by 2.2-Bev protons. Particles 
emitted from the target at an angle of 32° to the proton direction 
passed through a 3-in. diameter collimator in the concrete shield 
ing wall. 
This beam was then magnetically analyzed, and particles of the 
proper sign and momentum entered a threefold defining telescope. 
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Fic. 1. Experimental arrangement 

The resolution of the analyzing magnet was measured using a 
current-carrying wire. The half-angle which the third defining 
counter subtended at the magnet was 0.32°, corresponding to a 
meson energy resolution of +20 Mev. Carbon and polyethylene 
absorbers were placed after the third counter, and at a variable 
distance behind them a large fourth counter measured the trans 
mitted beam. 

Fast plastic scintillators were used, the first three being 24 in 
and the fourth 6} in. in diameter. Three- and four-fold coinci- 
dences were made in a Garwin-type? circuit, modified’ in a manner 
permitting fast multifold coincidences. The resolving time of the 
circuit was about 410° sec 

The composition of the analyzed beam of negative particles 
entering the telescope was determined by careful analysis of the 
absorption of the beam in Cu and Pb. The only contamination 
observed was that of w mesons, which amounted to (2:2) percent 
and (543) percent for the 870- and 500-Mev beams, respectively 
(These energies correspond to 840 and 470 Mev mean energy in 
the absorbers.) 

Runs made with two different sets of absorbers and taken over a 
period of several months have given statistically consistent results. 
The carbon absorber was spaced out to fill the same physical 
volume as the polyethylene, and the two contained nearly equal 
numbers of carbon atoms. Most of the data were taken with 28.18 
g/cm? of C and 32.65 g/cm? of CHe, which gave a hydrogen at 
tenuation of approximately 7 percent. The C and CH, absorbers 
were frequently interchanged to eliminate the effects of any slight 
drifts in the equipment. 

The 840-Mev measurements were made with two geometries. 
In the “poor” geometry, the fourth counter subtended at the 
center of the absorber a half-angle of 6.6°; in the “good” geometry, 
a half-angle of 2.1°. The  — p cross sections measured with these 
two geometries, and corrected for the « contamination, were 
4444 mb and 5745 mb, respectively. (All errors are standard 
deviations.) These values of a must be corrected for tworsec ondary 
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effects which are different for the two geometries. The value of 
o (poor) is low because some products of the r~ — p interaction will 
pass through the last counter. On the other hand, o (good) is high 
because a few more mesons ; 
counter by the CH, than by the C attenuator, when the “good” 
umed that 3 percent of the 7 —p 
traveling within 6.6° of the 


ire multiply scattered out of the last 


have as 
| 


geometry is used. We 
interactions give a charged secondary 
beam direction, and 0.3 percent within 2.1°. This corresponds to 
the condition that all the interactions are clastic scatterings with 
an isotropic distribution in the center-of-mass system, or to the 
condition that 4 of the interactions are elastic scatterings with a 
cos’? distribution and that the rest send no charged products 
into the last counter. From a detailed multiple Coulomb scattering 
calculation it was found that about 9 and 7 percent of the mesons 
were scattered out of the last counter by the CH, and C absorbers, 
respectively, in the “good” geometry position, while no mesons 
were so lost in the “poor” geometry position. With these correc 
tions the value of o for both geometries becomes 47 mb. Thus the 
total x” — p cross section is 47+5 mb, for a mean energy in the 
absorber of 840 Mev 
uncertainties in the corrections, 

We have repeated the measurements with 500-Mev 
mainly the 6.6 With similar 

p cross section was found to be 274-5 


The stated error includes an estimate of the 


above 
incident using geometry 
corrections, the total a 
mb for a mean pion energy of 470 Mev. This agrees well with*the 
value of 254-3 mb at 450 Mev found previously at this laboratory.! 
We find therefore 
nm —p cross section from 470 to 840 Mev. Since the cross section 
has been found to be 3443 mb at 1.5 Bev,‘ and, very recently, 
47+4 mb at 1.0 Bev,‘ a second peak in the neighborhood of 900 
Mev is indicated. Further study of this energy region has been 
undertaken by Lindenbaum and Yuan, and Piccioni and Cool. 
We should like to thank Dr. George B. Collins and Professor J. 
Steinberger for their important roles in the initial stages of this 
group 


mesons 


a rise of approximately 20 mb in the total 


experiment, and the many members of the cosmotron 
who made it possible. 


* This work wa ler the # the U.S. Atomic Energy 
Commission 
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Evidence for Subshell at Z=96 


GLENN T. SEABORG 


Radiation Laboratory and Department of Chemistry, University of 
California, Berkeley, California 
(Received September 18, 1953) 


Hk evidence is decisive that major nuclear shells are com 
pleted at 82 protons and 126 neutrons (both represented by 
the nuclide Pb’) and these, along with major shells at 82 neutrons 
and certain lower nucleon numbers (NV or Z=20, 28, 50), are well 
explained by the strong spin-orbit coupling model of Mayer! and 
Haxel, Jensen, and Suess.? This model suggests the filling of quan 
tun states at certain intermediate points, and there is an accumu- 
lating amount of evidence that such “subshells” are also dis 
cernible, for example, at Z= 585 and Z=64.87 

The evidence from alpha radioactivity, both (1) the effect of 
the nuclear radius shrinkage on the relationship between energy 
and half-life and (2) the discontinuities in the plots of energy vs 
mass number at constant Z, gives a striking indication® of the 
closing of major shells at Z=82 and N=126. Application of these 
sensitive criteria as tests for the much smaller “subshell” effects in 
the regions Z>82 and N>126 leads to some evidence for such a 
subshell at Z=96 (curium). 

Since it has been shown that the Gamow-Gurney-Condon type 
of formula for alpha decay applies very well to the ground state to 
ground state transition for even-even alpha emitters,® the known® 
alpha energies and partial half-lives were used in the Preston” 


“ 
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form of the formula to calculate the nuclear radii of a number of 
even-even nuclides in the range Z=84 to 98. Using these radii, a 
value of ro was calculated for each nuclide from the relationship 
radius=roA! and the plot in Fig. 1 of the average value of ro 
(ro generally decreasing with increasing Z) for each element indi- 
cates a just discernible minimum or plateau at Z =96. The average 
value of ro for each element was plotted because there is no dis- 
cernible regular variation of ro with A at constant Z. 


Fic. 1. Plot of 
luded: Poti? 
R 


average \ 
» Pots, Pe f 

a%¢ for Ra; Th, hz $ ] or Th bs ! 2 236, 
or U; Pu 2 42 for Pr n*42, Cm’ for Cm; Cf%é, Cf%8 for 


36 

The stable shell of 82 protons is attained upon completion of the 
hyi2 level and the spin of Bi? (9/2) indicates that the 83rd proton 
begins the filling of the /y/2 level as might be expected. However, 
if the /ig/2 level is raised in energy as more protons are added, so 
that the fy/2 and fo/2 are filled before the /iy/2 levels, one might 
expect subshell effects at Z=90 and 96. If the quantum states are 
filled in this order, the variation of ro with Z should perhaps also 
indicate an effect Z=90. A careful consideration of the values of ro 
in the region on both sides of Z=90 points toa barely discernible 
plateau in the variation of ro with Z at this atomic number. 

In the case of Z=96 there is an additional argument which 
points to the completion of a subshell here. The known odd-even 
isotopes of berkelium, Bk? and Bk™®, are highly “hindered’’® in 
their most prominent modes of alpha decay, i.e., they decay much 
slower than the simple formula would indicate. This exceptional 
degree of hindrance is not observed for similar (odd-even) isotopes 
of any other odd Z alpha-particle emitter with the exception of 
bismuth (Z=83) where the slowed rates of decay are presumably 
to be associated with the closed proton shell (and consequent 
shrunken radius) at Z7=82. 

There are other lines of evidence which may also point to the 
filling of the fy. and fs52 before the /ig2 proton states. The spins 
of Np*™"" and Am* 2 
On the other hand, the spins of Ac? 8 and Pa®*! 4 have both been 
reported as 3/2, indicating perhaps that the odd proton occupies 


are both 5/2 as expected on this basis. 


the f3/2 state, whereas spins of 7/2 and 5/2 corresponding to f7/2 
and fsy2 States, respec tively, would be expec ted. Whether or not 
this indicates a breakdown of the single-particle model, it does 
seem to indicate that arguments based on spin values cannot be 
conclusive here. It is interesting to add that a consideration of the 
systematics of beta radioactivity in this region also leads to the 
assignment of spectroscopic states in agreement with the suggested 
higher position of the /ty/2 level energetically. 

It is interesting to note that arguments based on spin values!® 
indicate that in the case of neutrons the f7/2 level fills before the 
hg/z level just after the completion of the major shell at 82 neutrons. 
Thus, the situation is analogous to that postulated for protons 
although the evidence is not clear on the relative position of the 
fs and /ig/2 neutron levels. 
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It seems likely that in the region following the major closed 
shell at 126 neutrons, which is completed with the filling of the 
i13/2 States, the t11/2 level is not occupied until the go/z and possibly 
also the g7/2 and dgya, etc., states are filled. Attempts to apply the 
aforementioned criteria of alpha-decay data do not lead to any 
discernible evidence for subshells up to N=148. Successful ap 
plication of these criteria here probably awaits both a larger 
quantity of and more accurate alpha-decay data in this region. 
There is only one spin value known in this region, that of U5, 
which has been reported as 5/2 or 7/2 with the former value the 
more probable.'® Since U*® has 143 neutrons, either spin value 
would fit nicely with the view that the 11/2 level lies above the 
£9/2, £7/2, and d5/2 levels. 

The generous help of F. Asaro and D. C. Dunlavey in making 
numerous calculations is gratefully acknowledged. 
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Possible 0-+0 (no) $ Transitions in 4n+2 Nuclei 
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Theoretical Physics, University of Ce 
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HE 0-0 (no) 6 transitions so far identified take place be- 
tween the 7=1 states of nuclei of mass number 4n+2, 

n being an integer. The cases are C¥—>B'**)! OM GN"*) and 
C]s4 energy is large 
and because the energy difference between the T=1 and T=0 
states is relatively small for these nuclei. The value of E721— Eres 
can be estimated by comparing Q values or Fg™** data for the 
T,=1, T,=0 partners or similar data for the 7,=0, T,=—1 
partners with correction for the neutron-proton mass difference 
and the Coulomb energy difference (0.62/A!)-(Z—1)Z, or di 
rectly when the T7=1 state is observed in a 7,=0 nucleus 
(Li®, B®, N44, and Cl). Such an analysis leads to the curve shown 
in Fig. 1. The trend of the curve agrees with the observation made 
by Arber and Stahelin? that in Cl the 7=1 state lies below the 
T=0 state. The closed shell 2X8 shows up as a peak in the curve 
The nuclear matrix element for the 0-0 (AT 

is independent of nuclear models. It just depends on the assump 


»S4 2 These transitions occur because the 8* 


0, no) transition 


tion of charge independence of nuclear forces,? and one finds 


T2722 = 2 


fifi=rr+t) 


for 7=1 transitions. 

So long as T is a “good quantum number” one would therefore 
expect ft to be constant for these transitions, and an experimental 
investigation of this constancy of ft would be a very valuable 
method for checking the validity of the charge independence of 
nuclear forces. High precision in the ft values is of course needed. 

Moreover, this ft value would help in the determination of the 
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Ero value as a function of 
A =4n +2 nuclei. 


Fic. 1. The Er. 


A for 


amount of Fermi interaction present in 8 decay. For ge=gar,‘ 
the expected ft value would be 2650, in general agreement with the 

uncertain values for C™:/t=6000+3000 and O:/t=3300+900 

and in close agreement with the more accurate value for Cl*:/ft 
= 2700+ 200. 

For A>18, the entire series of 4n+2 nuclei should exhibit two 
0-0 transitions per mass number. It happens, however, in cases 
where E7.;—E7eo>O0 and the odd-odd isobar has a low-spin 
ground state or excited state below the 7'=1 state, that the latter 
state may decay preferably by a y transition. In Table [ a list is 


Pasir I. Expected values of Eg™* and half-life ¢ for possible 0-0 (no) 
6 transition of mass number A =4n+2, ISSA S58. In those cases where 
experimental data already exist these data are given in brackets 


Ex 
pected Ex 
Eg™sx pected 


(Mev) 


Ne 2.46 
Mg 3.06 
Si 3.64 
4.19 
4.71 
5.21 
5.69 
6.16 
6.61 
7.06 
7.50 


Expected 


t (sec)® 


Kle Expected 
ment I gms (Mey 


Ele 
ment 
Y unstable 
y unstable 
3.22(3.1) 

y unstable 
4.33(4.45) 
4.84 

5.34 

5.81 

6.28 

6.73 


7.17 


6(6.7) 


1.5(1.45) 
09 
0.6 
0.39 (0.40) 
0.27 (0.28) 
0.20(0,18) 
O15 


ertainty in the expected /.g™* arises from the uncertainty in 
the Coulomb correction, and the uncertainty in the expected half lives ¢ 
arises from the uncertainties in Hg™** and in ff = 2650. The Fermi integral 
has been calculated by the method of Moszkowski. (See reference 5.) 

The expected half-lives are the partial half-lives only; B-decay branch 
values. This will occur especially in Ne!* and S* 


* The unc 


ing may reduce these 


given of the states in question of mass number 18< A <58. The 
T,=0 state can be obtained by (p,m) reactions and the 7,=—1 
state by (He’,3m) reactions although many other reactions are also 
available. A systematic search for these transitions seems very 
promising. It is of interest to note that the value’ Kg™**=3.1 Mev 
for the Al** decay disagrees with the mass determination from the 
reactions Mg?®(d,n)AP§:0=5.58, and Mg?*(d,p)Mg?®:0=8.88,7 
which give AMc?=2.52 Mev. The latter point fits into the curve 
1, whereas the /g™** value suggests that the transition 
actually *) (AT =0, no) transition. In agree 
vith this suggestion the observed values Eg™*=3.1 and 
leads to ft= 2700. 

Further observed cases of short-lived states in the 4n+2 
family are 0.40-sec V*, 0.28-sec Mn™ and 0.18-see Co. If the 
Coulomb energy difference minus the proton-neutron mass differ 
ence is used for a calculation of £g'** under the assumption of a 
0-0 (AT=0, no) transition, {f values of ~2700 result for these 
dee ays 

The A¥ decay would be extremely interesting in connection with 
B-recoil experiments, since it is a monatomic gas and decays by 


in Fig 
observed is the 0 
ment 


l= 6.6 sec 


pure Fermi interaction. 
The present considerations are results of discussions with Mr. 
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The $ Spectrum of RaDf 


KE. Huster 
Physikalisches Institut, University of Marburg/Lahn, Marburg, Germany 
(Received June 8, 1953; revised manuscript received September 28, 1953) 


N negative 8 decay the binding energy of the orbital electrons 
of the daughter atom exceeds that of the parent atom. The 
question of how this energy excess, AE,= E(Z+-1) —E(Z), is dis 
posed of has been discussed theoretically since 1937. Goldstein! 
and Hebb? came to the conclusion that SE, is carried away by the 
B particle, the result being a cutoff at the low-energy end of the 
B spectrum at 16 kev for Z=82, according to the Fermi-Thomas 
model of the atom. This looked plausible because there is no ap 
preciable coupling of the neutrino with the atomic electrons. 
Some 8 emitters having an upper energy limit Eo of the same 
order of magnitude as /, should thus have a spectrum with a line 
shape about the endpoint. Among these elements, RaD seemed 
best suited for examination because it can be introduced into a 
proportional counter in the form of gaseous lead tetramethyl, the 
measurement thus avoiding difficulties by self-absorption and 
backscattering. 6 decay of RaD is followed by a strongly con- 
verted y ray of 46.5 kev. In most disintegrations the proportional 
counter will therefore measure the sum of the energies of the 
8 particle and the secondary radiations caused by the conversion, 
i.e., the sum of the energies of the 8 particle and the y ray. Thus 
the measured distribution should give immediately the shape of 
the 8 spectrum shifted towards higher energies by 46.5 kev. But 
the counter gives finite line-width for a monoenergetic line and 
thus flattens the steep beginning of the spectrum. The correction 
for this is the only important one. In the case of solid sources 
corrections are more complicated. 


550 } 


| 
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Fic, 1. 8 spectrum of RaD, uncorrected. 
(Corrections are needed trom 0 to 4 kev). 


The pulse output of the counter was analyzed by the method of 
Curran et al.4 Figure 1 shows the result. The smooth curve corre 
sponds to a straight Kurie-plot from the endpoint down to 7.5 kev, 
below which it is fitted to the measured distribution (without 
corrections). 
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There is no cutoff at 16 kev; i.e., AE, is shared between electron 
and neutrino. This agrees with recent theoretical considerations.® 

After the experiments described here had been finished, Jaffe 
and Cohen® published their results on the disintegration of RaD. 
They used almost the same experimental methods, and arrived 
at the same result as to the disposal of AF. However, they found 
Fo=15.2+1 kev, while the Kurie-plot corresponding to Fig. 1 
gives Eo=23.0 kev with an estimated accuracy of +2.5 kev. An 
error of more than —3.0 kev seems not to be compatible with the 
experimental results. Energy calibrations were made by super- 
imposing the K rays of Ag and the y ray of RaD from external 
sources. Jaffe and Cohen calibrated in a similar manner, taking the 
widths of the calibration lines as a check of the proportionality 
of the counter. Proportionality of the whole apparatus near the 
endpoint (£9+46.5 kev) could not be directly measured. Perhaps 
this may cause the discrepancy in the values of Eo. 

Figure 1 shows a maximum in the energy distribution at about 
4.542.5 kev (Jaffe and Cohen: 2.7 kev). (The uncertainty in its 
position is caused by deficiencies in the calibration: neither Jaffe 
and Cohen nor the present author disposed of y sources strong 
enough in comparison with the gaseous source.) At the moment it 
cannot be said whether the maximum is real or not. The correction 
for finite line-width is somewhat difficult, and that made by 
Jaffe and Cohen leads to a rather broad uncertainty in the shape 
of the spectrum below 3 kev. It can, however, be shown that the 
real shape below 4 kev can be calculated with an accuracy of 5 
percent. Calculation shows that a maximum below 2.5 kev may 
be caused by finite line-width; if it lies at higher energies it must 
be real. 

In all cases the calculation exhibits a marked deficit of 8 particles 
at low energies compared with the Fermi theory neglecting screen- 
ing of the nucleus by the orbital electrons. (This is confirmed by 
the quite simple calculation of the shape the counter gives to a 
theoretically allowed spectrum with Eo=23 or 15 kev, shifted by 
46.5 kev towards higher energies.) Screening diminishes the prob- 
ability of emission at low energies. Computations are not yet 
available in the case of RaD, but are now in progress at the Uni- 
versity of Marburg. However, there are doubts that the effect of 
screening is sufficiently high to explain a pronounced maximum, 
if it should exist. 

A full account of the experimental work and the necessary 
corrections will soon be published elsewhere. 
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The 0+ States of the Light Odd-Odd Nuclei 


P. STAHELIN 
Swiss Federal Institute of Technology, Zurich, Switzerland 
(Received September 23, 1953) 


UCLEAR states with zero spin and even parity have been 
found in ;9K°8, iC, and y3Al*.! Their half-lives are 
(0.95 +0.03) sec, (1.58 +0.05) sec, and 6.3 sec, respectively. They 
decay by positron emission directly into the ground state of the 
neighboring even-even isobars A®, S**,and Mg”. The disintegration 
energies correspond closely to the decrease of Coulomb energy. 
Assuming a uniform distribution of the nuclear charge in a 
spherical volume and using the empirical mass differences, we can 
calculate a nuclear radius X.? In Fig. 1 the resulting values of 
ro=RA~ are plotted against the number of protons. The black 
points refer to the well-known mirror transitions. They show that 
at least for A >20 a useful approximation of the Coulomb energy 
results from the value ro= 1.4310 ' cm. The open circles, repre 
senting K*8, Cl, and Al*6,fit well to this value of ro. That means 
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that the Coulomb energy (together with the neutron-proton mass 
difference) accounts for the whole energy difference between the 
Q* states of the neighboring isobars with A =38, with A =34, and 
with A =263 

This result confirms not only the assumption of charge sym 
metry but even of charge-independence of the nuclear forces. 
Furthermore it allows us to assign isotopic spin T7=1 to the 
O* states of Al?*, Cl, and K3%. This assignment is confirmed by 
the constancy of the log/t values: K* (3.35+0.07), CI* (3.47 
+ 0.06), and Al?® (3.52+0.10). These values also may be com 
pared with the corresponding values of O (3.52+0.10) and 
C™ (3.31+0.15).4 From the mean value (3.44+0.05) we deduce 
a Fermi coupling constant (1.51+0.08) K 10°" erg cm‘. This re 
sult agrees with the value (1.55+0.10)10 ” erg cm* which 
Kofoed-Hansen and Winther® derived from the /¢ values of odd-A 
nuclei. 

The assignment of isotopic spin one to the 0* 
imply that the isotopic spin is a good quantum number. The high 
purity of isotopic spin in these particular cases probably arises 
from the fact that the next admissible states with the same spin 
and the same parity, but with different isotopic spin, occur only 
at much higher excitation energies. 


states does not 


« Z=N21, T= '/2 (Mirror-Transitions) 


OZ=N . T#! As4ne2 














Reduced nuclear radii ro = RA~'8, calculated trom the 
empirical disintegration energies 


Fic. 1. 


The smooth dependence of ro on the atomic number (Fig. 1) 
enables us to predict the position of the 0* levels in P®, Na®? and 
F'8. The analogous states of N', B, and Li® have been found em 
pirically.4 In every odd-odd nucleus with an equal number of 
protons and neutrons we therefore know the relative positions 
of the lowest (7 =1) and (7’=0) levels. Figure 2 shows the corre 
sponding level schemes. The spin assignments are taken from 
reference 1.° 

From the new spin assignments there also follow some small 
modifications of the diagram given by King and Peaslee? for the 
ground-state spins of odd-odd nuclei with neutrons and protons 
filling equivalent shells. In the new diagram, Fig. 3, the low 
lying isomers of the f;/2 shell have been plotted as additional 
points. The most puzzling feature of this diagram, the steady 
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Fic. 2. Level schemes of the odd-odd nuclei containing an equal number 
of protons and neutrons. As a basis of reference the O° states (7 =1) are 
arbitrarily put to the same level 


growth of the spin with every added pair of nucleons in the lower 
half of the 1p shell and in the lower half of the Id shell, is still 
unchanged, and the prediction of spin five for Al* by King and 
Peaslee’ is verified. It looks as if all the orbits were paired, while 
all the spins are aligned. In the 1d3/2 shell and in the 1 f7/2 shell, 
however, holes and particles seem to be nearly equivalent, which 
indicates prevalence of 7— J coupling. 
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Fic. 3. Spins of the light odd odd nuclei 


A detailed report will appear in Helvetica Physica Acta. I am 


grateful to Dr. P. Preiswerk for many helpful discussions. 
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10, 1219 (1953) and Helv. Phys. Acta (to be published) 

2H. A. Bethe, Phys. Rev. 54, 436 (1938) 

3 It seems very likely that this statement also holds for A =14, for A =10, 
and for A =6. The deviations from a smooth curve in Fig 1 are probably due 
to the insufficient approximation of the Coulomb term (compare refer- 
ence 4) 

4F. Ajzenberg and T. Lauritsen, Revs. Modern Phys. 24, 321 (1952) 

5(). Kotoed-Hansen and A. Winther, Phys. Rev. 86, 428 (1952). 

* The isomerism of Al?* proposed in reference 1 has found a recent con 
firmation in the fact that #[Al”’(+,n)] seems to be three times as high if 
the neutrons are counted instead of the electrons which are emitted from 
the 6.3-sec isomeric state [Montalbetti, Katz, and Goldemberg, Phys. Rev 
91, 659 (1953) 

7R. W. King and D. C. Peaslee, Phys 


1W. Arber and P 


Rev. 90, 1001 (1953) 
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MINUTES OF THE NEw Mexico MEETING HELD AT ALBUQUERQUE, SEPTEMBER 2, 3, 4, AND 5, 1953 


He 1953 September meeting of the American 

Physical Society-—-the Summer Meeting in 
the West—was held at Albuquerque, New Mexico 
on the Campus of the University of New Mexico, 
on Wednesday, Thursday, Friday, and Saturday, 
September 2, 3, 4, and 5, 1953. The choices of place 
and time were fortunate, since the meeting was one 
of the best attended meetings of the Society ever 
held in the West. There were 436 paid registrations, 
and about 600 attended the excellent 
popular lecture by E. Fermi. The weather was 
perfect and local arrangements were outstanding. 
The Secretary wishes to thank Professor V. H. 
Regener for his work not only during the meeting, 
but also in connection with the preparation of the 
program. There were an unusually large number of 


people 


invited papers, and a very fine session arranged by 
F. N. Frenkiel for our Division of Fluid Dynamics. 
In the absence of Dr. Frenkiel, R. J. Seeger pre- 
sided. Post-deadline papers were given by D. L. 
Hill, L. Wilets, and kK. W. Ford; Alexander Goetz; 
John FE. Evans; Richard E. Stroup and Robert A. 
Oetjen; and L. Trilling. 

The banquet of the Society was very well at- 
tended and we were honored by the presence of 
Governor Edwin Mechem of New Mexico. Alan T. 
Waterman, the National Science 
Foundation, was the after dinner speaker. 


Director of 


J. KapLan, Local Secretary for the Pacific Coast 
University of California, 
Los Angeles 24, California 


Errata Pertaining to Papers I1, I2, 13, 14, and P4 


Il, 12, and 13, by R. L. Walker, J. G. Teasdale, and V. Z. 
Peterson; A. V. Tollestrup, J. C. Keck, and R. M. Worlock; 
and R. F. Bacher, J. C. Keck, V. Z. Peterson, J. G. Teasdale, 
A. V. Tollestrup, R. L. Walker, and R. M. Worlock, re- 
spectively. To the title of each of these abstracts, add a foot- 
note, ‘This work was supported by the U. S. Atomic Energy 
Commission.” 


I& by James Terrell, W. E. Scott, J. S. Gilmore, and C. O. 
Minkkinen. Instead of 5.45+0.16 (percent yield in U% at 
4.85 Mev), read 5.39+0.16. 

P4, by C. D. Jeffries. In line 13, instead of 7(Ti) =7.2, 
read I(Ti*”)=7/2. In line 17, instead of w( Tit?) = —0.7866, 
read w( Tit”) = —0.7871. 





PROGRAMME 


WEDNESDAY MORNING AT 10:00 


Student Union Ballroom 


(DAROL FROMAN, presiding) 


Invited Papers 


Al. Fission with Moderate Energy Neutrons. R. W. Spence, Los Alamos Scientific Laboratory. 


(30 min.) 


A2. The Energy Released in Fission. R. B. LEacuMan, Los Alamos Scientific Laboratory. (30 min.) 
A3. Fission and Nuclear Models. Joun A. WHEELER, Princeton University. (45 min.) 


WEDNESDAY AFTERNOON AT 2:00 


Room 101, Mitchell Hall 


(E. J. WORKMAN, presiding) 


Invited Paper 


Bl. The Size-Determination of Submicroscopic Particles by Long Wavelength X-Ray Diffraction. 
Burton HENKE, California Institute of Technology. (30 min.) 


Contributed Papers 


B2. Acoustic Approximation to Weak Shock Diffraction. 
CraiG C. Hupson, Sandia Corporation. —Using Friedlander’s! 
application of the Sommerfeld diffraction formula, the pressure 
fields for the diffraction of a weak shock by right-angle wedges 
has been approximated. The total field is separated into a 
diffraction region and a turbulence region by the free boundary 
formed by the contact of the vortex with the surface. The 
Friedlander formulas are applied in the diffraction region with 
good agreement to experimentally obtained fields. An anomaly 
is pointed out in the case of a back corner where the acoustic 
approximation cannot work. Calculations are made for both 
square and peaked waves. 


1 Friedlander, Proc. Roy. Soc. (London) 186, 322-67 (1946). 


B3. Properties of the Hugoniot Function.* R. D. Cowan, 
Los Alamos Scientific Laboratory.—Vhe Hugoniot relation 
E(p, v) = Eo+ (p+ po)(vo—v)/2 (where E(p,v) and Epo are, 
respectively, the internal energies of the material behind and 
in front of the shock) together with the equation of state of 
the material behind the shock defines a Hugoniot curve in the 
(p,v) plane. In terms of the Hugoniot function //(p, v) 
=E(p,v)—E(po, vo) + (P+ po) (v—v0)/2, the Hugoniot relation 
becomes I (p, v) = Eo— E(po, vo) =constant 2 zero. (The equal- 
ity sign holds if the material is not altered chemically by the 
shock; the inequality holds otherwise, as for example in the 
detonation of high explosive.) The differential of the Hugoniot 
function may be written dH] = TdS+ | (v—vo)dp— (p— po)dv| /2 
= 7TdS+r%d6/2, where r and @ are the polar coordinates of 
(p, v) referred to (po, v0) as the origin. Given a family of 
adiabats dS=0, this expression provides a simple means of 
mapping qualitatively the family of curves d/7=0 (one of 
which is the actual shock curve) and of deriving properties 
such as the variation of entropy along the curves. 

* An extension of a paper by H. Weyl, AMG-NYU No. 46 (AMP Note 
No. 12). 


B4. New Studies of Nitrogen Afterglows.* Marx Brook, 
University of California, Los Angeles.—A flow system was used 
to mix the nitrogen afterglow with a rare gas downstream 
from the discharge. The intensity distribution in the first 
positive afterglow bands was compared with the intensity 
modifications produced by mixing nitrogen with a rare gas 
prior to the discharge. The same intensity shifts to the red 
are produced in both cases. An analysis of the current theories 
of active nitrogen will be given in the light of the results. It 
will be shown that the Cario-Kaplan hypothesis as well as 
the molecular ion theory of Mitra cannot account for the 
nitrogen afterglow. The most probable mechanism is an atomic 
recombination process in a three-body collision. The transition 
from the *Y to the Bll state is forced by the collision, 


(N+ NEN) ]+ Ne NAB) + Nz, No(BM)—+N,A% + hy. 


* This work has been sponsored by the Geophysics Research Directorate 
of the Air Force Cambridge Research Center, Air Research and Develop 
ment Command. 


B5. Quantitative Analysis of the Lower Ionosphere.* H. K. 
KALLMANN, University of California, Los Angeles—A quanti- 
tative analysis has been made of the physical properties of the 
atmosphere between 80 km and 130 km altitude. Average 
pressure density and temperature, as well as individual par- 
ticle concentration and electron densities, have been calcu- 
lated. In accordance with theory and observation, one can 
now be certain that molecular oxygen is dissociated under the 
influence of solar radiation, and that molecular and atomic 
oxygen is ionized by solar radiation of \<1000A and \<910A, 
respectively. Taking this into account, it has been found that 
the calculated density and pressure data are in good agreement 
with the observed data as presented in the Rocket Panel 
Report.’ The temperatures obtained between 80 km and 220 
km are between the maximum and minimum values proposed 
by the Panel. When the calculated values for neutral particle 
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densities are used to determine the radiation effect of the sun 
upon the lower ionosphere, the variation of electron density 
with altitude is found, corresponding to the so-called E layer. 
Contrary to present-day investigations, a continuous and not 
a parabolic electron layer formation is obtained. 

* This work has been sponsored by the Geophysics Research Directorate 
of the Air Force Cambridge Research Center, Air Research and Develop 


ment Command 
1 The Rocket Panel, Phys. Rev. 88, 


1027 (1952). 

B6. Pulsed Searchlight System for Upper Atmosphere 
Density Studies.* S. S. FrigpLanp, H. S. KatzENsTEIN, J. 
KATZENSTEIN, D. P. Linporrr, G. S. TIMOSHENKO, AND L. E, 
Witiiams, The University of Connecticut.—A pulsed search- 
light system has been developed to measure the light scattered 
at various altitudes of the upper atmosphere A Westinghouse 
FGL-1 krypton-filled flash lamp is placed at the focus of a 
60-in. searchlight. The lamp is loaded at 100 watt-sec and 
discharged with a 20usec pulse width by a manual trigger. An 
RCA 5819 photomultiplier is placed at the focus of a similar 
searchlight located at the same site; both searchlights being 
directed vertically upward. The photomultiplier is ‘‘gated on” 
for a period of 20usec as follows: (1) the “reference gate”’ is 
opened at a time after the flash sufficient for the light to 
travel up to and back from a reference altitude. (2) The 
“measurement gate” is opened at a time after the flash suff- 
cient for the light to travel up to and back from any desired 
altitude. (3) The ‘noise gate’’ is opened at a time sufficiently 
long after the flash so that light detected by the photomulti- 
plier consists only of background light. The pulse from the 
noise gate is subtracted from the pulse from the measurement 
gate pulse. The resulting signal is compared to the reference 
gate pulse. It is assumed that the ratio in light scattering 
between the signal and reference altitude is the same as the 
ratio of molecular densities of the atmospheres at these 
altitudes. 

* The research reported in this paper has been sponsored by the Geo 


physics Research Directorate of the Air Force Cambridge Research Center, 
Air Research and Development Command 


B7. Stratospheric Temperature Profiles Obtained from 
Searchlight Measurements. L. ELTERMAN, Air Force Cam- 
bridge Research Center—Measurements of atmospheric den- 
sities have been made with the “searchlight technique,” using 
improved instrumentation.! The density distributions are 
sufficiently accurate so that corresponding temperature pro- 
files are readily obtained. The density-temperature equation 
requires the evaluation of an integration constant, which is 
accomplished by using radiosonde information and, in addi- 
tion, considering physically acceptable temperature lapse 
rates. Five temperature profiles are derived up to 60 km which 
represent stratospheric conditions over New Mexico during 
October 1952. 


1L. Elterman, Geophysics Research Paper No. 10, 1951. 


B8. Seasonal Trend of Atmospheric Ozone as Revealed by 
the Solar-Telluric Band at 9.6 Microns.* ArTHUR ADEL, 
Arizona State College.—An extensive record has been obtained 
of the absorption of solar radiation by atmospheric ozone in 
the interval 9.2 to 10.1 microns. Seventy-two independent 
observations made on seventy days are scattered over the 
various months of the year. The data are suitable for a first 
examination of the seasonal trend of stratospheric ozone as 
revealed by an infrared band. The absorptions are reduced to 
a quantity proportional to the amount of ozone, and the curve 
of seasonal change in this quantity is strikingly similar to the 
seasonal trend in ozone as revealed by the long-accepted 
method of ultraviolet absorption. This further usefulness of 
the 9.6-micron band of ozone as an atmospheric parameter is 
thus established. 


* Supported in part by the Geophysics Research Division, Air Force 
Cambridge Research Center, Air Research and Development Command. 
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B9. Atmospheric Ozone Fluctuations at Albuquerque. * 
I. GERALD BowENn, University of New Mexico.—The concen- 
tration of surface ozone measured at Albuquerque shows 
morning peaks which occur under certain meteorological 
conditions. The peaks are observed near the time when the 
stable night-time lapse rate becomes adiabatic in the lower 
layers. The value of the ozone concentration reached during 
such a morning peak often is the highest for the day; occa- 
sionally it is exceeded by later rises. The rate of surface heating 
is sometimes reduced at the time of the ozone peaks, simul- 
taneously with the destruction of the stable lapse rate. This 
phenomenon does not occur if surface winds during the night 
have mixed the lower air to a considerable height, or if for 
any reason the nocturnal lapse rate has remained fairly steep. 

* Supported by Air Force Cambridge Research Center, Air Research and 
Development Command. 


B10. Variation of Natural Radioactivity in the Atmosphere 
with Altitude. MARVIN H. WILKENING, New Mexico Institute 
of Mining and Technology.—A study of the vertical distribu- 
tion of radon and its decay products in the lower atmosphere 
has been made utilizing data taken during plane flights and at 
ground stations having different altitudes. The vertical span 
ranged from ground level (4000 feet) to 16 000 feet for the 
plane flights and from 4600 to 10 300 feet for the ground-level 
measurements. An alpha scintillation detector was used to 
count samples collected both by electrostatic precipitator and 
“negative wire’ techniques. The limited precipitator data 
obtained suggest that on typical fair-weather days, the de- 
crease of activity with altitude in the lower atmosphere is 
approximately linear and drops to one-half its ground-level 
value in about 2500 feet. The negative wire samples show a 
smaller decrease in activity with altitude. A monitor using an 
electrostatic precipitator for sample collection was operated 


at four ground-level stations each at a different altitude. The 
average activity decreased with altitude in much the same 
way as did the precipitator samples collected in the plane 
flights. Under ideal conditions the general decrease in activity 
with altitude can be explained in terms of the decrease in 
density, radioactive decay, and vertical transport by eddy 
diffusion in the atmosphere. 


B11. Critical Conditions For Ice Formation on Silver 
Iodine Nuclei.* Ropert J. McCarty,t New Mexico Institute 
of Mining and Technology.—The time interval between ex- 
posure of dry silver-iodide nuclei to water vapor and the 
appearance of a microscopic ice crystal is measured as a 
function of the nuclei temperature and the water-vapor 
pressure. The time interval becomes very long as certain 
critical combinations of nuclei temperature and water-vapor 
pressure are approached, the approach being made conven- 
iently along either a path of constant nuclei temperature or 
along a path of constant water-vapor pressure. Values for the 
critical conditions are approximated by extrapolating to in- 
finite time an empirically derived function relating the ob- 
served time intervals to the variable condition. Two sets of 
critical conditions have been determined for ice formation on 
silver iodide nuclei, one corresponding to the set of dew points, 
the other lying between the set of dew points and the set of 
frost points. 


* Supported by the U. S. Office of Naval Research. 
t Now at the Alamogordo Air Base. 


B12. Electron Traps in Ice. E. Avery, L. GROSSWEINER, 
AND M. MATHESON, Argonne National Laboratory.—Measure- 
ment of thermoluminescence in ice irradiated with hard x-rays 
at —196°C has shown that the nature of the glow curve varies 
with the purity and irradiation history of the sample. The 
thermoluminescence associated with pure well-annealed ice of 
low-oxygen content showed distinct glow peaks at —165°C, 
—117°C, and —97°C for heating rates of several degrees per 
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minute. The most prominent peak, at —117°C, obeyed first- 
order kinetics with a trap depth of 0.26 ev and frequency 
factor of 1.9 10® sec™!. Ice which contained oxygen, either 
by direct addition or diffusion in from the atmosphere, ex- 
hibited decay over a broad temperature range. The presence 
of hydrogen peroxide, whether added or formed in situ by 
heavy irradiation, suppressed all glow peaks markedly. The 
interpendence of the glow peaks and the nature of the electron 
traps and luminesceat centers will be discussed. 


B13. New Method for the Approximate Calculation of 
Effective Ionic Radii. N. ErrEMov, 1061 Intervale Avenue, 
New York 59, New York.—A new form of the periodic system 
of ions (consisting of three segments: ions with negative 
valence from 4 to 1, left; ions with positive valence from 1 to 4, 
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middle; and ions with positive valence from 4 to 7, right 
segment) has been proposed. Its generalized scheme is a matrix 
consisting of several series of total numbers (1, 2, 3, 4, 5, 6, 7, 
etc.). These matrix numbers characterizing ions are coefficients 
used for the calculation of all the effective ionic radii for the 
crystalline lattices of the NaCl type. Other coefficients used 
for the calculation of ionic radii are: the principal quantum 
number m and a certain constant (P or P’) which can be 
derived from the Rydberg constant (calculation of the ionic 
radii of the positive elements with high valence) or the 
constant P or P’ and the matrix number characterizing the 
tetravalent positive ions of the given period (calculation of 
the radii with positive and negative valence from 1 to 4). 
Values calculated by this method are in substantial agreement 
with the values determined by Goldschmidt and Pauling. 


WEDNESDAY AFTERNOON AT 2:00 


Room 102, Mitchell Hall 


(R. E. Houzer, presiding) 


Contributed Papers 


Cl. Spectral Distributions of Filtered X-Ray Beams. W. J. 
RamM and M. N. STEIN, Signal Corps Engineering Laboratory. 
~The energy distribution of the radiation from a commercial 
x-ray tube was analyzed with a pulse-height spectrometer for 
several tube potentials and various amounts of filtration. The 
results are compared with empirically calculated distributions 
obtained by using Kramer’s well-known formula for the dis- 
tribution of continuous x-ray spectra. The selection of ab- 
sorbers to obtain a desired spectral distribution and certain 
aspects of the calculations will be discussed. 


C2. The Long-Lived Phosphorescent Components of 
Thallium-Activated Sodium Iodide. L. R. Mrecitt ann C. R. 
EMIGH, Los Alamos Scientific Laboratory.—Using a Co® source 
as a means of primary irradiation, the long-lived phosphores- 
cent decay of thallium-activated sodium iodide crystal has 
been studied at a crystal temperature of 29.9+0.1°C. A set of 
decay curves has been obtained by using different primary 
radiation exposure times varying from 5 seconds to 120 hours. 
These curves have been arbitrarily analyzed in terms of ex- 
ponential decay components. The following set of mean lives 
for the different trap depths are consistent with all these 
complex decay curves: 0.23+0.04, 0.92+0.11, 3.1+0.3, 
8.8+0.8, 28+3, 9043, and 510+100 minutes. The initial 
intensities of the exponential components approach constant 
values with an increase in exposure time and to a first-order 
approximation follow a very simple monomolecular trap 
theory. The effect on the mean lives which is due to a change 
in the crystal temperature will be discussed. The data have 
been obtained using a 5819 photomultiplier as the detector 
and a vibrating reed electrometer to measure the current 
output of the photomultiplier. 


C3. Magnetoelectrostatics. E. T. BENEDIKT, Convair (Con- 
solidated Vultee Aircraft Corp.).—The possibility of producing 
electrostatic fields by means of unhomogeneous magnetic 
fields has been considered in the past by the author.’ This 
effect is due to the mechanical force to which a system of 
magnetically polarized particles is subjected when under the 
action of an unhomogeneous magnetic field. If these particles 
are, in addition, electrically charged, their (necessarily non- 


electrostatic field. The results of new theoretical studies 
regarding Classical and quantum-mechanical as well as thermo- 
dynamical aspects of these phenomena will be presented. 


' Paper given at the June 1948 meeting of the American Physical Society 
in Pasadena, California. Abstract appeared in Phys. Rev. 74, 1563 (1948) 


C4. Topology of Magnetic Fields. W. M. ELSASSER AND 
K. McDonatp, University of Utah.—Textbooks state that 
the condition ¥V-/7=0 implies that the magnetic lines of force 
are Closed. Following Slepian,' who points out that this is not 
generally true, we have tried to put his arguments into 
quantitative form. If the electric current-density is assumed 
continuous everywhere, the family of field lines has singu- 
larities only at points or curves where //=0, but the condition 
V-1/=0 prevents the lines from terminating there. The fields 
whose lines close upon themselves are characterized by certain 
symmetry or other restrictive conditions, for instance, that 
each line be confined to a plane. In the general case a line 
approaches arbitrarily close to any point of at least a region 
of space (“‘ergodic”’ behavior). Studies of this behavior may 
be used to advantage to clarify the conditions under which 
amplificatory processes in magnetohydrodynamics can or 
cannot? occur. 


1 J. Slepian, Am. J. Phys. 19, 87 (1951). 
1T. G. Cowling, Monthly Notices Roy. Astron. Soc. 


94, 39 (1934). 

CS. Magnetic Shielding Produced by a Rotating Conduct- 
ing Tube. ALFREDO BANos, Jr., University of California, 
Los Angeles.—The problem of deflecting the beam in high- 
energy accelerators employing an intense magnetic field or 
the problem of obtaining a field free region over a limited 
volume between the pole pieces or in the fringing field may 
possibly be solved by using a conducting tube rotating at 
right angles to the magnetic field. Because of eddy currents, 
the field inside the tube, which turns out to be uniform, is 
materially reduced and can be oriented in any direction (ona 
plane perpendicular to the axis of the tube) by adjusting the 
available parameters: ratio of outer to inner radius, conduc- 
tivity of the material, permeability of the material (assumed 
constant for magnetic materials), and angular frequency of 
rotation, The power requirements are determined in terms 


uniform) equilibrium distribution will be characterized by andf&of these parameters, and it is shown that for copper and iron 
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tubes the required power per unit of length may not be pro- 
hibitive at 60 cycles if the magnetic field to be shielded does 
not exceed 10 000 gauss. Power requirements for solid shafts 
are also considered in this investigation, and the results ob- 
tained are found in complete agreement with those of Frank.? 


1N. H. Frank, *‘Eddy current losses in a conducting shaft rotating in a 


magnetic field,"’ M. I. T. Research Laboratory of Electronics, Report No 


23 (November 20, 1946). 


C6. Distribution of Sizes of Spheres in a Solid from a 
Study of Slices of the Solid. WaLrerR P. Reip, U. S. Naval 
Ordnance Test Station.—-\t is assumed that spheres are dis- 
tributed throughout an otherwise uniform solid and that one 
wishes to determine the distribution of sizes among these 
spheres from the distribution of sizes among circles observed 
when the solid is cut by a plane. Integral equations have been 
determined connecting functions used to represent various 
size distributions of circles and of spheres so that any of the 
functions may be calculated if one of them is known. Another 
possibility is to draw random lines on the planes and determine 
the distribution of sizes of the intercepted chords. To deter- 
mine information concerning the number of spheres of a given 
size, it is only necessary to have information about the chords 
in the neighborhood of that size or the circles of that size and 
Corresponding frequency distribution curves for 


larger. 
circles, and chords have been calculated. 


spheres, 

C7. Cleavage Surfaces of Germanium Crystals. I. H. 
CurIstENSEN, C. J. Catsick, AND E. E. Tuomas, Bell Tele- 
phone Laboratories, Inc.—Single crystals of germanium were 
cleaved on (111) planes and the resulting surfaces examined 
optically, electron-optically, and by x-rays. Two particular 
samples, I and II, are discussed in this and the following paper. 
Both crystals showed the exceedingly low fracture strength 
characteristic of germanium.! The cleavage was cataclysmic 
in nature since fracture striae attributable to clearly defined 
and complex shock wave systems? were seen. Sample I, drawn 
from the melt in the standard way, showed about 25 percent 
of the cleavage surface to be imperfect. Sample I, drawn from 
the melt of previously zone-refined material,’ showed imper- 
fections in 5-10 percent of its surface. Sample I was n type 
with p =50 ohm-cm and hole lifetime of 260 psec, while sample 
II possessed intrinsic conduction at room temperature with a 
donor-minus-acceptor about 3X 10!/cem’. 
Cracking phenomena observed optically on these and other 
germanium surfaces are believed to stem from defects in the 


concentration of 


original crystal structure. 


1! E. FE. Schumacher, Am. Inst. Mining Met. Engrs. Trans. 88, 1097 (1950). 
* Nadai, Theory of Flow and Fracture of Solids (1950), Vol. I, p. 204. 
*W. G. Pfann and kK. M. Olsen, Phys. Rev. 89, 322 (1953). 


C8. Cleavage Surfaces in Germanium Crystals. II. C. J. 
Cacpick, H. CHRISTENSEN, AND I. E. Tuomas, Bell Telephone 


Laboratories, Inc.—The cracking phenomena described in 
germanium samples I and II of the previous paper are more 
strikingly shown by electron than by optical micrography. 
In addition to enhanced detail in rough and fissured areas, 
smooth areas traversed by cleavage steps only were observed. 
It was noted also that the relatively more imperfect sample I 
showed correspondingly more numerous cracks and greater 
extent of rough areas than sample II. The complex surface 
structure must have its basic cause in imperfections existing 
in the crystal before cleavage. Seitz’ theory! of coalescence of 
vacancies into sheets, followed by collapse of the sheets with 
formation of dislocation rings, has recently received experi- 
mental confirmation by Hotfman, Anders, and Crittenden,? 
who measured the stresses during annealing of nickel films 
deposited by evaporation. The sheets of vacancies are remi- 
niscent of the microcracks of the Griffith theory of fracture 
strength. It is suggested that during the cataclysmic process 
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of cleavage, such microcracks may enlarge and widen to form 
the observed cracks, which are of the order of 200A wide. 


1F. Seitz, Advances in Physics 1, 43 (1952). 
§ Hoffman, Anders, and Crittenden, J. Appl. Phys. 24, 231 (1953). 


C9. A Single Crystal Neutron Diffraction Study of Heavy 
Ice. S. W. PETERSON AND H. A. Levy, Oak Ridge National 
Laboratory.—The structure of heavy ice at —50°C has been 
investigated by means of the single-crystal neutron diffraction 
method. Complete (01-0) zone data was obtained out to 
sin@/A=0.77. Fourier and least-squares procedures were used 
in structure refinement. The deuterium atoms were found to 
be in disordered positions corresponding to a double minimum 
potential barrier in full agreement with the Pauling model of 
ice and with the powder diffraction data of Wollan, Davidson, 
and Shull.! The short deuterium oxygen distance was found 
to be 1.01A and the D-—O—D angle closely tetrahedral. A 
few measurements made at —130°C indicated no significant 
structural difference at the lower temperature. The resulting 
centrosymmetrical structure is not compatible with the piezo- 
electricity? sometimes claimed for ordinary ice. In addition it 
does not support, but is not definitely incompatible with, 
Bjerrum’s considerations® on the nature of the disorder in ice 

1 Wollan, Davidson, and Shull, Phys. Rev. 75, 1348 (1949) 


? Rossmann, Experientia 6, 182 (1950). 
§ Niels Bjerrum, Science 115, 385 (1951). 


C10. Behavior of Metals at Elevated Temperatures. Ep- 
WARD W. LaRocca, U. S. Naval Ordnance Test Station.- 
Measurements of rupture times of a chromium-nickel-iron 
alloy were made in various atmospheres and at varied tem- 
peratures and stresses. The activation energy of the rupture 
process is shown to be stress-dependent and not constant over 
the temperature range studied, 900° to 1200°C. 


Cll. Reformulation of Solid-State Electronic Boltzmann 
Equation. J. S. Lomont, U.S. Naval Ordnance Test Station. 
rhe customary derivation of the Boltzmann transport equa- 
tion for conduction electrons in crystals assumes that 0;f is 
the sum of two terms due to external fields and collision proc- 
esses. The collision term is expressed in terms of a transition 
probability, and explicitly takes account of the exclusion 
principle; whereas the field term is derived on classical grounds 
and ignores both the exclusion principle and the binding of the 
electrons. ‘The derivation is therefore a hybrid one, half 
classical and half quantum mechanical. If one re-examines 
the derivation of the collision term, one sees that this term 
will give the entire 0;f if the transition probability due to 
collisions is replaced by the transition probability due to both 
the external fields and collisions. The resulting new form of 
the Boltzmann equation is thus given a unified quantum- 
mechanical derivation. To compare the two forms of the equa- 
tion, one can (and must), without recourse to perturbation 
theory, calculate the transition probability of free electrons 
due to an external electric field. Using this to calculate the 
field term one gets the old (F-Yx/f) term plus a term non- 
linear in the distribution function. The corresponding general 
calculation for the tight-binding approximation cannot 
be made. 


C12. Elastic Description of a High-Amplitude Spherical 
Pulse in Steel. Wittiam A. ALLEN, U. S. Naval Ordnance 
Test Station.—Extensive calculations have been performed 
with the IBM card programmed electronic calculator to 
evaluate a problem in elasticity that simulates the effect of 
a cylindrical charge of high explosive detonated in intimate 
contact with a steel plate. Although elastic theory has been 
extrapolated into a regime where it is known not to apply, 
insight can be obtained on the origin of the negative component 
of the pulse which produces tensile fracture in the specimen. 
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Agreement between experiment and elastic theory improves 
as the stresses decay to sonic proportions. 


C13. Suppression of AlO in the Wake of Ultra-Speed Pellets. 
Wittiam C. Waite, U. S. Naval Ordnance Test Station.- 
Time-resolved spectrograms of aluminum ultra-speed pellets 
have been obtained along trajectories where the velocity is 
decreasing rapidly. The AlO bands were observed to be sup- 
pressed for a length of time depending upon the position of 
the pellet along its trajectory. The time of suppression is a 
few usec at the beginning of the trajectory, a maximum of over 
100usec at five feet, and goes to Ousec at approximately 12 
feet. It is felt that after the pellet reaches the five-foot point 
where its velocity is about 4.5 km/sec, the suppression of AlO 
becomes velocity-dependent and hence may be controlled by 
the temperature behind the shock wave. 


C14. Electrical Conductance and Structure Studies of Thin 
Bi Films Evaporated on Glass* P. J. Bryant, H. U. Ruoaps, 
AND A. H. WEBER, Saint Louis University.—The electrical 
conductance! of thin Bi films (thickness 2~310A) evaporated 
in vacuum onto glass substrates was measured and correlated 
with an electron microscope and electron diffraction examina- 
tion of the films. Film thickness was determined by a radio- 
active tracer method.? Preparation of the standard deposits, 
construction of the conductance apparatus, and the technique 
of sample preparation are described. The electrical conduc- 
tance for films about 0.50.15 cm in surface dimensions was 
sensibly constant at 1.30107" ohm! for thin deposits 
(2-75). A transition region was found between 90-130A in 
which the conductance increases by a factor of 10'?. Electron 
micrographs show film structures for which the observed 
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conductance changes are the expected ones. For the region 
2-20A the structure consists of flower-like deposits of Bi along 
with large areas void of metallic deposit; at about 20A small 
dispersed particles appear, these particles form separate 
aggregates for thicknesses up to about 90A. The aggregates 
then form into a structure of continuous paths. At 310A 
electrical resistivity is 1.60 10-4 ohm-cm (bulk metal value, 
1.19 10-4 ohm-cm), and the structure is virtually continuous. 

* Assisted by a National Science Foundation grant 

1L. W. Friedrich and A. H. Weber, Phys. Rev. 66, 248 (1944); D. F. 


O'Brien and A. H. Weber, Phys. Rev. 60, 574 (1941) 
2 Antal and A. H. Weber, Rev. Sci. Instr. 23, 424 26 


1952 

C15. The Effects of High Sputtering Rates on the Resis- 
tivities of Sputtered Gold Films.* Ricuarp B. BetLser, 
Georgia Institute of Technology——Measurement of the tem- 
perature of a glass substrate subjected to sputtering from a 
2-inch disk gold cathode at 100-ma sputtering rate indicated 
that temperatures as high as 250-300°C were experienced. 
These temperatures are sufficient to cause artificial aging of 
sputtered gold films. Initial resistivity measurements of gold 
films sputtered at successively higher currents in 20-ma steps 
showed a decrease in initial resistivity from 5.3p, at 20 ma to 
3.7p, at 100 ma. These films, however, upon artificial aging 
in an infrared vacuum oven dropped in resistivity to values 
under 2p». These tests have indicated that sputtered gold films 
are very resistant to artificial aging in comparison with 
evaporated gold films or sputtered silver films. Resistance 
stability is also displayed at room temperature. ‘The apparent 
stability of these films is of importance in their use for coatings 
of quartz piezoelectric crystals. 


* Supported by the U. S. Army Signal Corps. 


WEDNESDAY AFTERNOON AT 2:00 


Geology Auditorium 


(W. A. Fow.er, presiding) 


Contributed Papers 


D1. Effects of Chemical Structure on Stopping Powers for 
High-Energy Protons.* T. J. THompson,t University of Cali- 
fornia Radiation Laboratory, Berkeley.—A study has been 
made of the stopping power of various elements and com- 
pounds for a high-energy proton beam. The stopping powers 
of four elements hydrogen, carbon, nitrogen, and oxygen and 
twenty-nine compounds of these elements have been measured 
with a high degree of accuracy. The stopping power of a fifth 
element, chlorine, has been inferred from its compounds. An 
effort has been made to determine whether or not the relative 


stopping power of a compound is strictly an additive function 


of the elements which form the compound. The results indicate 
that the relative stopping power of a compound as a whole is 
an additive function of the elements in the compound to 
within about one percent. The largest percentage deviations 
occur with the hydrogen atoms in the compound and are of 
the order of two percent. The percentage deviations decrease 
rapidly with increasing atomic number. There appears to be 
a measureable chemical effect. For example, the stopping 
power of carbon and hydrogen is higher in unsaturated com- 
pounds than in saturated compounds. 

* This paper is a complete report of work done at the University of 
California Radiation Laboratory and first reported in part at the Berkeley 
meeting of the American Physical Society, December 28, 1951 

+ Now at University of California, Los Alamos Scientific 
Los Alamos, New Mexico. 


Laboratory, 


D2. The Disintegration of C', B", and B'® by Fast Neu- 
trons.* GLENN M. Frye AND Louis Rosen, University of 
of California, Los Alamos Scientific Laboratory.—Detailed 
measurements on the stars produced in C unloaded, B" 
loaded, and B" loaded Ilford C2 emulsions by 12- to 20-Mev 
neutrons have been used to identify approximately 2000 
C!(n, n’')3a@ reaciions! and a small number of B'!(n, 2a)H* and 
B'(n, a) Li**—+Be**—+2a reactions.23 The neutrons were gener- 
ated by the large Los Alamos electrostatic accelerator, using 
the T(d, n)Het The positioned 
around the circumference of a circle with the tritium target 
at the center. The geometry was such that the variation of 


reaction. emulsions were 


the incident neutron energy at each plate was <0.8 Mev. 
Results will be given for the variation of cross section with 
energy for C® disintegrations. An attempt is presently being 
made to determine whether this reaction proceeds through 
intermediate stages involving excited states of C and Be’, 
and if so, which excited states are involved. 

Atomic 


* Work performed under the auspices of the U. S Energy 


Commissior 
IL. L. Green and W. M 
(1949 
2J. L. Perkin 
§E. Pickup, Phys 


Gibson, Proc. Phys. Sex London) A62, 296 


Phys. Rev. 81, 892 (1951) 
Rev. 74 495 (1948) 
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D3. The Angular Distributions of the Long-Range a@ Par- 
ticles from N'*(p,a@)C% G. C. Nemson, D. B. JAMES, AND 
C. A. Barnes, University of British Columbia.—The angular 
distributions of the long-range alpha particles have been 
studied with a helium-filled proportional counter for proton 
energies between 0.5 and 1 Mev. The proton beam from the 
electrostatic accelerator bombarded evaporated KNO;(60 
percent N!5) targets about 20 kev thick. The angular distribu- 
tions, normalized such that 7(90°) =1, were multiplied by the 
yield at 90° and analyzed into the form A+B cos6+C cos’. 


Ep in Mev A B Cc 
0.500 1.134003 0.37 40.01 —0.11 40.04 
0.750 1.40 40.09 —0.90 +0.06 —0.11 40.13 
0.850 3.00 +0.13 —~2.46 +0.09 —0.45 +0.19 
0.900 4.10 40.18 3.5740.11 —0.53 40.24 
0.950 6.50 +0.17 ~3.86 40.12 —2.64 40.24 
0.975 7.60 +0.26 3.87 +0.08 —3.76 4.0.38 


Preliminary analysis indicates that the 0.338-Mev resonance 
corresponds to an O'* state of J=0+ formed with p-wave 
protons and the 1.05-Mev resonance to an O' state of J=1— 
formed with s and d-wave protons. 


'Schart, Fowler, and Lauritsen, Phys. Rev. 86, 525 (1952). 


D4. The Gamma Rays from the T(p, y)He‘ Reaction. J. B. 
WARREN ANDG. M. Grirritus, University of British Columbia. 
—Using scintillation counter technique the gamma-ray energy, 
measured relative to the Li’(p, y)Be® reaction, is 20.3+0.4 
Mev at 90° to incident protons of 800-kev energy. This corre- 
sponds to a Q value of 19.7+0.4 Mev in accord with the mass 
values. The yield appeared to be lower than expected from 
previous work.' Preliminary data on the angular distribution 
show it to be nearly pure sin’? and to be represented by 
sin%+0.13+0.03 at Ep=800 kev. Neutrons are in evidence 
well below the (p, ) threshold. 


1 Argo, Gittings, Hemmendinger, Jarvis, Taschek, Phys. Rev. 78, 691 
(1950). 


D5. The Gamma Rays from the D(p,y)He*® Reactione 
G. M. GrirrirHs AND J. B. WARREN, University of British 
Columbia.—Using scintillation counting technique the gamma- 
ray energy has been measured and fits the relation E499°) 
=[5.50+0.03+%Ep] Mev. The Doppler shift of the gamma- 
ray frequency as a function of angle has been determined 
and has the full value expected assuming the gamma radiation 
is emitted in a time short compared to the slowing down time. 
The excitation function has been measured from 250-kev to 
1.8-Mev bombarding proton energy and the cross section at 1 
Mev is about 610°" cm*. Careful measurements of the 
angular distribution show, after allowing for the neutrons 
produced by knock-on deuterons, that there is a small yield 
at 0°. The distribution has the form sin?é+) where b=0.046 
+0.005 for Ep = 1 Mev and b = 0.025 +.0.006 for Ep = 1.75 Mev. 


Do. A High-Pressure Cloud-Chamber Investigation of 
Protons Scattered by 300-Mev Neutrons. * JoHN DEPANGHER,f 


University of California, Berkeley.—An investigation of the 
protons scattered by 300-Mev neutrons has been conducted 
in a magnetic field with a Wilson cloud chamber filled with 
hydrogen at a pressure of ten atmospheres. The energy spec- 
trum will be presented for the neutrons which are produced 
in a 1}-in. thick LiD target by 340-Mev protons from the 
Berkeley cyclotron. The angular distribution data, consisting 
of 2057 tracks whose neutron energies exceed 200 Mev, cover 
the range of angles 10°-180° for the neutrons in the center-of- 
mass system. When the data are normalized to a total cross 
section of 35 mb, they agree well with the work of Kelly et al.,} 
but the yield of neutrons with small scatter angles is consider- 
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ably below that which is predicted by phenomenological 
theories. Evidence for the reactions n+p—>2°+d, n+p-—>xt 
+2n, and n+p—>7+d will be presented. 

* Work performed under the auspices of the U. S. Atomic Energy 


Commission : 
+ Now with the Hanford Atomic Products Operation, General Electric 


Company, Richland, Washington. 
1 Kelly, Leith, Segré, and Wiegand, Phys. Rev. 83, 923 (1951). 


D7. Gamma Rays and Internal Pairs from Be*+H'.* 
ROBERT J. MACKIN, JR., Kellogg Radiation Laboratory, Cali- 
fornia Institute of Technology—Gamma radiation following 
Be*(p, a) Li®*, resonant at Ep=2.565 Mev,! has been studied 
with a magnetic lens spectrometer using 1.9 percent resolution. 
The gamma-ray energy, determined from Compton and photo- 
electron spectra, is 3572+12 kev. It may be necessary to sub- 
tract a 26-kev Doppler shift from this figure. The internal-pair 
(positron) spectrum agrees most closely (to 4.5 percent) with 
the assignment of the radiation as magnetic dipole. The 
theoretical electric-quadrupole spectrum falls 13 percent above 
the experimental points, about 1.5 times the probable error. 
Theoretical spectra for all other assignments differ from 
experiment by more than twice the probable error. The mag- 
netic-dipole character is consistent with other data pertaining 
to the states involved. Capture radiation from the same reso- 
nance is 1078 times as intense and has energy 8.1+0.2 Mev. 
It thus appears to lead to the 0.72-Mev state of B". The soft 
cascade radiation was not detectable above the background 
from the 3.57-Mev gamma rays. 

* Assisted by the joint program of the U. S. Office of Naval Research 


and the U. S. Atomic Energy Commission. 
1 


R. B. Day and R. L. Walker, Phys. Rev. 85, 582 (1952). 


D8. Gamma Rays from N'*(p,~)O'%.* C. W. Li, Kellogg 
Radiation Laboratory, California Institute of Technology.— 
Capture gamma radiations from N'(p, y)O™ have been in- 
vestigated with the primary object to get information on the 
levels of O'8 corresponding to low-energy resonances in N+ p, 
which are of importance in the production of stellar energy 
through the carbon-nitrogen cycle. Nitrogen gas targets, 10 
to 20 kev thick, were used and the gamma rays were detected 
with a Nal (TI) scintillation counter and registered by oscillo- 
scope pictures and a ten-channel differential discriminator. 
The excitation curve of gamma rays for the bombarding 
energy 0.6 to 2.5 Mev agreed with the main part of the excita- 
tion curve for the induced O' positron activity.? A number of 
cascade transitions were revealed. For the 1.06-Mev resonance, 
the following gamma rays have been established: (1) 8.34 
Mev, strong; (2) 3.04+0.03 Mev and 5.27+0.03 Mev, 
strong; (3) 1.46+0.03 Mev and 6.82+0.08 Mev, weak. Direct 
transitions to the ground state from all the resonances studied 
are relatively strong, probably indicating that the spins are 
not larger than 5/2 for the corresponding levels. 

* Assisted by the joint program of the U. S. Office of Naval Research 
and the U.S Atomic Energy Commission. 


1 Woodbury, Day, and Tollestrup, Phys. Rev. (to be published). 
2.1. B. Duncan and J. E. Perry, Phys. Rev. 82, 809 (1951). 


D9. Elastic Scattering of Protors by N'*.* T. S. Wess, 
C. W. Li, AND W. A. Fow.er, Kellogg Radiation Laboratory, 
California Institute of Technology—Measurements have re- 
cently been made of the absolute differential cross section for 
the elastic scattering of protons by N*™, using a magnetic 
spectrometer with protons accelerated in the 2-Mev electro- 
static generator. An arrangement has been made for condens- 
ing NHs3 on a copper backing by using liquid nitrogen, and 
the solid NH; targets so obtained have been used. Preliminary 
measurements for bombarding energies in the range 0.5 to 
1.7 Mev have been made at cos@ = —0.9; —1/v2; —1/v3 and 0, 
where @ is the scattering angle in the center-of-mass system. 
Two prominent scattering anomalies were observed with 
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maxima at 1.07 and 1.60 Mev corresponding to the levels of 
O' at 1.06 and 1.55 Mev as observed in the N"*(p, y)O" reac- 
tion. These anomalies are superposed on a background which 
decreases less rapidly than the calculated Rutherford cross 
section, the experimental value being approximately equal 
to Rutherford at 0.7 Mev and rising to over twice Rutherford 
at 1.7 Mev. Further experimental work and analysis are now 
in progress. 


* Assisted by the joint program of the U. S Office of Naval Research 
and the U. S. Atomic Energy Commission. 


D10. Energy Levels in N'‘ from the Scattering of Protons 
by C'%.* Epmunp A. MILNE, Kellogg Radiation Laboratory, 
California Institute of Technology.—The differential cross sec- 
tion for the elastic scattering of protons by C® has been 
determined in the energy range from 0.45 to 1.60 Mev at 
angles of 50, 90, 120, and 160 degrees in the center-of-mass 
system. Marked anomalies were found in the scattering at 
0.556, 1.16, 1.47, and 1.55 Mev corresponding to the 8.06-, 
and 8.62-Mev levels in N'™ reported by Seagrave! and two 
new levels at 8.90 and 8.98 Mev. The spins and parities of 
these states have been determined from a preliminary analysis 
of the data which also indicates an effect due to the broad 
resonance at 1.25 Mev in C8(p, y)N" reported by Seagrave. 
The assignment for the 8.06-Mev level is J =1~, for the 8.62- 
Mev level J =0*, and for the broad 8.70-Mev level J =0>. For 
the 8.90-Mev level J=2> or 3-, and for the 8.98-Mev level 
J =1*, 2*, or 3*. 

* Assisted by the joint program of the U. S. Office of Naval Research 


and the U. S. Atomic Energy Commission. 
1 John Seagrave, Phys. Rev. 85, 197 (1952). 


D11. Gamma-Rays from Li’(p, y)Be*.* ALFrep A. Kraus, 
Jr.,f Kellogg Radiation Laboratory, California Institute of 
Technology.—The excitation functions of the y rays from the 
reactions Li?(p, y)Be® and Li?(p, p’y)Li7™* have been measured 
in the energy range of 400 kev to 1400 kev. The detector was 
a 1}-in. diameter by 2 in. long Nal(Th) crystal scintillation 
counter. The soft y rays from the first excited state of Li? 
follow the excitation curve of Brown, Snyder, Fowler, and 
Lauritsen.! The hard y rays from Be® exhibit the well-known 
resonance at the 441-kev proton energy. In addition they are 
also resonant at the 1050-kev resonance of the soft y rays. 
Possible assignments of the spin and parity of the 18.14-Mev 
level of Be’ will be discussed in the light of angular distribution 
measurements of the hard y rays. 

* Supported by the joint program of the U. S. Office of Naval Research 
and the U. S. Atomic Energy Commission. 


+ G. E. Fellow in Physics, 1952-1953. 
1 Brown, Snyder, Fowler, and Lauritsen, Phys. Rev. 82, 159 (1951). 


D12. Reactions and Scattering of Protons on Li’.* D. A. 
LIBERMAN AND R. F. Curisty, Kellogg Radiation Laboratory, 
California Institute of Technology.—An analysis in terms of s- 
and p-wave phase shifts has been made of the recent data! on 
the elastic scattering of protons on Li? between energies of 360 
and 1400 kev. The principal features of the elastic scattering 
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in the neighborhood of the 440-kev resonance and also the 
spherical symmetry of the resonant y rays are explained by 
a J=1 even compound state formed by p-wave protons with 
channel spins 1 and 2 in a ratio of 1 to 5. This particular 
channel spin ratio corresponds to a particular state in either 


an LS or jj coupling scheme. An analysis is also being made 
of the region about the 1030-kev resonance, including both 
the elastic scattering data and recent experiments in this 
laboratory on the angular distribution of the inelastically 
scattered protons. 

* Assisted by the joint program of the U. S. Office of Naval Research 
and the U. S. Atomic Energy Commission. 


1W. D. Warters, thesis, California Institute of Technology (1953) and a 
paper to be published in the Physical Review. 


D13. Angular Distributions of the F'®(p, w)O'* Reaction.* 
R. W. Peterson, W. A. Fow ter, ano C. C. Lauritsen, 
Kellogg Radiation Laboratory, California Institute of Technology. 

A study of the angular distributions of the three short-range 
alpha groups from the F"(p, ay)O"* reaction at proton capture 
resonances from 874 kev to 1.69 Mev has been undertaken. 
Preliminary measurements at the 874- and 935-kev resonances 
are in agreement with the level assignments of Seed and 
French.! The a: and a3 groups were observed at several angles 
at the 874 resonance with high resolution, using photographic 
plates as the detector in order to determine if either was a 
doublet containing the 2~ state as predicted on the basis of 
the alpha-particle model. No evidence of such a doublet was 
found, and an upper limit on the maximum separation of such 
a doublet was set at 3 kev. In addition, a search for shorter- 
range alpha groups was made. The excitation energy ranges 
of 7.1 to 7.94 Mev and 8.11 to 9.12 Mev in O'* were investi- 
gated with a negative result. 


* Assisted by the joint program of the U. S. Office of Naval Research 


and the U. S. Atomic Energy Commission 
1A. P. Seed and J. French, Phys. Rev. 88, 1007 (1952). 


D14. Proton Stopping Cross Section of Lithium.* M. 
Baper, W. A. WENZEL, AND W. WuatinG, Kellogg Radiation 
Laboratory, California Institute of Technology.—The energy 
loss of 450-kev protons passing through a thin film of Li metal 
has been measured with an electrostatic analyzer and a double- 
focusing magnetic spectrometer. The film of Li(~250 kev 
thick) was deposited by vacuum evaporation on a thin Al foil. 
The thickness of the Li was determined by a quantitative 
chemical analysis of the Li deposited simultaneously on a 
tantalum surface of known area. The purity of the deposited 
Li was determined by a momentum analysis of protons 
scattered from a thick Li target deposited with the test layer. 
A negligible surface contamination of O was the principal 
impurity present. At ~,=440 kev the proton stopping cross 
section is 4.69+0.15 107! ev-cm?. Measurements of relative 
values determine the stopping cross section at other proton 
energies. Preliminary results for a similar measurement of Na 
will be presented. 


* Assisted by the joint program of the U. S. Office of Naval Research 
and the U. S. Atomic Energy Commission. 
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THURSDAY MORNING AT 9:00 


Student Union Ballroom 


(E. FERMI, presiding) 


Invited Papers 


El. Origin and Propagation of Air Showers. Kurt Sittr, Syracuse University. (30 min.) 
E2. Transition Phenomena. R. B. Brope, University of California, Berkeley. (20 min.) 
E3. Recent Work on Penetrating Showers. W. D. WaLker, University of Rochester. (30 min.) 


E4. Some Recent Results on V Particles. C. 
(30 min.) 


D. ANDERSON, California Institute of Technology. 


E5. Evidence for the General Magnetic Field of the Sun from Cosmic Rays. M. S. VALLARTA, 


Unwersity of Mexico. (30 min.) 


Contributed Papers 


E6. Emulsion Study of a Large Shower. I. The Hard Com- 
ponent. P. S. FREIER AND J. E. NAUGLE, University of Minne- 
sola.—A high-energy interaction between a heavy primary 
and a nucleus of the glass backing of the emulsion has been 
studied. The core of the shower, a fragment of charge 5, 
travels 4.72 cm ina single 400-micron G-5 emulsion. The 364+:5 
shower particles travel a total of 3.9 geometric mean free 
paths in the emulsion. In this distance 2 nuclear interactions 
are observed. A third nuclear interaction is observed in a 
facing emulsion; however, the total path length has not been 
measured in this plate. All of the shower particles have a grain 
density corresponding to the plateau value for this emulsion, 
and relative scattering measurements show that their energies 
are >40 bev. Two of the secondary interactions have <4 
evaporation particles and show a definite dense and diffuse 
cone. The third shower has 7 evaporation particles and does 
not show a separation into a dense and diffuse cone, Analysis 
of the angular distributions of these showers gives energies 
from 40-400 bev for these three secondaries. Analysis of the 
angular distribution of the shower particles gives an energy 
of about 5 10* bev/nucleon for the incident heavy. 


E7. Emulsion Study of a Large Shower. II. The Soft 
Component. J. E. NAUGLE AND P. S. Freier, University of 
Minnesota.—In the shower described in paper I, 9 pairs of 
particles have been observed to begin in the emulsion or to 
enter the emulsion from the glass in the first cm of emulsion 
and within an angle of 0.1 radian from the shower core. If one 
assumes that all of the hard particles observed in this same 
cone are pi mesons and that the pairs originate from the 
materialization of y rays from the decay of neutral mesons 
with zero lifetime, then the ratio of the number of observed 
pairs to shower particles will give a lower limit for the ratio 
of neutral meson to charged mesons produced in this event. 
This ratio is 0.44+.0.13. The electrons of these pairs were 
followed a total of 23.5 cm of emulsion. In this distance 11 
tridents (direct pair production by electrons) were observed, 
giving a mean free path of 2.14-0.7 cm. The theory of Bhabba! 
predicts a value of 12.5 cm for a 50-bev electron and 7.4 cm 
for a 500-bev electron. Thus, the experimental cross section 
is larger than that predicted by theory by at least a factor 
of two. 

1H. J. Bhabba, Proc. Roy. Soc. (London) 152, 559 (1935). 


E8. Multiple Cores in Air Showers.* OsMAN EL-Morty, 
University of California, Berkeley (introduced by ROBERT B. 
BropE).— Multiple cores in cosmic-ray air showers are difficult 
to observe because of the overlapping of the cores. After 
transition to equilibrium with water, the cores are much smaller 


and readily identified. Decoherence measurements of the 
coincidences between pulses in ionization chambers have been 
made for depths in water from 0 to 3 meters and with separa- 
tion of the chambers up to 6 meters. The decoherence meas- 
urements are consistent with an average air shower at 9000 
feet which has about 20 cores within a distance of about 5 
meters from the shower’s center. 

* Assisted by the joint program of the U. S. Office of Naval Research 
and the U. S. Atomic Energy Commission 

E9. North-South Observations of the Ratio of Positive to 
Negative Cosmic-Ray Mesons.* Ropert B. Brope, Uni- 
versity of California, Berkeley.—Observations of the east-west 
asymmetry in the ratio of positive to negative ~ mesons are 
normally made with the axis of the equipment horizontal and 
pointing to the magnetic north. Since the magnetic dip is 60° 
at Berkeley, inclining the axis of the equipment at +30° to 
the horizontal places the plane of measurement approximately 
parallel or perpendicular to the earth’s magnetic field. The 
east-west asymmetry of the ratio of positive to negative p 
mesons observed at an inclination of +30° to the horizontal 
is not essentially different from that observed in the vertical 
plane. The theory of this asymmetry based on the different 
path length of positive and negative particles caused by their 
deflection in the earth’s magnetic field indicates that there 
should be little difference in the ratio of positive to negative 
# mesons for inclination of the axis from the horizontal. 

* Assisted by the joint program of the U. S. Office of Naval Research 
and the U. S. Atomic Energy Commission. 


E10. Time Variations in Cosmic-Ray Intensity Under- 
ground. Mercepes M. Acocino, University of New Mexico.— 
An experiment to investigate the time variation of cosmic-ray 
intensity during the solar and sidereal day is being performed 
at Albuquerque, New Mexico. Two countertube telescopes 
are located fifty feet underground, one facing east and the 
other west, both at 45° zenith angles, thus giving them a sepa- 
ration of approximately 7 hours in hour angle. The equipment 
is rotated through 180° about a vertical axis at the beginning 
of each hour so that the eastern and western telescopes are 
interchanged. Analysis of three months’ data has given the 
counting rate for the two directions for each two hours during 
the sidereal and solar day with a standard deviation of 0.2 
percent. Harmonic analysis of the four curves thus obtained 
does not indicate a clearcut sidereal or solar variation of 
cosmic-ray intensity greater than may be expected from the 
quoted statistical error. In each of the four curves a maximum 
fluctuation of 0.6 percent was found among the 2-hour values. 
The experiment is being continued. 
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THURSDAY MORNING AT 9:00 


Geology Auditorium 


(Ff. N. FRENKIEL, presiding) 


Invited Papers 


Division of Fluid Dynamics 


Fl. Examples of Flow Patterns at and near Mach One. GortrrieD GUDERLEY, Wright Air De- 


velopment Center. (40 min.) 


F2. Slender Bodies of Revolution at Transonic Speeds. JULIAN I). Cote, California Institute of 


Technology. (40 min.) 


F3. Steady and Unsteady Phenomena at Transonic Speeds. ApDoLF BUSEMANN, Langley Aero- 


nautical Laboratory. (40 min.) 


Contributed Papers 


F4. Interference of Underwater Sound Caused by Surface 
Reflection and Upward Refraction. F. H. Sanpers, Pacific 
Naval Laboratory.—Experiments have been carried out at 
Nodales Channel, British Columbia, on the interference 
patterns resulting from surface reflection of high audio-fre- 
quency sound. Differences in intensity as great as forty decibels 
have been observed, and some extrema are identifiable at 
ranges in excess of 2000 yards. Oceanographic conditions in 
the channel were such as to produce very slight upward re- 
fraction. Under such conditions Young! has predicted that the 
time difference between the surface-reflected and the direct- 
sound paths will pass through a minimum at a certain value 
of the range. In consequence, interference extrema should 
exist only if the time difference between the two paths exceeds 
a certain integral number of half-periods, and two ranges 
should exist at which an extremum of given order can occur 
Experimental observations confirm these predictions. The 
relation between the observed ranges of the extrema and the 
other parameters concerned is discussed and compared with 
Young’s theory and with expressions developed by R. W. 
Stewart. 


1R. W. Young, J. Acoust. Soc. Am. 19, 1 (1947) 


F5. ‘‘Lloyd Mirror’ Interference in the Presence of Slight 
Uniform Refraction. R. W. Stewart, Pacific Naval Labora- 
tory.—A ray theory is developed to describe the location of 
positions of reinforcement and annulment of reflected and 
direct radiation in the presence of a small velocity gradient 
Angles are assumed small enough that two terms of the 
Maclaurin’s series expansion are sufficient to describe the 
trigonometric functions. Account is taken of the difference in 
velocity, the curvature of the rays, and the displacement of the 
point of reflection caused by the refraction. The result is 


expressed as a series, the first term of which gives the ordinary 
Lloyd Mirror result for grazing incidence. The second term 
gives the modification resulting from the nonuniformity of the 


velocity, and the higher terms give the effects of the curva- 
ture of the rays. The first two terms above are shown to yield 
very similar results to the theory of Young.’ The theory is 
applied to the behavior of sound in calm isothermal water. 


'R. W. Young, J. Acoust. Soc. Am. 19, 1 (1947). 


F6. Thermal Microstructure in the Ocean. W. N. ENGLIsH, 
Pacific Naval Laboratery.—A_ dual-channel ac thermistor 
bridge and a de thermistor thermometer have been developed 
for the study of thermal microstructure in the ocean. Fluctua- 
tions as small as 0.01 F° can be recorded. The time constant 
is about one second. Temperature fluctuations varying from a 
few hundredths to a few tenths of a degree have been found 
in all water examined, even in so-called “isothermal” water. 
Fluctuations tidal velocity 
fransit of temperature structure from one horizontal pair to 


were greatest when was least. 
another can be followed and time to give average velocity of 
water movement. A high correlation has been observed be- 
tween rate of change of temperature on a single thermistor 


and mean gradient measured by a horizontal pair. 


F7. Some Correlation Studies of Sound Fluctuations in the 
Ocean. H. L. Grant anp R. W. Stewart, Pacific Naval 
Laboratory. Observations have been made of the fluctuation 
of sound intensity in the ocean in thoroughly mixed water and 
in the presence of positive and negative temperature gradients. 
At a frequency of 18 ke and ranges of about one-half mile, 
fluctuations of all periods from a fraction of a second to many 
hours have been detected. The cross correlation between in- 
tensities measured at different points in a sound field is found 
to average nearly zero for vertical separations even as small 
as two feet. For horizontal separations the cross correlation 
is quite high at a few feet, but drops to about 0.5 at separa- 
tions of twenty feet. Not only does the sound fluctuate, but the 
short-term mean amplitude of the fluctuation varies over wide 


limits in an apparently random manner, 





SESSION G 


THURSDAY AFTERNOON AT 2:00 


Student Union Ballroom 


(H. A. BETHE, presiding) 


Invited Papers 


G1. Neutron Diffraction by Ferromagnetic and Antiferromagnetic Substances. M. K. WILKINSON, 


Oak Ridge National Laboratory. (30 min.) 


G2. Neutron Diffraction by Paramagnetic Substances. \W. C. 


Laboratory. (30 min.) 


KOEHLER, Oak Ridge National 


G3. An Experiment to Detect the Free Neutrino. Part I. FRepERICcK ReINES, Los Alamos Scien- 


tific Laboratory. (30 min.) 


G4. An Experiment to Detect the Free Neutrino. Part II. C. L. Cowan, Jr., Los Alamos Scientific 


Laboratory. (30 min.) 


Contributed Papers 


GS. Background in a Neutrino Experiment.* F. B. Harri- 
son, C. L. Cowan, JR, AND F. RetNes, Los Alamos Scientific 
Laboratory, University of California.—We shall discuss the 
different types of background encountered in the neutrino 
experiment! described in the two invited papers of this session. 
Since we require a pair of pulses associated in time, the con- 
tribution of random coincidences from single counts (gamma- 
ray background) can be computed from the counting rate of 
single pulses and the resolving time. Associated pairs of pulses 
may, for example, be due to the following causes: y-meson 
decay in the scintillator tank ; w-meson capture in the tank and 
surroundings, giving fast neutrons which give one pulse from 
proton recoil and another from neutron capture; the N com- 
ponent of cosmic rays, giving fast neutrons from stars in the 
tank and surroundings; and fast neutrons from the pile. 
Estimates will be made of how much each of these types of 
background contribute to the counting rate. 

* Work performed 


Commission 


1K. Reines 


under the auspices of the U. S. Atomic Energy 


and C. L. Cowan, Jr., Phys. Rev. 90, 492 (1953). 


G6. Liquid Scintillators for Large Volume Detectors.* F. N. 
Hayes, Ltoyp WitttiaMs, C. L. CowAN, JR., AND F. REINEs, 
Los Alamos Scientific Laboratory, University of California.— 
The physical properties required of a solution which is to be 
used in large volume detectors employing liquid scintillators 
are: (1) good efficiency as scintillators per se, (2) light emission 
in the frequency range most suitable for detection by the 
photomultiplier tubes, (3) mean free path for absorption of 
this light which is large compared to the detector dimensions, 
and (4), in the event neutrons are to be detected, a high cross 
section for neutron capture which is associated with good 
scintillator response. A number of solutions were developed 
which satisfied the above criteria.’ These scintillators will be 
discussed together with the chemistry of their preparation. 

* Performed under the auspices of the U. S. Atomic Energy Commission. 


1 Cowan, Reines, Harrison, Anderson, and Hayes, Phys. Rev. 90, 493 
(1953). 


G7. Device for Testing Large Numbers of Photomulti- 
pliers.* A. Brousseau, C. L. Cowan, JR., AND F. REINES, 
Los Alamos Scientific Laboratory, University of Caltfornia.- 
One of the problems met in constructing a detector which 
utilizes many photomultiplier tubes working in parallel is that 
of selecting suitable tubes and balancing them to uniform gain. 
The criteria applied include absence of after pulses, satis- 
factory gain, stability over a period of time, a fair energy reso- 
lution, and lew dark current. Selection and balancing is ac- 
complished using a multiple-chamber dark box in which each 
of ten tubes may be placed under test independently along 
with their sockets and voltage divider netowrks. A variable 
low-intensity light source and a Nal crystal and radioactive 
source are provided for both static and dynamic testing. 
Currents from the cathodes and anodes may be measured and 


pulses may be observed with associated amplifier and oscillo- 
scope. A description of applications and results obtained will 
be given. 


* Performed under the auspices of the U. S. Atomic Energy Commission. 


G8. Liquid Scintillation Detectors to Accommodate Human 
Subjects.*! R. L. Scuucu, E. C. ANDERSON, C. L. Cowan, 
Jr., F. B. Harrison, F. N. Hayes, AND F. REINEs, Los 
Alamos Scientific Laboratory, University of California—A 
steel insert 20 inches in diameter, 30 inches high with a 0.015- 
inch wall was placed in a detector in the shape of a circular 
cylinder measuring 28 inches in diameter and 30 inches high. 
The 4-inch thick annular region was filled with a scintillator 
solution of toluene-terphenyl-alpha naphthylphenyloxazole. 
Forty-five RCA 5819 photomultipliers, connected in parallel 
were placed around the cylinder walls. Energy gates were 0.3 
to 2.0 Mev. The detector was shielded by 4 inches of lead ex- 
cept for the top of the insert which was left open. K® in a test 
phantom gave a counting efficiency of 14 percent, correspond- 
ing to a counting rate of 78 per second from the K® in a 70-kg 
man. Measured values using human subjects ranged from 30 to 
80 counts per second above a background of 837 +6 per second. 
0.2uC of Ra shielded by a human subject gave 1133 counts 
per second or about 15 percent efficiency, indicating the 
possibility of detection of Ra well below presently established 
tolerance levels. 

* Performed under the auspices of the U. S. Atomic Energy Commission 

1 To be published in Nature. 


G9. Some Properties of Large Liquid Scintillation De- 
tectors.* E. C. ANpERSON, C. L. Cowan, JR., AND F. REINEs, 
Los Alamos Scientific Laboratory, University of California.— 
Preliminary to the experiment to detect the free neutrino, 
an investigation of the general properties of large liquid 
scintillation detectors was carried out.’ A pilot model of 50 
liters volume (40 cm diameter by 40 cm deep) using 32 photo- 
multipliers was first operated in October, 1952. The signal 
output from gamma rays was estimated to be about 85 equiva- 
lent electrons per Mev from the photocathodes with all tubes 
in parallel and a scintillator of terphenyl plus alpha-naphthyl 
phenyl oxazole in toluene. The energy resolution was about 
25 percent (half-width at half-height) at one Mev. The full- 
scale detector, a cylinder of 300 liters volume, using 90 photo- 
multipliers had an energy resolution of about 10 percent at one 
Mev. The broadening in the smaller detector is due to end 
effects since in that case the gammas are not completely de- 
graded by multiple Compton scattering before escaping. By 
adding cadmium propionate to the solution and observing 
delayed coincident pulses, a very sensitive detector was ob- 
tained for events involving a neutron, produced in prompt or 
delayed coincidence with a charged particle. 

* Performed under the auspices of the U. S. Atomic Energy Commission. 


1 Cowan, Reines, Harrison, Anderson, and Hayes, Phys. Rev. 90, 493 
(1953). 





SESSION H 


THURSDAY AFTERNOON AT 4:15 


Room 101, Mitchell Hall 


(J. KAPLAN, presiding) 


Contributed Papers 


H1. Ionization Loss in Nuclear Emulsions.* Joun R. 
FLEMING AND J. J. Lorp, University of Washington —A 
400-micron Ilford GS plate was exposed successively to 227, 
122, 77, and 33-Mev negative pions and also to slow negative 
muons from the Chicago cyclotron. The plate kindly furnished 
by Professor Schein and Professor Anderson was rotated 45° 
after each exposure so that the tracks of different energy could 
be distinguished and in addition so that track grain and blob 
densities could be made over a restricted portion of a single 
plate. Correcting for the average track length in the emulsion, 
the grain densities for pions of 31, 81, 120, 224 Mev and the 
decay electrons from muons were, respectively, 75.28, 51.61, 
47.11, 36.91, 42.06, per 100u, where each average value is 
based on more than 11000 grains. The corresponding blob 
densities over the same tracks were, respectively, 44.49, 35.94, 
34.44, 27.08, 30.72 per 100u. Assuming the grain densities to 
be proportional to the energy loss for exchanges less than 5 kv, 
the above measured values agree well with the calculation of 
Sternheimer based on the Fermi, Halpern-Hall type considera- 
tions. Theory gives a 14 percent difference between plateau and 
minimum ionization in excellent agreement with the measured 
12.0+percent between 224-Mev pions and muon decay 
electrons. 


* Supported in part by the U. S. Office of Naval Research and the U. S. 
Atomic Energy Commission. 


H2. Ionization of Relstivistic Cosmic-Rayu Mesons.* H. R. 
Snoporass, University of California, Berkeley.—Proportional 
counters filled with argon and range-interval defining Geiger 
counters were employed to study the variation of ionization 
with momentum for w mesons. The ionization values were 
analyzed to yield the most probable ionization and the average 
ionization for four momentum intervals: 0.25 to 0.63 to 1.17 
to 2.38 to >2.38 Bev/cy. The distribution of the ionizations was 
also examined for the four momentum intervals. ‘The equip- 
ment was calibrated by normalization to the minimum ionizing 
momentum group. The values of the most probable ionization 
and the average ionization showed a consistent rise with in- 
creasing momentum, indicating that the theoretical loga- 
rithmic rise is valid for u-meson momenta of up to 5 Bev/cy. 
The distribution of the ionization values was compared with 
the Landau! and the Blunck-Leisegang? theories. The observed 
frequency of small ionization values was much larger than 
predicted by Landau and more nearly in agreement with the 
theory of Blunck-Leisegang. 


* Assisted by the joint program of the U. S. Office of Naval Research 


and the U. S. Atomic Energy Commission. 
1L. Landau, J. Phys. U.S.S.R. 8, 201 (1944). 
20. Blunck and S. Leisegang, Z. Physik 128, 500 


1950 

H3. Cascade Decay of V Particles. I.* C. D. ANDERSON, 
E. W. Cowan, R. B. LeiGuTon, ano V. A. J. VAN Lint, 
California Institute of Technology.—Three cloud-chamber ex- 
posures of a charged V particle apparently decaying into a 
V° particle in a magnetic field have been taken at Pasadena. 
In a similar previous case, the V® particle could not be classi- 
fied as to type. The new data provide strong evidence for the 
reality of cascade decays, and identify the V® particle as a V;° 
(decaying into p+77). In all three cases the parent charged 
V particle is negative (as in the case of reference 1), and emits 
a negative w or w meson. The above conclusions are based on 
measurements of (1) relative positions bf decay points in the 


cloud chamber, (2) ‘“‘coplanarity,”’ (3) momenta and ioniza- 
tions of secondary particles, and (4) position and number of 
nuclear events in which V particles might originate. In all 
three cases the line of flight of the V® particle makes a much 
smaller angle with the positive decay product than with the 
negative, 6, /@. =0.16, 0.22, and 0.41, thus indicating the decay 
products of the V® particle to have unequal masses. 
* Supported in part by the joint program of the U. S. Office of Naval 
Research and the U. S. Atomic Energy Commission 
Mag. 43, 597 


!Armenteros, Barker, Butler, Cachon and York, Phil 
(19582). 


H4. Cascade Decay of V Particles. IIl.* E. W. Cowan, 
C. D. AnpersoNn, R. B. LeEtGHTon, AND V. A. J. VAN LINt, 
California Institute of Technology.—In one of the three cases of 
the preceding abstract, the positive particle in the V° decay 
has a momentum of 880+100 Mev/cy, and ionization 1.7 
times minimum, determining by counting droplets. This is 
consistent with a proton but not with a # meson, indicating the 
V° particle is not of the type that decays into two # mesons. 
The Q value is 39+10 Mev assuming r— p decay, and 36+ 10 
Mev assuming r—m decay. The latter value is much lower 
than the usual range of values for m—m decay. It can further 
be shown, on the assumption of a two-body decay, using only 
the momenta and included angle of the two decay particles 
that the observed angular asymmetry about the line of flight 
of the neutral particle is too great to correspond to a decay 
into two w mesons. The charged secondary of the V~ decay 
has a momentum of 64+10 Mev/cy, an estimated ionization 
of 2-4 times minimum, and is therefore either a m or ~ meson. 
On the assumption that the V~ particle decays into a V,° and 
a m or w meson, the best Q value, obtained from 2 of the 3 
cases, is 60415 Mev for a m meson and 62+15 Mev for a 
u meson secondary. The calculated mass-values of the charged 
V particle on these two assumptions are 2570+30 and 2510 
+ 30m,, respectively. 
S. Office of Naval 


* Supported in part by the joint program of the U. 
Research and the Atomic Energy Commission, 


H5. Charged and Neutral V Particles.* W. B. FRETTER 
AND E. W. FRIESEN, University of California, Berkeley. 
Charged and neutral V particles observed in a 40-cm 50-cm 
cloud chamber at sea level will be described. The chamber is 
filled with helium which allows ionization measurements to be 
made by drop counting. Curvature measurements in the 
average field of 8000 gauss appear to be reliable to 0.01 m™“. 
The precision measurements of curvatures and angles are 
corrected for the effects of magnification, magnetic field varia- 
tion, and gas displacement. Some of the observed V° particles 
are consistent with the Vi° (p+a, Q=37 Mev) and the V? 
(r+, Q=214 Mev). Several of the particles, however, appear 
to be inconsistent with these interpretations. Most of the 
charged V particles can be interpreted as kappa particles. 

* Assisted by the joint program of the U. S. Office of Naval Research 
and the U. S. Atomic Energy Commission 


H6. Cloud-Chamber Observation of the Decay of a *t 
Meson.* V. A. J. VAN Lint AND G. H. ‘TRILLING, California 
Institute of Technology.—In a new apparatus at Pasadena 
consisting of a vertical array of four cloud chambers in a 
field of 8000 gauss, the decay in flight of a r meson has been 
observed. The event is of interest because the tracks of the 
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decay products are long (35, 18, 18 cm) and lend themselves 
momentum measurement (18846; 127410; 
1034.8 Mev/cy). The track of the + meson is short and its 
momentum not measurable. Within experimental 
error the direction of the 7 meson coincides with the vector 
sum of the momenta of the charged decay products, thus 
indicating the absence of neutral secondaries, in agreement 
Ihe r meson is negative; in the only 


to accurate 


directly 


with previous results 
other case in which the sign of charge of a r meson could be 
determined, it was found to be positive. The specific ionization 
and curvature of the tracks are consistent with the assumption 
of m meson secondaries. On this assumption the energy release 
of the r+ meson is 7043 Mev corresponding to a mass of 
964 4-6m,. The 
nuclear event, thus there is no evidence here as to its mode of 


r meson was not observed to originate in a 


produ tion. 


* Supported in part by the joint program of the U. S. Office of Naval 


Research n 1 the Atom ergy »mmission 

'R. B. Leighton and S. D. Wanlass, Phys. Rev. 86, 426 (1952). 

H7. Cross Section for the Production of Penetrating 
Cosmic-Ray Showers in Oxygen.* James F. KENNEY AND 
Victor H. REGENER, University of New Mexico.—An experi- 
ment is being performed at Capillo Peak, New Mexico at an 
altitude of 2800 m to determine the cross section for pene- 
trating shower production by neutral N rays in oxygen. The 
collision length for this event is measured in ethyl alcohol and 
in oxalic acid, and the oxygen cross section is obtained by the 
method of differences. The value of this cross section seems to 


fall fairly close to that predicted by the geometric nuclear 


H AND I 


model. With further improvement of the statistical accuracy, 
the data from this experiment will be combined with those 
obtained from previous experiments with similar equipment 
using light and heavy water.' This will lead to an evaluation 
of the nuclear cross section for the production of penetrating 
showers in carbon, hydrogen, and deuterium. 

* Supported ir part by the National Science Foundation 


1G. W. Rollosson, Phys. Rev. 87, 71 (1952); Froman, 
Regener, Phys. Rev. (to be published) 


and 


Kenney, 


H8. Cross Section for Production of Penetrating Cosmic- 
Ray Showers. Roy THomas, University of New Mexico. 
Highly interacting with nuclei create 


energetic neutrons 


showers of energetic protons, neutrons, m-mesons, etc. The 
usual theoretical approach is to assume that at very high 
energies the nucleons in a nucleus may be considered as free. 


One then calculates the cross section as a function of the 
nuclear radius and a collision mean-free path for an incident 
neutron in nuclear matter. The suggestion made in this paper 
is to consider the opposite view. We define an interaction 
volume directly proportional to the nuclear binding energy. 
Any incident neutron of sufficient energy which penetrates 
this interaction volume will initiate a penetrating shower. The 
cross section is proportional to the two-thirds power of the 
nuclear binding energy. Transparency of light nuclei to pene- 
trating shower production thus follows with the introduction 
of only one parameter to be fitted to the experimental data. 
With any other theory one needs at least two parameters to 
explain the transparency of light nuclei. 


THURSDAY AFTERNOON AT 4:15 


Room 102, Mitchell Hall 


(C. D. ANDERSON, presiding) 


Contributed Papers 


Il. Photoproduction of Positive Mesons from Hydrogen: 
Magnetic Spectrometer Method. R. L. Waker, J. G. 
PEASDALE, AND V. Z. PETERSON, California Institute of Tech- 
nology.— Vhe differential cross section for photoproduction of 
positive pions in hydrogen has been measured at angles from 
40° to 150° in the center-of-mass system, for photon energies 
from 220 to 475 Mev. An attempt will be made to extend this 
range of angles. Mesons produced by 500-Mev bremsstrahlung 
in a high-pressure gas target are analyzed by a large magnet 
with wedge-shaped pole pieces and counted by two large liquid 
scintillation counters in coincidence, placed at the focal point 
of the magnet. A typical arrangement of counters and magnet 
accepts mesons emitted in a solid angle of 0.01 steradians with 
a momentum resolution of nine percent. This corresponds to a 
spread in incident photon energies of 10 Mev in the low-energy 
region and 50 Mev at the high-energy end. Range measure- 
ments of the analyzed particles show that most of them are 
w mesons but that some «~ mesons are counted as expected 
The flight path of the mesons is long, and corrections for 
x—p decay amount to a factor 1.2 to 1.8, depending on the 
meson energy. Results obtained so far are reported in the 
third abstract of this series. 


12. Angular Distribution of Positive Photomesons from 
Hydrogen: Counter Telescope Method. A. V. ToL_estrup, 
J. C. Keck, and R. M. Worock, California Institute of Tech- 
nology.—The angular distribution and excitation curve for the 
process y+p-+r*t+n have been obtained for gamma-ray 
energies between 225 and 475 Mev. This experiment was done 


simultaneously with the accompanying magnetic spectrometer 
experiment, but it is independent of that experiment except 
for the common beam monitoring equipment. The mesons 
from the high-pressure, low-temperature hydrogen target were 
identified by measuring their ionization for a fixed residual 
range with a scintillation counter telescope consisting of 3 
counters in coincidence and a fourth in anticoincidence. The 
meson energy, as deduced from its range in copper, and its 
angle determine the photon energy. The energy resolution of 
the counter telescope was determined by the amount of ab- 
sorber between the last two counters. This was chosen so 
that the spread of meson energies accepted was 10 Mev which 
corresponded typically to a 20-Mev spread in photon energy. 
The background corrections due to mesons from the walls of 
the hydrogen target and to accidental coincidences in the 
telescope are about 10 percent, and the statistical errors are 
in general about 5 percent. Excitation curves were run at 
angles corresponding to angles of 50°, 70°, 90°, 110°, 130°, 
and 150° in the c.m. system, and from smoothed curves the 
angular distribution was obtained. The results are discussed 
in the last paper of this series. 


I3. Photoproduction of Positive Mesons from Hydrogen: 
Results. R. F. Bacuer, J. C. Keck, V. Z. Peterson, J. G. 
TEASDALE, A. V. ToLLestrupP, R.L. WALKER, AND R. M. Wor- 
Lock, California Institute of Technology.—TVhe center-of-mass 
differential cross section for photoproduction of positive pions 
from hydrogen has been measured by the methods described 
in the two previous abstracts, in the angular range 40° to 150°, 
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for photons from 220 to 475 Mev. (Photon energies refer to 
the Laboratory System.) Results obtained by the two methods 
are in essential agreement. At 90°, do/dw has a maximum of 
2.7 X 10-* cm?/sterad near 280 Mev and falls by a factor 5 at 
450 Mev. The maximum in the excitation curve is even more 
pronounced at larger angles, but less pronounced at smaller 
ones. At 40° (c.m.) the peak occurs near 350 Mev, and at 450 
Mev the cross section has decreased only to 0.7 the peak value. 
Angular distributions in the center-of-mass system show a 
marked assymetry about 90°, which changes character from 
low energy to high. Below 325 Mev, there is a backward maxi- 
mum, whereas above 375 Mev, there is a forward maximum. 
The total cross section reaches a maximum near 290 Mev and 
decreases by about a factor 3 at 450 Mev. The results below 
300 Mev agree with the data already reported from Berkeley 
and Cornell. 


14. Yield of Mo* from Fission of U2** and U***.t JAmEs 
TERRELL, W. E. Scott,* J. S. GitMore, AND C. O. MINK- 
KINEN, University of California, Los Alamos Scientific Labora- 
tory.—A double chamber was used to measure the 
fissions produced in one-inch diameter, 25-gram disks of U5 
and normal uranium. Thin foils of the same material, mounted 
on either side of the disks, were fission counted during irradia- 
tion. Corrections were applied for counting losses and the 
effects of fission-produced and scattered neutrons from the 
disks. Fast neutrons were produced by P—T, D—D, and 
D—T reactions; the thermal neutron source was the Los 
Alamos Homogeneous Reactor. The yield of Mo” was de- 
termined by chemical separation of molybdenum from the 
disks, followed by absolute beta counting. Absolute calibration 
was done with the aid of John P. Balagna of this laboratory. 
Results obtained so far (Mo” atoms per fission) are tabulated 
here, with estimated standard deviations. The thermal value 


fission 


(Mev) 
(percent) 
(percent) 


1.55 4.85 
5.45 +0.16 


6.45 +0.16 


Thermal 0.95 14.2 


U™ 6.1440.16 6.10+0.16 


U 6.19 +0.15 5.68 +0.14 


and the decrease with increasing energy are consistent with 
other determinations." 


t+ Work done under the auspices of the U. S. Atomic Energy Commission. 

* Major, United States Air Force, now at Kirtland Air Force Base, New 
Mexico. 

1 Radiochemical Studies: The Fission Products (McGraw-Hill Book Com 
pany, Inc., New York, 1951), National Nuclear Energy Series, Div. IV, 
Vol. 9. 
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I5. The Energy Distribution of Slowed Fission Fragments. * 
J. A. Norturop anp J. E. Brouvey, JRr., University of Cali- 
fornia, Los Alamos Scientific Laboratory ——A_ conventional 
gridded ion chamber has been used to measure the energy 
distribution of fission fragments slowed by a UQ, absorber. 
A 204 g/cm? layer of U®°O, 2 in. in diameter vacuum evapo- 
rated on a 0.030-in. tantalum backing and placed in a beam 
of thermal neutrons from the Los Alamos Homogeneous 
Reactor provided the source of fission fragments. These were 
slowed by a uniform layer of U®%O, evaporated directly over 
the first. A series of six such foils, each having a 20g g/cm? 
U2Q), base layer, but UO, layers varying from 0 to 1 mg/cm?, 
were mounted on a wheel inside the ion chamber in such a way 
that they could be successively rotated into the neutron beam. 
The high uniformity of these foils made it possible to obtain 
fission curves in which the ratio of the light peak to the valley 
between is 14:1, even after slowing the fragments in the UQg. 
There is some evidence for complex structure on the high- 
energy side of the heavy particle peak of the unslowed frag- 
ments. Preliminary results for the initial energy loss of fission 
fragments in UO: is 0.020 Mev-cm?/u g (light fragment), 
0.017 Mev-cm?/p g (heavy fragment). 


* Work done under the auspices of the U. S. Atomic Energy Commission 

16. Velocity Distributions of Slowed Fission Fragments. 
H.W. Scumirt anpb R. B. LEACHMAN, University of California, 
Los Alamos Scientific Laboratory.—The velocity distributions 
of slowed fission fragments have been measured by a method 
similar to that used by Leachman! in the determination of the 
velocity distributions of fission fragments from the thermal 
fission of U3, U235, and Pu®*. In our measurements, fragments 
from the thermal fission of U*** are slowed by perpendicular 
passage through thin nickel or aluminum absorbers as follows: 
1.1 mg/cm? Ni, 1.1 mg/cm? Al, 1.4 mg/cm? Al. The slowed- 
fragment velocity distributions show a definite irregularity 
in the heavy peak but a less pronounced irregularity in the 
light peak. This difference in irregularities is at least partially 
explained by the better resolution in the measurements of the 
heavy fragment groups. These irregularities are in agreement 
with the fine structure in the mass yield of fission as found by 
Glendenin et al.2 The fact that the irregularities are more 
prominent in the distributions obtained with more absorbing 
foils can be explained in terms of shell effects and processes of 
energy loss of fission fragments in matter. 


1R. B. Leachman, Phys. Rev. 87, 444 (1952) 


2 Glendenin, Steinberg, Inghram, and Hess, Phys. Rev. 84, 860 (1951). 


THURSDAY EVENING AT 8:00 


Student Union Ballroom 


(V. H. REGENER, presiding) 


Public Lecture 


Jl. Developments in High-Energy Physics. E. Fermi, University of Chicago. 





SESSION K 


FRIDAY MORNING AT 9:00 


Student Union Ballroom 


(N. E. BRADBURY, presiding) 


Invited Papers 


K1. Beta ‘spectra. L. M. LANGER, Indiana University. (30 min.) 
K2. Nuclear Isomers. M. GOLDHABER, Brookhaven National Laboratory. (30 min.) 
K3. Excitation of Heavy Nuclei by the Electric Field of Low-Energy Protons. CLyp—e MCCLELLAND, 


Massachusetts Institute of Technology. (20 min.) 


K4. Light Particle Reactions. k. F. Tascuek, Los Alamos Scientific Laboratory. (30 min.) 


K5. Cross Sections of Proton Reactions. W. A. 


(30 min.) 


FowLer, California Institute of Technology. 


Contributed Papers 


K6. Deuteron Disintegration by 9.7-Mev Protons.* JUANITA 
H. GaMMEL, University of California, Los Alamos Scientific 
Laboratory.—The angular distribution of protons emitted in 
inelastic p—d scattering has been measured between 25° and 
90° in the laboratory system. These results are a by-product of 
a p—d elastic scattering experiment! performed with a multi- 
plate camera and the 9.7-Mev proton beam from the Berkeley 
cyclotron. A total of 1085 inelastically scattered protons from 
five runs were observed. The cross section obtained for emis- 
sion of protons of energy >1 Mev is 104+20 millibarns (the 
deuteron disintegration cross section is one-half of the total 
cross section for emission of protons). The angular distribution 
is as follows: 25°, 73415 mb; 30°, 53411 mb; 40°, 3146 mb; 
50°, 19+4 mb; 60°, 1042 mb; 70°, 4+1 mb; 80°, 1+0.5 mb; 
90°, 0+0.5 mb. Additional work is now in progress to de- 
termine the distribution in energy of the disintegration protons 
at 37.5°. A theoretical interpretation of available data on 
inelastic p—d and n—d scattering will be presented by R. M. 
Frank and J. L. Gammel. 

*Work performed under the auspices of the U. S. Atomic Energy 


Commission. 
1 Allred, Armstrong, Bondelid, and Rosen, Phys. Rev. 88, 433 (1952). 


K7. Inelastic Scattering of Protons and Neutrons by Deu- 
terons. R. M. FRANK AND J. L. GAMMEL, University of Cali- 
fornia, Los Alamos Scientific Laboratory.—By assuming that 
the range of nuclear forces is small compared to the size of the 
deuteron and the wavelength of the incoming particle (“zero 
range’ approximation) and using something like the impulse 
approximation, a connection between the cross sections for 
elastic and inelastic p—d or n—d scattering is derived. The 
results of this simple theory are compared with available ex- 
perimental data, and the agreement between the two is much 
better than the crude assumptions of the theory merit. An 
interesting consequence of the theory is that the connection 
between the elastic and inelastic scattering cross sections is 
independent of the properties of the two-body forces. The 
elastic scattering cross section depends hardly at all on the 
exchange properties of the two-body n— p potential (provided 
it gives the binding energy of the deuteron correctly) and the 
n—n potential,! and the connection suggests that the same is 
true of the inelastic scattering cross section. This is in dis- 
agreement with more elaborate calculations of Bransden and 
Burhop.? Another consequence is that the ratio of the cross 
section for absorption of neutrons from a partial wave of 
angular momentum 1] by inelastic scattering to the cross 
section for elastic scattering for the same partial wave is 
independent of /. This makes it possible to calculate the effect 
of the inelastic scattering on the elastic scattering in a simple 
way, as explained in the following paper. 

1R.S. Christian and J. L. Gammel, Phys. Rev. 91, 100 (1953). 

28. H. Bransden and E. H. S. Burhop, Proc. Phys. Soc. (London) A63, 
1337 (1950). 


K8. Elastic Scattering of Protons and Neutrons by Deu- 
terons at High Energy. J]. L. GAMMEL, University of California, 
Los Alamos Scientific Laboratory.—The ‘‘phase shifts’? which 
appear in an analysis of high-energy n—d or p—d elastic 
scattering must be complex numbers, since inelastic scattering 
also occurs. A modification of Born’s approximation is pre- 
sented which takes account of the effect of the inelastic scat- 
tering on the elastic scattering. From it complex phase shifts 
are derived which satisfy requirements imposed on them by 
the condition that particles be conserved. These are sub- 
stituted into the exact scattering formula for n—d inelastic 
scattering, so that the calculation is at least a valid phase 
shift analysis of the data, and in addition contains an effort 
to take account of the effect of the inelastic scattering. Even 
when the worst properties of the three-dimensional Born 
approximation are avoided by substituting phase shifts cal- 
culated in Born approximation into the exact scattering 
formula, calculations of the angular distribution for elastic 
scattering give a cross section for backward scattering which 
is much too large. A recent calculation suggests that this is 
due in part to the neglect of tensor forces. However, the 
present calculation with central forces only is in agreement 
with the experiments. It is not rhaintained that the effects of 
tensor forces are in fact negligible but only that they can be 
reproduced by the same ‘‘equivalent”’ central potential which 
reproduces their effects in high energy n—p scattering. It is 
shown that at low energies (14 Mev) neglect of the effect of 
inelastic scattering on the elastic scattering is justified. 


K9. Small Angle Cross Sections for the Scattering of 
Protons by Tritons. M. E. Ennis AND A. HEMMENDINGER, 
University of California, Los Alamos Scientific Laboratory.— 
Measurements of the differential elastic scattering cross 
sections of tritons for protons have been made using a 14-inch 
inside diameter scattering chamber with a proportional counter 
movable from 140° on one side of the forward direction of the 
beam through the zero position to 90° on the other. These 
cross sections were determined as a function of laboratory 
angle from the scattered proton yields for angles from 15° 
to 60° and from the yields of the recoil tritons for angles from 
62.8° to 136.8°. Measurements were made at eleven energies 
from 0.990 Mev to 2.548 Mev, with five of these clustered 
near the 1.619-Mev threshold of the T(p, n)He? reaction. 
Comparison with the cross sections reported by Hemmen- 
dinger et al.! shows the values obtained in the present work to 
be larger in the angular range near 150° in the center-of-mass 
system and smaller elsewhere. Agreement with the results of 
Claassen et al.? is good for the two energies for which com- 
parable data are available. 


! Hemmendinger, Jarvis, and Taschek, Phys. Rev. 76, 1137 (1949). 
* Claassen, Brown, Freier, and Stratton, Phys. Rev. 82, 589 (1951). 
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K10. Scattering of Fast Neutrons by He‘.* Joun D. 
SEAGRAVE, University of California, Los Alamos Scientific 
Laboratory.—Angular distributions of neutrons elastically 
scattered by He‘ have been measured for neutron energies of 
2.61, 4.53, 5.54, 6.50, and 14.2 Mev. The technique used was 
similar to that of Adair.' The pulse-height distribution of the 
recoiling alphas was observed in a large proportional counter 
filled with a mixture of helium and krypton; however, a 
neutron collimator was employed and the neutron beam was 
transverse to the axis of the counter, thus minimizing the 
wall effect, for which a correction was applied. All five dis- 
tributions are similar and are characterized by strong scatter- 
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ing of the neutrons in the forward direction, a minimum for 
neutrons scattered near 120° in the center-of-mass system, 
and a smaller peak for backscattering. The ratio of differential 
Cross SeCtiONS Oback/Tmin increases smoothly with energy over 
the range studied. These distributions are in agreement with 
the n-He‘ distributions predicted from the phase-shift an- 
alysis of p-He‘ scattering by Dodder and Gammel* but seem 
to be in disagreement with the results of Huber and Baldinger.’ 


*Work performed under the auspices of the U. S. Atomic Energy 


Commission 
R. K. Adair, Phys. Rev. 86, 155 (1952) 
>. Dodder and J. L. Gammel, Phys. Rev. 88, 520 (1952), and private 
communication. 
3 P. Huber and E. Baldinger, Helv. Phys. Acta 25, 435 (1952). 


FRIDAY MORNING AT 9:00 


Geology Auditorium 


(J. KAPLAN, presiding) 


Invited Papers 


L1. Atmospheric Propagation of Sounds from Explosions. E. F. Cox, Sandia Corporation. (30 min.) 
L2. High-Altitude Winds by Meteor-Train Photography. WiLtiaAmM LILLER AND F. L. Wuipece, 


Harvard College Observatory. (30 min.) 


L3. Thunderstorm Electricity. E. J. WorKMAN, New Mexico Institute of Mining and Technology. 


(30 min.) 


L4. Measurements of World-Wide Electrical Effects. R. 


Los Angeles. (30 min.) 


E. Houzer, University of California, 


Contributed Papers 


LS. The Automatic Recording of the Zodiacal Light.* 
Victor H. REGENER, University of New Mexico.—Automatic 
recording equipment for the Zodiacal Light has been put into 
operation at the Capillo Peak Observatory. A parabolic mirror 
of diameter 60 inches is positioned by means of a servo system 
in such a manner as to scan the night sky in equatorial coordi- 
nates. The output of a photomultiplier tube mounted at the 
focus of the mirror governs, through an amplifier of special 
design, the pattern executed by the spot of an oscilloscope 
tube in 18 discrete steps. At the same time, u lens of short 
focal length is made to travel in a plane parallel to the surface 
of a film in synchronism with the 60-inch mirror and in such a 
way as to project an image of the oscilloscope screen onto the 
surface of the film. A map of the night sky in terms of light 
intensity is thus automatically obtained. Isophotes can be 
plotted directly into such a map by connecting points where 
the amplifier changes from one step to the next because of a 
passing of the light intensity through a certain value. 


* Supported, in part, by Air Force Cambridge Research Center. 


L6. Procedure for the Evaluation of Automatic Zodiacal 
Light Recordings. RicHARD J. RuNGE, University of New 
Mexico.—The automatic records of the intensity of the light 
of the night sky obtained at the Capillo Peak Observatory 
give uncorrected intensities in terms of right ascension and 
declination. This paper discusses the procedure used in apply- 
ing corrections for background and for extinction. The maps 
which are automatically drawn by the instrument are evalu- 
ated first for background intensity not caused by the zodiacal 
light. Extinction corrections are then applied on the basis of 
star intensities observed with the same instrument during 
the same night. Thus, extraterrestrial intensity records are 


obtained for the zodiacal light in terms of stellar magnitudes 
per square degree. ; 


L7. The Focusing of Short Electromagnetic Waves by 
Means of the Fresnel Half-Period Zone Plate. H. GeEorGE 
OLTMAN, University of New Mexico.— The theory of the Fresnel 
Half-Period Zone Plate is applied to the construction of a 
highly directional focusing device, or “lens,” for short electro- 
magnetic waves. Two models have been constructed for a 
wavelength of 11 cm, one with two obstructed zones and a 
maximum diameter of 4.2 meters, the other with five ob- 
structed zones and a maximum diameter of 4.8 meters. These 
zones were made of wire mesh. The characteristics of the two 
models are: Power gain 25 and 56, angular definition of the 
image of a point source (to the half-power point) 0.6°, and 
useful total angular width of the field approximately 50°. A 
device of this kind should find applications in radio-astro- 
nomical work. 


L8. Ion Density in the E-Layer by the Use of a Sounding 
Rocket.* L. B. Linrorp, O. C. Haycock, J. 1. Swicart, C. L. 
ALLEY, AND C. D. WestLunpb, University of Utah, AND J. R. 
Lien, Air Force Cambridge Research Center.—A_ successful 
ionosphere experiment has been carried out with an Aerobee 
rocket. Transmission times for seven different frequencies 
from 0.4 to 1.4 megacycles above the critical frequency were 
compared with the transmission time for 470 megacycles. 
The zenith was 84 miles. Excellent dispersion curves were ob- 
tained. From the data, the index of refraction, the ion density, 
and the collision frequency can be calculated through the 
E-layer. 


* This work was carried out under Contract No. AF 19(604)-384 with 


the Geophysics Research Division of the Air Force Cambridge Research 


Center. 
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FRIDAY AFTERNOON AT 2:00 
Student Union Ballroom 


M1. Panel Discussion on Artificial Mesons, led by E. Fermi. Some of the panel members are 
|. Lepore, FRANK CRAWFORD, R. F. Curisty, R. L. WALKER, AND H. A. Betue. (2 hours) 


FRIDAY AFTERNOON AT 4:15 
Room 101, Mitchell Hall 


(M. GOLDHABER, presiding) 


Contributed Papers 


Nl. Contribution of Collective Motion to the Magnetic 
Moments of Heavy Nuclei. KENNETH W. Forp, Princeton 
University and Los Alamos Scientific Laboratory — The cou- 
pling of the motion of individual nucleons to the nuclear sur- 
face oscillations affects the nuclear magnetic moment in two 
ways: (1) The surface interaction provides a mechanism of 
configuration interaction and mixes different particle states. 
(2) The bulk motion of nuclear matter represented by the 
surface waves contributes directly to the moment. These two 
effects have been calculated in the limits of weak and strong 
coupling of nucleon to nuclear surface.' The predicted devia- 
tions from the Schmidt lines are qualitatively alike in the two 
limits, quantitatively greater for strong coupling, but not 
great enough to explain the largest observed deviations. From 
the /+-4 Schmidt line, the direction of deviations and qualita- 
tive differences among nuclei in magnitude of deviation are 
explained. From the /—4 Schmidt line, the predicted devia- 
tions are small and largely opposite in direction to the ob- 
served deviations. The calculations afford additional indirect 
evidence for a diminished anomalous moment of the nucleon 
in the presence of nuclear matter. 

' Second effect previously calculated by Foldy and Milford, Phys. Rev. 


80, 751 (1950), Bohr, Phys. Rev, 81, 134 (1951), and Davidson and Feen 
berg, Phys. Rev. 89, 856 (1953) 


N2. A New First Excited State of an Even-Even Nucleus 
Kr®°,* GERTRUDE S. GOLDHABER AND MICHAEL McKeown, 
Brookhaven National Laboratory.—TVhe 18-min isomer Br™ is 
shown to emit y rays of 620-kev energy which follow a low- 
intensity (3-5 percent) §-ray branch. Beta-gamma_ coin- 
cidences are observed, indicating that the gamma transition 
takes place in Kr®. No y transitions were found to follow the 
positron or K-capture branch. The intensity observed is com- 
patible with a spin and parity assignment 1+ for the ground 
state of Br™®, while the 620-kev state in Kr is probably 2+. 
The energy observed fits well into the pattern for the energy 
of the first excited state of even-even nuclei.4:? 


*Work carried out under the auspices of the U. S. Atomic Energy 


Commission 
1P, Preiswerk and P. Stiihelin, Helv. Phys. Acta 24, 623 
2(4. Scharff-Goldhaber, Phy Rev. 90, 587 (1953) 


1952). 


N3. Energy Levels in Hafnium Isotopes.* D. J. HuGues, 


W. Y. Karo, AND J. S. Levin, Brookhaven National Labora- 
tory.—The nuclear energy levels in the hafnium isotopes at 
excitation energy just above neutron binding energy have 
been measured by observation of neutron resonances in normal 
Total cross 


hafnium and several of its separated isotopes. 
sections were measured with the Brookhaven fast chopper in 
the neutron energy region 0-100 ev; above 100 ev the resolu- 
tion is insufficient to resolve the resonances. For most of the 
resonance measurements the samples of partially enriched 


pes used were of the order of 200 mg. Below 100 ev only 
one resonance occurs in Hf'78 and one in Hf'®, the balance of 
the resonances found in normal hafnium (about 25 below 
100 ev) being assigned to Hf!?? or Hf!”. Thus, although Hf!" 
and Hf'7® have not been measured as yet, none of the reso- 
nances observed in normal hafnium are in these isotopes. In 
several cases, apparently single resonances in normal hafnium 
have been shown to be superpositions of levels in Hf!?? and 
Hf'”* by their strength and slight energy shifts in the enriched 


Isotope 


isotope samples. 


* Work carried out under contract with the U. S. Atomic Energy Com- 
mission, 


N4. Bound State Corrections in the Two-Body System. 
THOMAS FULTON, Harvard University, AND ROBERT KARPLUS, 
University of California Radiation Laboratory, Berkeley.- 
Available expressions! § for two-body equations contain an 
interaction kernel which treats particles in intermediate 
states as free. In situations where the binding is important, 
such as the calculation of low-energy electrodynamic correc- 
tions, a more accurate treatment is necessary. A satisfactory 
formalism has been developed for systems in which an in- 
stantaneous interaction is responsible for the binding. The 
procedure may then be used to evaluate the effects of small 
retarded perturbations. It consists of summing those binding 
interactions which occur during the retarded perturbations 
and which never should have been expanded as “small’’ 
effects. The result is expressed in terms of the two-body Green’s 
function of the instantaneous interacting system. This func- 
tion occurs to describe the propagation of the two particles 
in the intermediate state. Applications to electrodynamic 
systems, to which the method is particularly suitable, are in 
progress. 

Natl. Acad. Sci. U. S. 37, 452, 455 (1951). 


Salpeter, Phys. Rev. 84, 350 (1951). 
Rev. 87, 848 (1952). 


1 J. Schwinger, Proc 
7H. A. Bethe and E. | 
*R. Karplus and A. Klein, Phys 


N5. An R-Matrix Formulation of the Statistical Theory of 
Nuclear Reactions.* Rk. G. THomas, University of California, 
Los Alamos Scientific Laboratory.—By means of the Wigner- 
Feichmann channel elimination procedure, an exact expression 
is obtained for f,(/)~!, the inverse logarithmic derivative for 
the entrance channel ¢, in terms of the /), the y, of all chan- 
nels, the shift factors, and the penetration factors P, of the 
reaction channels r. The cross section for compound nu- 
cleus formation is determined by the real and imaginary 
parts of this quantity. If the off-diagonal absorption widths 
I \y=22,Pryxr¥ur, COMprising individual terms which are 
as likely to be positive as negative, are negligible compared 
with the diagonal absorption widths [y,, and if [y,,>D, D 
being the level spacing, then the expression for f,(£)~! reduces 
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to the value of the ce component of the R matrix at the com- 
plex energy E+ 4i(Py,)a. The Feshbach-Weisskopf schematic 
theory assumption that f,= —7K follows by neglecting the real 
part of this component and by using the (y\-2\4,=D/7K rela- 
tion for evaluation of the imaginary part. In their more recent 
theory, which involves the c«nsideration of a complex square 
well potential, the real part of this component is important 
It will also be shown that if the ['y, are negligible, the com- 
pound nucleus will decay in a manner which is independent 
of how it is formed. 


*Work performed under the of the I 


Commission. 


auspices 


No. A State in C” Predicted from Astrophysical Evi- 
dence.* F. HoyLe, Cambridge University anv D. N. F. 
DunsBar, W. A. WENZEL, AND W. WHALING, Kellogg Radia 
tion Laboratory, California Institute of Technology.—It is 
assumed that oxygen and carbon are produced in stars that 
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have largely exhausted their central hydrogen by the reac- 
tions: 2He'+Be*; Be’+Het+C®; C82#+Het+O'®™, The ob- 
served cosmic abundance ratio of He:C:O can be made to 
fit the vields calculated for these reactions if the reaction 
Se (a, y)C™ has a resonance near 0.31 Mev, corresponding to 
a level at 7.68 Mev in C! A level had previously been re- 
ported at Mev The 16-in 
spectrometer has been used in an analysis of the a-spectrum 
from N'¥(d, a)C® covering the excitation energy range from 
4.4 to 9.2 Mev in C™. The level was found at 7.68 +0.03 Mev. 
No other levels were found, although a group 1 percent as 
strong as the transition to the 4.4-Mev state could have been 
detected. At Eg=620 kev, @i45=90°, the transition to the 
7.68-Mev state is 6 percent as strong as that to the state at 
$43 Mev. 
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FRIDAY AFTERNOON AT 4:15 


Room 102, Mitchell Hall 


(R. F. Tascut kK, presiding) 


Contributed Papers 


Ol. Gamma-ray Absorption Measurements. !’. R. How- 
LAND, W. E. KkEGER, AND R. A. Taytor, U.S. Naval Radio- 
logical Defense Laboratory.—The absorption of gamma-rays 
in Nal (TI), Cu, Ta, W, and Hg was measured using a narrow 
beam geometry and a Nal(TI) scintillation counter as an 
energy selective detector. Measurements were made using the 
gamma rays from Zn, Cs'87, and Co®. Corrections for co- 
herent scattering and small angle Compton scattering were 
made. Absorption coefficients are compared with theory and 
results of other workers. Linearity of the scintillation detector 
system was checked up to counting rates of 300 000 counts 
per minute, and was found to be better than +4 percent 
over the range used. An accuracy of +4 percent was ob- 
tained for the absorption coefficients. The Nal (Tl) absorption 
coefficient uncorrected for small angle Compton scattering and 
coherent scattering was 0.2755+0.0014 cm™ at 0.661 Mev 
and 0.1991+0.0010 cm at 1.11 Mev. Other values will be 
presented. The work is being continued. 


O2. Gamma Radiation from Neutron Excitation of Zir- 
conium and Hafnium. C. W. Maticu anp C. E. FANEvrFrF, 
Naval Research Laboratory.—The energy spectra of the gamma 
radiation produced by 14-Mev neutron bombardment of 
zirconium and of hafnium has been investigated witha Nal (Tl) 
crystal and multichannel analyzer. The observed counting 
rates per unit energy interval have maxima near 200 kev and 
decrease approximately exponentially with increasing energy 
to 9 or 10 Mev, more rapidly for hafnium than for zirconium. 
The maxima are due primarily to the 206-kev level in Nal! 
and backscattered gamma rays. Reproducible indications of 
discrete lines are superposed on the general continua. At low 
energies these can be ascribed to Nal and to Pb shielding, at 
intermediate energies they may result from degraded neutrons 
or d(d, n) contamination, and at high energies are attributed 
to levels in zirconium or hafnium. An analysis of secondary 
effects in the detector and scattering by the material investi- 
gated is being used to compute cross sections vs energy and to 
identify possible levels. 


1R. B. Day (private communication). 


O3. Long-Lived Activity in Highly Irradiated Niobium. 
D. L. Doucias, A. C. MEWHERTER, AND R. P. SCHUMAN, 
Knolls Atomic Power Laboratory.*—A long-lived activity has 
been found in two samples of spectrographically pure niobium 
metal irradiated one and two years, respectively, in the Chalk 
River reactor. The niobium was purified from tantalum by 
cellulose column chromatography! and by methyldioctvlamine 
extractions.? The purified niobium initially contained mainly 
35d Nb; after considerable decay it showed the presence of 
another activity which followed Nb® when passed through an 
anion exchange column’ and in the standard fission-product 
procedure. The long-lived activity has three gamma rays, 
0.70 Mev (92 percent), 0.87 Mev (92 percent), and 1.57 Mev 
(8 percent), as shown by scintillation spectrometry; also a 
0.50-Mev beta ray as shown by Feather analysis. The activity 
has shown no decay over a period of two months. If the 
activity is Nb, its half-life is 2.2104 years, based on a 
capture cross section of 1.1 barns for Nb. Also, the Nb” has 
a capture cross section of about 15 barns based on the specific 
activity of Nb*. 


* Operated by the General Electric the U. S. Atomic 
Energy Commission 
1A. F. Williams, J 
2G. W. Leddicotte 


§K. A. Kraus, G. E 


Company for 


Chem. Soc. 1952, 3155. 
and F Moore, J. Am. Chem. Soc. 74 
Moore, J. Am. Chem. Soc. 73, 9 (1951) 


1618 (1952) 


O04. Determination of the Neutron Spectrum and Absolute 
Yield of a Plutonium-Beryllium Source.* Leona Srewart, 
University of California, Los Alamos Scientific Laboratory 
A plutonium-beryllium neutron source has the advantages of 
high neutron vield, low gamma-ray intensity, and very long 
half-life. THe neutron spectrum from such a source, composed 
of 13 grams of plutonium and 7 grams of beryllium as PuBej, 
(density 3.7 g/cc), was measured by means of proton recoils 
in nuclear research emulsions with approximately 15° angular 
resolution. The source and plates were isolated from scattering 
materials by a Nylon cord suspension. The data obtained 
from 2114 observations indicate the neutrons have a maxi- 
mum energy of approximately 10.5 Mev, and the observed 
spectrum shows marked similarities with published data on 
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polonium-beryllium! and radium-beryllium.2% The present 
results show intensity maxima at 3.0, 4.4, 7.2, and 9.6 Mev. 
A comparison is made between the present data and pre- 
viously reported energy levels in the residual carbon nucleus. 
The absolute yield of neutrons above 0.5-Mev energy is 
9.4+1.9% 10° neutrons/sec. 


* Work performed under the auspices of the U. S. Atomic Energy Com- 
mission. Submitted as a Master's thesis to the University of Texas, Janu 
ary, 1953 

1B. G. Whitmore and W. B. Baker, Phys. Rev 

2H. T. Richards, MI)DC-.1504 (1944) 

8D. L. Hill, AECID-1945 (1947). 


78, 799 (1950). 


OS. Cross Sections for Production of In'*™ and Au'”™ 
by Inelastic Scattering of Neutrons. H. C. Martin, B. C. 
DiveN, AND R. F. Tascuek, University of California, Los 
Alamos Scientific Laboratory.—-Cross sections for the reactions 
In¥@®(n, n') In" and Au'?(n, n’)Au™™ have been measured 
from the reaction thresholds to 5.5 Mev. The lowest mean 
energy for which the In'!*™" excitation was observed was 440 
kev with an energy spread of +100 kev; the cross section 
rises to a peak value of 0.36 barn at 2.5 Mev. The lowest mean 
energy for which the Au excitation was observed was 
420 kev with an energy spread of +40 kev; the cross 
section rises to a peak value of 1.3 barns at 2.5 Mev. Since 
the Au!7(n, n')Au'®™™ reaction threshold gives a maximum 
value for the excitation energy of the isomeric state, the value 
obtained is of interest in connection with the decay scheme of 
Au"?! For each reaction, the peak value of the excitation 
cross section is roughly what might be expected in view of the 
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total inelastic scattering cross section and the spins of the 
ground state and metastable state.? Both cross sections show 
irregularities which are evidence of energy levels in the target 
nuclei. 


1 J. W. Mihelich and A. de Shalit (to be published). 
2B. Margolis (private communication). 


O6. The Electron and Positron Spectrum of Zn" above 
5 Kev. J. F. Perkins AND S. K. Haynes, Vanderbilt Uni- 
versity.—The electron and positron spectrum of Zn® has been 
measured with a magnetic lens spectrometer, using very thin 
sources and counter windows. The positron Fermi plot is 
found to be linear to 50 kev, in contradiction to certain reports 
that the positron spectrum was complex. Because of a low- 
energy tail on the K Auger lines there is a 4 percent uncer- 
tainty in the integrated K Auger intensity. From the observed 
intensities of K Augers, positrons, and conversion electrons, 
and values of capture branching ratio, fluorescence yield, and 
L- to K-capture ratios taken from the literature, the intensity 
ratios of the various spectral components are obtained. The 
resulting conversion coefficient, a= (2.56+0.29) K 10~4, agrees 
with other experimental values and strongly suggests an E2 
transition. The observed ratio of K capture to ground state to 
positrons = 28.0+3.2 is in satisfactory agreement with the 
recently calculated! theoretical value of 29.0 for an allowed 
transition, which in view of the high ft value establishes the / 
forbidden character of the transition. 


1P, Zweifel (private communication) 


FRIDAY AFTERNOON AT 4:15 


Room 122, Mitchell Hall 


(L. M. LANGER, presiding) 


Contributed Papers 


P1. Excitation Functions for the (n,2n) Reactions in Ge, 
Sc, As, Tl, and Ni. S. J. Bame, Jr.* University of California, 
Los Alamos Scientific Laboratory.—Relative yields as a func- 
tion of energy for the (n, 2n) reactions in Ge”, Sc*®, As75, T1?, 
and Ni®* have been obtained. The T(d, )He* reaction was 
used as a source of neutrons with energies between 12 and 18 
Mev by making use of the angular energy dependence of the 
reaction. The (m, 2”) products were chemically separated from 
other activities and counted by the Radio Chemistry group 
at Los Alamos. Corrections were applied for the laboratory 
angular distribution of neutrons from the source. The reaction 
thresholds for As, Tl, and Ni are known from (y, ”) thresholds 
to be 10.2+0.2, 8.940.2, and 11.94+0.2 Mev. The data agree 
well with these values. Threshold values for Ge and Sc are 
11.8+0.3 Mev and 11.3+0.3 Mev, determined from the 
(n, 2n) data. The yield curves have the same general shape, 
rising from the threshold to a maximum value, then falling 
smoothly to around 70 percent of the maximum at 18 Mev. 
The energies at which the maximum yields occur are approxi- 
mately 14.8, 15.3, 15.9, 16.2, and 16.2 Mev for TI, As, Sc, Ge, 
and Ni. 


* Work done under the auspices of the U.S. Atomic Energy Commission. 


P2. Isotopic Abundances of Palladium. JoHN R. SITEs, 
GEORGE CONSOLAZIO,* AND RUSSELL BaLpbock, Stable Isotope 
Research and Production Division, Oak Ridge National Labora- 
tory.t—In the course of investigating calutron separated iso- 
topes of palladium, a difference from the published isotopic 
abundance values for natural palladium was observed. The 


new values to be reported in atom percent are Pd, 0.96; 
Pd, 10.97; Pd, 
Pd™, 11.81. 

* Watertown Arsenal, Watertown Massachusetts. 

+t This paper is based on work performed for the U. S. Atomic Energy 
Commission by Carbide and Carbon Chemicals Company, a Division 
of Union Carbide and Carbon Corporation, at the Oak Ridge National 
Laboratory. 


P3. Electromagnetic Separation of Pd, Pt, and Ru 
Isotopes. W. A. BELL, JR., L. O. Love, C. E. NoRMAND, AND 
W. K. Prater, Stable Isotope Research and Production Divi- 
ston, Oak Ridge National Laboratory.*—Appreciable quanti- 
ties of the isotopes of Pd, Pt, and Ru have been electromag- 
netically separated in high-temperature source units. Ion 
beams up to 30 ma at the isotope collector were achieved. 
Bombardment of graphite charge containers by 35-kv elec- 
trons produced the temperature, in excess of 2000°C, required 
to vaporize sufficient metallic charge to support the ionization 
arc. The heat shielding problem and its solution are discussed. 

* This paper is based on work performed for the U. S. Atomic Energy 
Commission by Carbide and Carbon Chemicals Company, a Division of 
Union Carbide and Carbon Corporation, at the Oak Ridge National 
Laboratory. 


P4, The Spin and Magnetic Moment of Ti“ and Ti*’. C. D. 
JEFFRIES, University of California, Berkeley —The complex 
nuclear induction signal from TiCl, previously reported! has 
been re-examined under higher resolution. It is found that the 
structure is actually a superposition of two resonance lines 
with a relative separation of about one part in 3800. By the 
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use of Oak Ridge separated isotopes the resonance lines have 
been identified as those of Ti‘? and Ti. The ratio of the 
resonance frequency of these nuclei to that of Cl** in TiCl, 
has been measured to be v(Ti”)/»(Cl**) =0.57493 +0.00006, 
and »(Ti*)/»(Cl#5) =0.57508+0.00006. By comparing the 
widths and amplitudes of the two Ti signals, their spins have 
observed to be I (Ti?) =5/2 and I(Ti*) =7.2. Both Ti reso- 
nance signals are negative with respect to that of Cl®5, indi- 
cating that the magnetic moments are negative. The magnetic 
moments are found to be, in units of the nuclear magneton, 
u( Tit?) = —0.7866, and w(Ti®) = —1.102. These values are in 
agreement with those predicted by the scheme of Schawlow 
and Townes.? 

! Jeffries, Loeliger, and Staub, Phys. Rev. 85, 478 (1952). 

1A. L. Schawlow and C. H. Townes, Phys. Rev. 82, 268 (1951). The 


calculated value for w(Ti‘?) is in error and should be —0.80 (private 
communication). 


P5. Angular Distribution of Neutrons from O'*(p, n)F'%.t¢ 
Hans MarK AND CLARK GoopMAN, M.J.7.—The reaction 
O'*(p, n)F!8 was studied using monoenergetic protons from the 
Rockefeller electrostatic generator. The targets were made by 
oxidizing tantalum disks in enriched (20 percent O'*) oxygen 
which was obtained from Professor Alfred O. Nier. It was 
possible to obtain a surface layer of Ta,O3'8 which was roughly 
20 kev thick for 3-Mev protons. The neutron yield in the for- 
ward direction was measured using a long counter.! Resonances 
were observed at proton energies E,=2.657, 2.778, 3.050, 
3.170, 3.268, 3.385, 3.494 Mev in agreement with Richards 
et al.? Additional resonances were observed at E,=2.732, 
3.665, 3.756 Mev. The angular distribution of neutrons at 
several energies was measured using a proton recoil counter.’ 
The most probable spin and parity assignments for the var- 
ious excited states have been made. The results seem to in- 
dicate that in the energy range E,=3.0 to 3.5 the resonance 
structure is not simple but that there exists a broad state upon 
which the sharp resonances are superposed. 

+t Work jointly supported by the U. S. Office of Naval Research and the 
U. S. Bureau of Ships. 
wn McCue, Preston, and Goodman, Phys. Rev. 83, 1133 


1 Richards, Smith, and Browne, Phys. Rev. 80, 524 (1950). 
* Kay, Mark, and Goodman, Phys. Rev. (to be published). 
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P6. The Scattering of Fast Neutrons by Iron, Lead, and 
Chromium.* M. A. RoruMan, D. W. Kent, ano C. E. 
MANDEVILLE, Bartol Research Foundation of the Franklin 
Institute—Fast neutrons of 3.7-Mev energy have been in- 
elastically scattered in Fe, Pb, and Cr. Using a Nal—TI 
crystal, a photomultiplier, and pulse-height selection, gamma 
rays are detected from iron at 0.88 Mev, from lead at 2.65 Mev, 
and from chromium at 1.43 Mev. The neutron energy spec- 
trum obtained, using 4.2-Mev incident neutrons, a chromium 
scatterer, and photographic emulsion detection, shows two 
unresolved groups: the elastic group and another, inelastic, 
corresponding to a Q of about —1.4 Mev. 


* Assisted by the joint program of the U. S. Office of Naval Research 
and the U. S. Atomic Energy Commission 


P7. Angular Distribution of Neutrons Scattered from 
Aluminum, Iron, and Lead.* W. D. WHITEHEAD AND S. C. 
Snowpon, Bartol Research Foundation of the Franklin Insti- 
tute.—The differential cross sections for the scattering of 3.7- 
Mev neutrons by Al, Fe, and Pb have been measured between 
13° and 140° with an angular resolution of +10 degrees. The 
measurements were performed in a ring geometry in which the 
angle variation was accomplished by an axial movement of 
the ring. Corrections for the higher-order scattering have been 
determined experimentally by varying the thickness of the 
scatterer and extrapolating to zero thickness. Since the energy 
response of the neutron detector (Zn—s Lucite button mounted 
ona photomultiplier) does not permit complete discrimination 
against the low-energy neutrons, the differential cross sections 
are not the elastic cross sections. However, a crude estimate 
indicates that the low-energy neutrons do not contribute more 
than 20 percent to the measured differential cross sections. 
The cross sections exhibit strong maxima in the forward direc- 
tion. Iron and lead have secondary maxima at 110° and 90°, 
respectively. The total cross sections were also measured at 
3.7 Mev by a standard transmission experiment giving 2.55, 
3.51, and 7.60 barns for Al, Fe, and Pb, respectively, in good 
agreement with the values of Nereson and Darden.! The differ- 
ence between the total cross section and integral of our differ- 
ential cross section gives a measure of the total inelastic cross- 
section. 

* Assisted by the joint program of the U. S. Office of Naval Research 


and the U. S. Atomic Energy Commission. 
IN. Nereson and S. Darden, Phys. Rev. 89, 775 (1953) 


FRIDAY EVENING AT 7:00 


Hilton Hotel 


(J. KAPLAN, presiding) 


Banquet of the American Physical Society 


After-dinner speaker: A. T. WATERMAN 


SATURDAY 


Excursions (to be announced) 
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SUPPLEMENTARY PROGRAMME 


SP1. Structure and Resistivities of Gold Films Deposited 
by Evaporation end Sputtering.*:¢ Ricnarp B. BeELser, 
Georgia Institute of Technology.—Gold films of 1000 angstrom’s 
thickness, deposited on glass microscope slides by normal 
evaporation procedures et about 10°§ mm of Hg pressure, 
have been found to have an initial resistivity of approximately 
2p». These films change in resistance slowly at room tempera- 
ture and may drop 15 percent in two weeks. When heated to 
250-300°C, they drop further in resistivity to a value ap- 
proximately 65 percent of the initial value of 1.395. Heating 
to higher temperatures, about 450°C, may cause the film to 
aggregate resulting in a high or unmeasurable resistivity. 
Sputtered gold films, on the other hand, have an initial re- 
sistivity dependent on the sputtering rate. At a nominal high 
sputtering rate, 40-50 ma, the resistivity will be approxi- 
mately 4.5p». Such films do not change in resistance with 
room temperature. Heating to 300°—400°C causes a consider- 
able reduction in resistivity to values in the range 1.5-2.0p». 
In some instances, and at high sputtering rates, even higher 
temperatures appear necessary to produce a reduction to the 
minimum resistivity. The greater resistance of these films 
to aging at room or elevated temperatures appears to be re- 
lated to occluded gas and lattice imperfections produced by 
bombardment during the severe sputtering action. 


* To be given at the end of Session C if the chairman rules that time 


permits 
t Supported by U. S. Army Signal Corps. 


SP2. Indium, a Versatile Solder to Metals and Non- 
metals.*:— RicHArRD B. BEeLSER, Georgia Institute of Tech- 
nology.—Indium is a soft silvery metal of 155°C melting point. 
In the molten state it adheres to many metals and nonmetals 
and continues to adhere upen solidification. This dual ability 
makes it a valuable laboratory and industrial material. Some 
adherence has been obtained with indium to twenty-four 
metals and 18 nonmetals. The metals tested include most 
common industrial metals, and the nonmetals include glass, 
ceramics, quartz, mica, metallic oxides, and silicious minerals. 
A flux is useful in soldering to metals near or below indium in 
the electrochemical series, but fluxes are not useful for solder- 
ing to the active metals or to nonmetals. Fluxes appear to 
inhibit wetting of these materials. A number of indium-rich 
alloy solders were tested for strengths and melting points. 
Alloys with small percentages of silver and larger percentages 
of lead and tin appear useful. These solders have been found 
valuable for mechanical suspension, electrical connections, 
soldering to thin metal films, mounting piezoelectric crystals, 


and glass to metal vacuum seals. 


* To be given at the end of Session C if the chairman rules that time 
permits, 


1 Supported by U. S. Army Signal Corps 
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